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Abstract

This chapter presents a compilation of the research work accomplished by authors
and collaborators on the topics of model-based balancing and tracking of the
helicopter main rotor using once-per-revolution vibration data. Simplified analytical
modeling is presented for the analysis of vibration signal in the monitored structure of
any rotorcraft for the detection of defects, equivalent to a hub blade unbalancing and
out-of-tracking blades. Those degradations are common in the main rotor and are the
greatest source of periodic excitations transmitted to the fuselage. The vibratory
responses under analysis are limited to the one-per-rev fundamental frequency of the
main rotor and were numerically simulated both in FORTRAN and in MATLAB™
environments. The direct problem is presented in two parts: The rotor-fuselage system
is initially modeled as isotropic, and then anisotropies are introduced in the
formulation, to simulate defects that generate vibration information (in amplitude and
phase) at the selected points where accelerometers were located. The application of
the model involves comparisons of the results from the obtained non-linear system of
equations with either the information contained in the maintenance manual (for the
case study of a four-blade main rotor helicopter) or with preliminary experimental data
obtained by flight tests (for the case study of a three-blade main rotor helicopter. The
comparison between the simulation results and either the maintenance manual
information or the flight test measurements considered the accelerometers placed at
the points of the fuselage as defined in the flight manual by the aircraft manufacturer.

Keywords: vibration of the helicopter rotor; vibration analysis; helicopter dynamic
components
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1 Helicopter vibration reduction techniques of balancing and tracking of the
main rotor: introduction and chapter outline

This chapter discusses helicopter vibration reduction techniques focused on balancing
and tracking the helicopter rotors and concentrated on a discussion of model-based
parameter identification for balancing and tracking a helicopter's main rotor using once-
per-revolution vibration data.

Signal-based vibration analysis techniques and the use of a framework of Health and
Usage Monitoring Systems (HUMS) for helicopter dynamic components and aircraft
engines are discussed in a separate chapter. Some HUMS systems include built-in features
for the use of vibration data to help main-rotor and tail-rotor balancing and tracking.

1.1 Introduction

In the study of helicopter dynamics, rotor-induced vibration can be seen to arise from
flapping and lead-lag blade motion, in different flight conditions. For detailed discussions
on helicopter aerodynamics and dynamics, see references (Bramwell et al., 2001),
(Bielawa, 2006), (Johnson, 2013a), (Venkatesan, 2015), (Padfield, 2018). Throughout the
operational life cycle of a helicopter, routine corrective maintenance - reactive to the
failure that has already occurred - is carried out to counter problems of maladjustment
and misalignment of its rotating systems, including also problems due to other
components secondarily degraded as a result of these defects in the rotor system. These
maintenance procedures increase the helicopter operating costs, 1. €., material, man-hours,
and execution of test flights, including the loss of profit associated with the aircraft's
unavailability. Mass unbalance and blade tip trajectory misalignment (out-of tracking) are
the most common degradations foreseen in the main rotor, which are, for dynamic
reasons, the source that contributes the most to the periodic excitations transmitted to the
fuselage. For references on main rotor balancing and tracking models and procedures, see
(Rosen & Ben-Ari, 1997), (Ben-Ari & Rosen, 1997), (Ventres & Hayden, 2000), (Wang
& Danai, 2003), (Wang et al., 2005), (Miller & Kunz, 2008). For references on tail rotor
balancing and tracking models and procedures, see (Kunz & Newkirk, 2009), (Damy,
2017).

1.1.1 Dynamics of structures: some concepts on vibration

In engineering, the term “structure” can be described as a system created to support loads,
which are vector quantities, and, as such, it is a necessary and sufficient condition that
they are defined by their magnitude, direction, and point of application. A load is said to
be dynamic when any of these vector characteristics are functions of time, and thus the
structure is also said to be dynamic. Deterministic dynamic loads can assume periodic
forms, that is, they are repeated in time (harmonic or not), or non-periodic forms (transient
or arbitrary). This study is restricted to deterministic periodic harmonic response loads.
In the sense of state variation (position, velocity, etc.), the dynamic displacement
associated with the second problem, in its most basic form, is represented by the harmonic
function (sine or cosine trigonometric function). This function is the product of the
amplitude of motion Xo by a periodic function whose argument is the phase (composed
of the initial phase at t=0) added to the product of time and the linear frequency f: X = Xo
sin(Q2t). Figure 1(a) shows a representation in time and frequency, in which the
displacement “X” of a point refers to a linear quantity of length.
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Figure 1: (a) Discrete (harmonics - dashed lines) and total (solid line) vibration curves in
the time domain; (b) Representations in the time domain (on the left) and the frequency
domain (on the right) - adapted from (Mobley, 1999)

These displacement profiles can be presented in the time domain (abscissa in s, for
example) or frequency domain (abscissa in Hz, for example), as can be inferred from
Figure 1(b). Their conversion takes place by techniques based on the application of the
Fourier Transform.

When vibration information is plotted as amplitude or phase versus time, it is the time
domain information profile, also called the global method for seeing the composition of
all frequencies. However, these data are difficult to use in continuous systems modeled
as multibody ones, as they represent the total displacement. This time-domain
representation makes it difficult to verify the contribution of each oscillation source even
after discretization as multiple degrees of freedom. And when the complex signal is
composed of several sources and harmonics, one might have the effect of masking the
defects. In obtaining graphical information, approximate methods of graphical analysis
such as peak value, peak-to-peak, or peak RMS value can be used. Meanwhile, in the
frequency domain, everything is clearer through the identification of amplitude and
phase, which refer to the Theory of Complex Numbers associated with the solution of the
governing differential equations of the oscillating systems.

1.1.2 Vibration: peculiarities of rotary-wing aircraft

Since helicopter engineering demands a dynamic set composed of a large number of
rotating elements (in constant change of position in time), such as motors, transmission
shafts, pumps, and fans, in addition to the rotors themselves, the helicopter is subject to a
wide spectrum of vibration. In this chapter, the study is limited to working with vibrations
associated only with the main rotor.

Helicopter rotor vibrations are evidence of the aeroelastic phenomena related to the
dynamics of the rotating movement of the blades, submitted to the complex interaction
of periodic inertial and aerodynamic forces of a non-linear nature with their flexible and
damped structures. As they greatly influence the flight qualities, together with the
structural loads, they delineate the boundaries of the operational flight envelope as shown
in Figure 2.
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Figure 2: Vibrations (in terms of frequency and amplitude), delineating limits to flight
envelopes in flight mechanics modeling - adapted from (Padfield, 2007)

The main rotor, due to its dimensions and vibration emission spectrum, is the main source
of vibration, whose transmitted frequencies are multiples of the product of the number of
blades “N” by the angular frequency of rotation “Q”. The amplitude of the periodic efforts
decreases as their harmonic frequencies are increased, that is, multiples of the
fundamental frequency. The blades' responses to the aerodynamic and inertia forces
(forces and moments) that excite them interfere at the level of the rotor hub, where they
are joined. Therefore, it acts as a filter during the transmission of forced vibrations
(resulting from all blades) to the fuselage, adding and subtracting amplitudes. The
fuselage, generally of a semi-monocoque design (which is a structure consisting of thin
coverings fixed to frames and spars), reacts according to its flexible vibratory modes (in
flexion and torsion). The vibration at a particular point in the helicopter depends on the
fuselage's response to these forces transmitted by the rotor hub. To calculate the fuselage
response it is necessary to know the frequencies and the modal shapes of the fuselage,
which are difficult to obtain. Helicopter rotors are subject to high periodic forces due to
the highly flexible blades and the severity of the non-stationarity of the aerodynamic
environment, which leads to the wear of critical components to the airworthiness of these
aircraft (Ganguli et al., 1998). The generation of oscillating aerodynamic loads at
frequencies multiples of the rotational speed are fundamental to the rotor's operation in
forwarding flight, and therefore these forced vibrations cannot be eliminated. Figure 3(1)
illustrates the different velocity components that make up the linear velocity, as well as
its variations throughout the blade rotation cycle, with the variation of lift on the blade.
This behavior characterizes the lift asymmetry of the rotor when moving forward, which
also brings the phenomena, shown in Figure 3(ii) that limit its performance under high
displacement speeds (Miiller et al., 1999). Among these are the disturbing interaction of
vortices at the tip of the predecessor blade, detachments on the leading blade (due to shock
wave rides linked to air compressibility) and reverse flow in the trailing blade (flow from
the trailing edge to the leading edge), with temporal loss of sustain-dynamic stall
(Padfield, 2007). Added to this is the Gyroscope Effect (manifestation of the Principle of
Conservation of the Angular Momentum of the rotating system), of an inertial nature,
which forces the design of the chain of command/cyclic platters to compensate for the
displacement of the rotor response, in its majority, at 90° about the command input.
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Figure 3: (i) For forwarding flight, distributions of (a) speed components in the rotor
plane; (b) support on the blade at 90° and 270° of azimuthal angle - adapted from
(Prouty, 1985); (ii) Limiting phenomena of rotor performance in high-speed flights -
adapted from (EUROCOPTER, 2012)

Vibrations at the fundamental frequency of once-per-rev (1/rev), the focus of this
research, are distributed in the vertical and lateral (rotational) planes. Another effect, the
Coriolis effect, is related to the Coriolis force, acting on a rotating body and applied
tangentially to its rotation. Thus, acting by flapping on the blade, creates the lead-lag
motion. This effect is present by the tendency of the body to maintain its angular
momentum (hence it’s another inertial force) when simultaneously some of its mass
elements are being moved radially in the plane of the disk, as a component in the blade
flapping movement. For the detection of rotor defects, it is necessary to know the
relationship between a defective blade and the response behavior of the aircraft. This
knowledge can be numerically obtained by computer simulations of models based on the
dynamics of these systems, where techniques based on artificial intelligence, until a
properly trained artificial neural network, can be implemented permanently embedded in
an aircraft to detect and identify damage (Ganguli et al., 1998). The literature reports
several works regarding the detection of defects through vibration, as well as solutions to
absorb or isolate unwanted permanent vibrations not associated with damage to systems.
In (Ganguli et al., 1998) an aeroelastic analysis is presented based on finite elements in
time and space to simulate a defective articulated rotor, both in hover and in flight in front
of an SH-60 aircraft, validated through flight tests. In that work, it is stated that only
localized structural damage such as cracks and delamination in the blades are not
detectable by the global methodology. Several defect simulations indicate that global
faults, such as lag damper defects, tab damage, pitch-link mismatches, or imbalances
along the blade string, are detectable by remote measurements of global parameters such
as fuselage vibration and deflection of the blades. Hence, those authors cite those special
methods such as robust laser interferometer, photoelastic and ultrasonic techniques, and
application of acoustic emission sensors complement these methods.
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The combination of these approaches allows the design of devices for monitoring the
condition of systems of this type. Simulated faults can be primary (only one type of rotor
fault) or composite (a combination of more than one). The detection of the latter is
important to highlight catastrophic failures such as cracks among the other fault types
(Ganguli et al., 1998). However, for simplicity's sake, only primary faults are numerically
simulated, such as rotor unbalance and maladjustment (out-of-tracking) of the blade tip
trajectory, on one blade at a time.

1.1.3 Rotor unbalance and blade tracking problems

The oscillatory movement under consideration in this study presents itself as a vibration
of lateral and vertical components (in 1Q2) and is associated with the imbalance and
tracking misfits. However, for completeness, it is worth mentioning other less common
causes, for example: in articulated rotor helicopters (such as in Sikorsky’s Sea King
helicopter), defective dampers can cause the blades to be out of phase, producing the same
effect. The lateral and vertical vibrations acting on the rotor interact in a complex way, in
such a way that the practice recommends correcting the trajectory of the blades first,
followed by the balancing of the masses, according to the procedures described in the
maintenance manual (MET, in the case of this study) and with the aid of specialized
equipment that suggests corrections from the processing measures the vibration amplitude
(the accelerometer), its phase angle (the “phasor”) and the difference in the trajectory of
the blades (the “strobex”). The correction of vibrations due to unbalance occurs in the
phases of hovering inside the ground effect (IGE) and outside the ground (OGE), while
the corresponding correction by trajectory difference (tracking) occurs in displacements
in maximum continuous power (MCP) — straight and level flight, and also a curve at 45°.
In the hover phases, the ground effect can occur, in which the presence of the ground
changes the intensity and direction of the airflow around the rotor (IGE). With the rotor
at a height of one rotor diameter, there is no more ground effect (OGE).

Main rotor imbalance issues

Unbalance is the most common cause of vibration. The main rotor is statically unbalanced
when its center of gravity is outside the axis of rotation of this rotor. Among the two
adjustment alternatives, there is the so-called single-plane balancing, which involves
changing the axis of the bearing supports (impractical) or changing the rotor masses
(Figure 4-A). The other case is the dynamic unbalance, established when its main axis of
inertia (which contains its center of gravity) does not coincide with the structural axis of
its tree due to the eccentric mass(es). In this situation, when the centrifugal forces and
associated moments overcome the opposing forces of reaction in the bearings, the
flexibility of the shaft allows oscillatory displacements in 1€Q in the plane of the main
rotor (longitudinal and lateral). The corrective actions consecrated as a maintenance
solution to carry out the balancing (said in two planes) consist of the redistribution of
weights in the rotor (generally acting on the blade handle, according to the decomposition
of the balancing mass, and according to the number of blades) in such a way that those
two axes coincide (Figure 4-B). The second case can compromise the first, however, if
the former is satisfied, then the latter is also resolved (which alone does not guarantee the
latter).
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Figure 4: Blade adjustments for unbalance: (A) static moment and (B) dynamic moment
- adapted from (EUROCOPTER, 2010)

Main rotor blade tracking issues

The maladjustment (out-of-tracking) in the trajectory of the tip of the blades referring to
the plane of rotation is related to differences in lift between the blades. These differences
result from changes in the blade’s pitch angle and generate vertical vibrations at 1Q.
However, these height variations create the Coriolis Effect, arising from components of
the instantaneous mass distribution, changed radially in that plane, thus also generating
lateral vibrations. Due to this effect and the difference in drag of the blades, the trajectory
of the blades is first corrected, to later conduct the balancing of the masses. Corrective
actions aim to intervene in the blade height through the blade pitch angle by intervening
in the length of the blade pitch control rod (pitch link), which promotes a uniform rotation
throughout the blade around its pitch axis and/or by modifying the position of the
compensators (or tab) available for this (changes the bowing of the blade profile,
generally, in its outermost sections, promoting structural twists around the elastic axis of
the blade by the action of aerodynamic forces resulting from the alteration of the blade
lift distribution, therefore dependent on the azimuthal position, whose effect reverses that
undesirable height of the blade. In the present work, for simplicity in the adopted
modeling, there is no torsional degree of freedom for the blade. Hence, tab adjustment
cannot be a corrective action in this case.

1.2 Chapter outline

Section 2 presents a discussion and details of vibration reduction techniques for helicopter
rotors, from the point of view of the operational user and the technical maintenance of the
helicopter. Section 3 presents a discussion and details of model-based helicopter main
rotor balancing and tracking (case study: a 4-blade helicopter), including a subsection
with perspectives on the inverse problem. Section 4 presents a discussion and details of
model-based helicopter main rotor balancing and tracking (case study: a 3-blade
helicopter), with modeling adapted from the previous 4-blade helicopter case. Section 5
presents some concluding remarks.
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2 Vibration reduction techniques for helicopter rotors

This section is based on the article (Jorge & Torres Filho, 1989), presented at “XI
Simposio de Seguranca de Aviagdo da MB”, SIPAERM, 1989, Rio de Janeiro, RJ.

2.1 Vibration reduction for rotors

The vibration reduction techniques available for the helicopter users are concentrated in
the correction of the trajectory traveled by the blade tips (adjustment of the blade “track™)
of the main and tail rotors, and/or in the correction of any imbalance present in these
rotors. The statement of the problem, at the user level, is detailed below. In addition to
vibration reduction techniques, some details of the equipment used for these purposes are
described, as well as some prospects for the future.

2.2 Objectives of the Vibration Reduction
The reduction of vibrations has, among others, the objectives of:

a) Reduce the probability of failures in structural components before useful life expires.
Components have an estimated life based on a certain magnitude of cyclic loads. In this way,
considering that there is a direct relationship between the vibration level of the structure and
the cyclic loads acting, a high level of vibration shows that the structural components of the
helicopter are being subjected to unforeseen efforts consequently, present a high probability
of in-service fatigue failures.

b) Minimize the effects of tiredness and fatigue on the crew. Prolonged and repeated exposure
to vibrations of different frequencies, amplitudes, and directions can cause various types of
aggressions that essentially consist of headaches, tinnitus, general malaise, feeling of
drowsiness, general weakness, irritability, a reduction in the will and the ability to
concentrate, a reduction in reflexes, a psychic depression as well as fatigue of the eyes and
ears. These disturbances, depending on their intensity and persistence, can decisively
contribute to pilot fatigue, as well as helicopter accidents.

Just for illustration, helicopter main rotors typically rotate between 3 and 7 Hz and the
main vibrations perceived in the structure vary between 3 and 22 Hz; tail rotors and other
accessories rotate at higher frequencies.

2.3 Causes of Vibration in helicopter rotors

The most common causes for the occurrence of vibration are categorized in 2 groups,
according to operator procedures to mitigate the efforts that caused the vibration:

a) Unavoidable causes:

I.  The variable aerodynamic forces resulting from the cyclic movement of the blades are
necessary for translational flight. It is found that such forces predominantly induce
vibrations at the multiple frequencies of the aircraft's main rotor rotation times the number
of blades, that is, for a 4-blade helicopter with a main rotor rotation speed of 340 RPM
(5.7 Hz), the cyclical variation of the pitch of this rotor blades will cause efforts that will
induce vibrations in the frequencies of 22.8 Hz, 45.6 Hz, 91.2 Hz, etc., in the aircraft.
These efforts increase with the aircraft's translational speed.

II.  Centrifugal forces resulting from CG variation from the flapping motion of the blades,
are necessary to maintain translational flight. The resulting vibration occurs in the plane
of the rotor, at the rotation frequency of the main rotor.

III.  Aerodynamic forces arise from the airflow over the rotors, acting on the helicopter
fuselage, or from turbulence and gusts on the aircraft.
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b) Avoidable causes

I Unbalance of rotating parts and rotors: unbalance always exists, to a greater or lesser
degree, in any set or rotating part and is characterized by vibration that occurs once per
rotation as shown in Figure 5.

AMP
1/REV

O~
3

-

Figure 5: Unbalance (rotating parts / rotors) [Adapted from (Jorge & Torres Filho,
1989)]

Imbalance occurs when the center of mass of the rotating body is different from, or farther
from, the center of rotation of that body. If the center of mass and the center of rotation are
equal, the system is said to be balanced. As the center of rotation cannot be moved, the
solution is to move the center of mass, adding weights in opposition to the inertia force
produced by the imbalance, which is of form F = M.r.«?* where: (i) F = Force produced by
unbalancing; (ii) M = Mass of the set; (iii) » = Radius (radial position of the center of mass);
and (iv) w = Angular Velocity.

RPM

Vibration at the frequency of once per revolution is not always due to unbalance but could be
indicative of another problem (such as mechanical backlash). The characteristics of unbalance
are: (1) the vibration occurs at the frequency of once per revolution; (ii) the phase is stable.
For example, if we are trying to balance a tail rotor that exceeds established vibration limits
and the phase indication is not stable, this could be an indication of mechanical clearances
rather than unbalance; and (iii) the amplitude of vibration increases with increasing rotational
speed.

II.  Helicopter rotor blades

1. Flying out-of-track causes elevated levels of vibration in the direction perpendicular to
the rotor's plane of rotation at a frequency of once per revolution. The fact that all the
blades are flying in the same plane does not always mean, however, that the aircraft will
fly smoothly. Other acrodynamic forces may be involved and adjusting the blades to fly
slightly out of the plane could as appropriate, counterbalance these dynamic forces to
provide a smoother flight for the aircraft.

The rotor blades of a helicopter must always travel the same path, which often does not
occur, causing the aircraft to vibrate. If each blade on a rotor were identical in profile,
torsion, weight distribution, stiffness distribution, and head installation, then, in steady
flight, it would fly along the same path as the blade that preceded it in motion. In practice,
however, not all blades are identical in these characteristics and the loss of track can
always be related to effects classified as aerodynamic, dynamic, or a combination of the
two, which is indeed aeroelasticity.
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The major cause for out-of-track blades is when identical blades present unequal itch
angles rotor and therefore generates different lifts. As this can easily occur, all helicopters
have pitch control rods whose length can be adjusted in small increments between the
rotating swashplate and the blades. Another common source of track loss is when the
blades are attached to the head with the same collective pitch angle but produce different
lifts because they are not identical. In this case, an adjustment to the pitch control rod
may or may not bring the blade into the perfect track. If the differences between the blades
are in the airfoil profile or the torsion distribution, adjustments are made to the trailing
edge of the blade, slightly tilting an appropriate trim tab or the trailing edge itself, when
possible. These changes have two effects: they change the zero-lift angle of the airfoil
and produce a local pitching moment during flight, which tends to twist the blade to a
different torsion distribution when in forward flight when compared to the existing
torsion distribution of the blade when at rest.

The fact that the blades are out of track can also sometimes be related to a difference in
balance along the chord between two otherwise identical blades. Centrifugal forces,
operating on the mass elements close to the leading and trailing edges, produce a torque
whose pitching moment tends to decrease the angle of attack of the blade profile, causing
it to fly low. If this effect is greater on one blade than the other, due to the different weight
distribution, that blade will twist downward more than the other and therefore have a
lower lift in flight.

2. Unbalanced: cause vibration problems in the rotor plane at the frequency of once per
revolution, as seen above (Avoidable Causes, item I). Thus, for the main rotor we will
have vibrations in the lateral and longitudinal directions, and for the tail rotor, in the
vertical and longitudinal directions.

3. With defects in the assembly, components, or installation: if the defect affects only one
blade, we will have a vibration at the frequency of once per revolution. An indication of
this type of defect appears in situations where, when trying to balance or track, the phase
becomes unstable before we reach a specified threshold. If the defect occurs in items or
installations that affect all rotor blades, we will have high levels of vibration at foot pass
frequencies (2, 3, 4, etc. times per rotation, depending on the number of rotor blades).

2.4 Vibration Reduction Techniques for helicopter rotors
a) Balancing the main rotor
1) Amplitude and phase of vibration.

Helicopter vibrations are caused by external forces, due to unbalanced rotors. These
efforts are periodic and generate a vibratory movement at all points on the aircraft. For
this case of forced vibrations, the amplitudes of displacement (X), velocity (V), and
acceleration (4), for a given excitation frequency, are related in the form 4 = oV = w ?X,
where o is the vibration frequency.

In terms of phase, we have that acceleration is 90 degrees out of phase with velocity and
180 degrees out of phase with displacement. For a given frequency, the time delay
between the forced response (vibration at a point of the structure, in a given direction)
and the excitation (an external effort that caused this vibration) can be expressed in terms
of the clockwise phase, whose angular value ( measured in degrees or hours of a watch)
can be measured directly on the rotor, by using vibration sensors (accelerometers) and
synchronism signal generating devices at that frequency (magnetic pick-up, optical
pickup, etc. .) or reference points (such as reflective tape).
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2) Types of Balancing

Unbalance only occurs in the rotor plane (the plane perpendicular to the rotor's axis of
rotation) and, therefore, it is sufficient to apply static balancing techniques. Normally,
field balancing is chosen, with the rotor installed in the aircraft and its normal rotation
regime, with the following advantages: (i) the removal of aircraft rotors is avoided; (ii)
inaccuracies resulting from friction in the static balance benches are avoided; and (iii) the
vibration measuring equipment is portable.

3) Field balancing methods

a) Balance chart. The amplitude and phase of vibration are measured and plotted on suitable
balance charts, which provide the values of the necessary balance masses, as well as their
installation position on the rotor. However, it may be necessary to make corrections to the
balance chart to adapt it to the aircraft, because the vibration amplitude and phase vary as a
function of the mass and stiffness of the structure. Thus, differences may occur between the
"average" aircraft used by the manufacturer in determining the chart and the aircraft whose
rotor is being balanced. The correction in the chart is made by direct comparison between
the results obtained and those predicted.

b) Method of the two measures. The method consists of obtaining the vibration amplitude and
phase values before and after the addition of a known balancing mass at a defined location
on the rotor and, from these data, the position and value of the balancing mass to be placed
are graphically or analytically determined.

c) Three-mass method (four measures). This method is used when the measuring equipment
of the vibration phase is not available. The method consists of placing a known balance
mass in three angular positions: 0, 90, and 180 degrees and using the difference of the
vibration phase and amplitude values about the initially measured value, to determine the
position and value of the balance mass.

During the balancing procedure, any unexpected phase change after the addition of
balancing masses may represent the existence of gaps in the set to be balanced (Avoidable
Causes, item V, above). In this situation, the balancing process must be interrupted until
the origin of the gap is found and the problem corrected since the existence of gaps
prevents the use of Balance Charts and the 2- or 4- measurement methods.

b) Equalization of the lift force of the main rotor blades (adjustment of a track)

Equalization is performed by changing the length of the rotor pitch control rods, which
modifies the angle of attack equally along the length of the blade and, consequently, the
blade lift; or by changing the angle of the blade tab (sometimes known as trim tab), which
changes the blade pitch incrementally along its length, due to the variation in its torsion.
A rod length adjustment modifies the blade lift force in all flight conditions, while a tab
adjustment only works when the aircraft is moving at higher forward speeds. While for
the first case the angular variation of the blade pitch is of mechanical origin, for the second
case this angular variation of the blade pitch is of aerodynamic origin. Thus, the variation
in the blade torsion introduced by the tab is proportional to the air displacement over the
blade section, the pitch angular variation becomes dependent on the forward flight speed.
Figure 6 shows the variation in the position of the tip of the blades of a helicopter as the
flight conditions change. For each blade, we have the position of the aircraft on the
ground, in hover, and at 3 forward flight speeds. If the blade tends to fly high or low in
all flight conditions, the typical adjustment will be at the control rod. If the blade tends to
go out of track as forward flight speed increases, the typical adjustment will be in the tab.
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Figure 6: Blade tip path versus flight condition: a visualization of required adjustments
—adapted from (Jorge & Torres Filho, 1989)

¢) Main rotor blades: coupling between balancing and equalization of the lift force
If the main rotor blades do not produce the same lift force (L), they will be in equilibrium
with different flap angles (0), as shown in Figure 7. Thus, the loss of track is characterized
by the blade tips rotating in different planes (different 6 angles).

’ \b

Figure 7: Blade equilibrium conditions — adapted from (Jorge & Torres Filho, 1989)

With L.a = Fc.b and sinf = b/a = L/F.. Equal blades (same Lift L) lead to the same Fc, and
thus to the same angle 6, which means that the blade’s track is perfect. Blades with
different L (that is, different blades) lead to different F., and thus the angle 6 will be
different for each blade, which means that the blades are out of track. The center of gravity
of the blade which is flying higher (than the other blades) approaches the axis of rotation
of the rotor. Thus, blades of the identical static moment (first moment of cross-sectional
area) may have different centrifugal forces and therefore appear to be unbalanced, when
they were producing different lift forces. Figure 6 also illustrates the case of blades with
different static moments, but with the same lift. These blades will be out of track and may
induce vertical vibration at the main rotor frequency of 1€, due to the difference in the
vertical components of their lift forces. Therefore, the lift balancing and equalization
operations must be carried out interspersed, until satisfactory results are obtained, for
vertical and lateral vibration levels at 1Q.

d) Balancing and equalization of the lift force of the tail rotor blades

The same theoretical considerations and techniques described for the case of the main
rotor are applied in the case of the tail rotor. The existence of problems of lift difference
is less common in the tail rotor case, due to the fixed-pitch adjustment of the blades and
the lower susceptibility to aeroelastic effects. Normally, it is sufficient to statically
balance the blades or field balance the rotor with the aircraft on the ground, or both,
depending on the aircraft model.
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By way of illustration, we describe the characteristics of two cases (Jorge & Torres Filho,
1989):

1. AS 332 SUPER PUMA: a tail rotor malfunction originates a vibration characterized by
three times the rotation of the main rotor when in forward flight (frequency coupling).

2. AS 350 SQUIRREL: the tail rotor resonant frequency occurs when the main rotor rotation
is around 310 RPM, and therefore, at start-up and final cut-off, the tail rotor passes
through this frequency. If the vibration level measured near the tail rotor is greater than 1
IPS (inches per second) during this transient, the tail rotor must be statically balanced
before field balancing is applied.

3 Model-based parameter identification for unbalanced and out-of-track
helicopter rotor blades: a case study of a 4-blade main rotor

This section is based on the Master’s Thesis (Jorge, 1992), for the Specialized Masters
Program in Helicopter Techniques at ENSICA, Toulouse, France, 1992.

Case study of a 4-blade main rotor: model development and comparison with
maintenance manual (Jorge, 1992)

Helicopter vibrations are one of the problems that require a lot of maintenance effort.
Various practical procedures already exist relating the measured vibrations to the possible
corrections to be introduced at the main rotor head. This work formulates a theoretical
background that leads, from corrections, to the vibrations measured at the fuselage. The
problem was split into two parts: the calculation of the isotropic rotor equilibrium and,
then, the introduction of the defects from this equilibrium position.

The model here considered defects that generate vibrations in 1Q (one-per-revolution),
2-D aerodynamics, rigid blades, articulated rotor, a rigid fuselage, and flight conditions
without load factor. From the equations found, a software was created for different flight
conditions and configurations of weight and balance. The results obtained were consistent
with those from the aircraft’s maintenance manual (MET) The algorithm obtained can be
inserted into an on-board software, as part of a system of the HUMS type, providing
information on rotor defects to reduce the maintenance time and cost.

3.1 Introduction
GENERAL

Vibration is, for a helicopter, one of the problems that require the most effort, either for
the designers and manufacturers or for the users. In the design offices, during the
conceptual design of the aircraft, a complete set of methods is used to tackle the problem,
the origin of the vibratory forces, its transmission to the fuselage, and the response of the
fuselage to this excitation.

When the helicopter is delivered to the user, it is already tuned and balanced. However,
during its operational life, problems of maladjustment and unbalance appear on the
various rotating systems, which requires a maintenance effort on the part of the user, with
periodic adjustment procedures with, therefore, a very high maintenance cost, due to the
maintenance flight hours required to perform the tasks of the various adjustments until an
acceptable vibration level, measured at the fuselage, is reached. The necessary
maintenance flight hours have an intrinsic or direct cost (fuel consumption, etc.) and a
cost associated with the unavailability of the aircraft for its operational use, and therefore
must be minimized.
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The purpose of this study is the conceptual design of a system that can detect various
defects at the rotor head, using fuselage vibration measurements, during normal or
operational use of the helicopter, and that also can propose the adjustments or corrective
procedures to be conducted at the next shutdown of the aircraft. Such a system leads to a
reduction in maintenance time since it can replace maintenance flight hours for fault
finding by flight hours in operational use.

This system also leads to an increase for in-flight safety, since it will detect faults when
they appear, while in the current adjustment procedures (which are scheduled, with some
periodicity), it will be necessary to reach a scheduled moment in the life of the device to
be able to detect a fault. In this way, without such a system, a helicopter could fly for a
certain time in a degraded configuration, with a defect in its rotor which could increase
the risk of the appearance of various problems, such as the appearance of cracks in
rotating parts subjected to alternating efforts and even, at the limit, a reduction in the
operational performance of the crew due to human fatigue in a more degraded vibration
environment. This study of vibration problems generated by faults in the main rotor can
be generalized to vibration problems generated by faults in other rotating systems such as
the tail rotor or the engines. Such a fault detection system can be installed onboard a
helicopter in the context of HUMS (Health and Usage Monitoring Systems) type systems.

MODELING

Within the framework of sensitivity studies on the vibratory level of a helicopter, in all
directions, due to the forces at the rotor head caused by defects of a geometric, kinematic,
structural nature, etc... and of any origin (manufacture, maladjustment, wear, damage,
etc.), a simulation will be performed of these defects on a helicopter rotor-structure
model, to obtain the vibration level at different locations of the structure, to be able to
carry out, in a next step, the inverse problem, i.e., from the vibrations measured at known
points of the fuselage, being able to capture to the rotor defects.

The hypotheses

The model will study defects that generate vibrations in 1Q (one-per-revolution), that is,
once the rotation of the main rotor. This frequency, lower than 6 Hz (as is the case of
some aircraft from Airbus Helicopters - former Eurocopter France), being lower than the
first resonance frequency of the fuselage (around 12 Hz for the Super Puma, for example),
allows us to have a model where we will retain: (i) the 6 degrees of freedom of the
fuselage, seen as a rigid body; and (i1) the degrees of freedom in flapping, drag, and pitch
of each blade, also seen as a rigid body linked to the main rotor through the joints.

The application case, for comparison between the model results and practical results, will
be the Super Puma (AS 332 MKI long version and AS 332 MKII) helicopter. For the
calculation of the aerodynamic forces, the approach will retain a two-dimensional steady-
state aerodynamic model, with the hypotheses of small angles of incidence, flapping,
drag, and pitch. In this model, two flight conditions with zero load factor will be
considered: (1) hover; and (i) stabilized level flight.
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The settings

The parameters relating to the device, considered as "a priori" known data, necessary to
initialize the system are: (i) the mass of the aircraft; (ii) the mass center; (iii) forward
flight speed; and (iv) atmospheric density. These are the parameters necessary to establish
a particular flight condition, where one can calculate the pitch, the flapping, and the drag
of a rotor considered to be isotropic, without defects. From this flight condition, defects
will be introduced on the different blades of the rotor.

Faults and possible corrections on a blade

Possible defects: (1) mass imbalance on one or more blades or even on the hub-rotor mast
assembly; (i1) "detracking" (blade flying out of position) in flapping and/or drag; (iii)
incorrect or inadequate twisting on a blade; (iv) the maladjustment of a pitch control rod
and/or a slack/mechanical clearance of this rod; (v) the loss of stiffness and/or damping
on a drag adapter of a blade; (vi) incorrect adjustment or locking of the tabs of a blade,
etc... For all problems, whatever their origin, the Maintenance Manual offers the user only
two options: (i) perform possible corrections and adjustments on a blade; or (i1) change
the defective element, in the cases provided for, where it is no longer possible to adjust.

The modeling of the inverse problem must consider the maximum admissible values of
the corrections to be introduced, to determine whether the calculated correction should be
carried out or a replacement of a defective element (correction exceeding a threshold).
The possible corrections and adjustments on a blade are: (i) the variation of the collective
pitch of a blade from the variation in the length of the pitch control rod; (i1) the variation
of the mass of a blade (and, consequently, of its static moment and of its inertia in flapping
and in drag) by introducing or removing balancing weights (at the point of attachment
between sleeve and blade, in our case study, i.e., the Super Puma); and (iii) The variation
of the bracketing of the tab located most at the end of the blade.

The assumption in this model is that the various defects can be reduced to "equivalent
defects" at the points where the corrections will be introduced. This "equivalence" means
that a defect will generate a vibration in the fuselage equal to that which would be
generated by the "equivalent defect(s)". The goal to be achieved is to introduce a
correction (i.e., an "equivalent defect" of the same amplitude but opposite sign to the one
just detected) to balance the rotor (if it is possible) and not to find the exact origin of the
actual defect. Thus, the model is not going to simulate the real defect, but, instead, its
"equivalent defect" at the points of introduction of the corrections.

PROJECT STAGES
Study of the equilibrium of the isotropic rotor

Initially, the model will take into account a so-called "isotropic" rotor, ie, without defects.
All the blades being considered equal, we will have: (i) from the balance of moments
around the joint, the equations of the movements of the blade, in flapping and in drag,
which will be functions of 1 Q; (ii) through the integration of the elementary forces on a
current element of the blade, we will have the force of a blade on the rotor head; (iii) the
summation of the forces of all the blades on the hub, including the moments introduced
by the frequency adapters, gives us the wrench of the forces at the rotor head, which is
constant concerning the azimuthal position of the blades (and, therefore, concerning in
time) due to the hypothesis of an isotropic rotor that restricts in this study to the frequency
1 Q; (iv) from the forces at the rotor head and other forces external to the helicopter, we
will have the balance of the fuselage for this flight condition. We will retain, as external
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forces: the thrust of the rear rotor, the own weight of the helicopter, the drag of the
fuselage, and the downforce of the horizontal stabilizer. From the equations of the balance
of the fuselage, we will obtain the longitudinal attitudes (in pitch), roll, and yaw. In
addition to the assumption of stabilized flight (zero acceleration, that is to say, constant
attitudes over time) we will assume that the flight is not skidded and that the yaw attitude
is zero, retaining, instead, as unknown, the tail rotor thrust necessary to obtain this zero
attitude.

Study of the effect of the introduction of defects

"Equivalent defects" will be introduced into the model, which is consistent with the
reality, to study their effect: (i) on the rotor head forces; (ii) on the acceleration of the
center of gravity of the fuselage; and (iii) on the acceleration of any point of the fuselage
where it is planned to install accelerometers. The equations of the balance of the fuselage
will no longer be equations in static equilibrium but dynamic equilibrium. The forces at
the rotor head will no longer be constants, but functions of 1€2, which brings us to inertial
forces and, therefore, accelerations of the fuselage, also in 1€, neglecting the higher
harmonics of the fuselage movement, which could be originated from the rotor head
excitations in 1Q.

Study of the inverse problem
The model

We have seen that, from the position of the equilibrium and the defects, one can obtain
the forces at the rotor head and also the acceleration of the fuselage. For the inverse
problem, we need to know the position of the equilibrium (as before) and the accelerations
of the fuselage. The full motion of the fuselage, which was assumed to be rigid, is
measured by accelerometers which record the fuselage's 6 degrees of freedom. The
measurements of the accelerometers are then brought back to the movement of the center
of gravity of the fuselage, through a formulation step which is the inverse of that which
was previously made. This inversion is always possible. The movement of the fuselage is
passed from the helicopter frame to the fixed rotor frame and then to the rotating rotor
frame, so that: (i) the movement of the blade will therefore be its displacement plus the
displacement of the fuselage; and (ii) the rotor head forces will be the sum of the constant
forces, obtained from the balance of the isotropic rotor, plus the variable forces in the
frequency 1Q. As the model has more unknowns (defects) than information obtained from
the accelerometers, certain restrictions must be imposed and the transformation can be
called a “pseudo-inverse”.

The optimization

The optimization will consist of seeking the optimal distribution of the accelerometers to
minimize the calculations for obtaining the inverse of the “pseudo-inverse”. For that, one
must look for: (i) either defect decoupling or minimum coupling; (ii) harmonization of
the orders of magnitude between the various "defect-acceleration" pairs; and (iii) the
minimum number of calculation operations.
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The application
The transition from simulation software to embedded software

Here, it is necessary to consider constraints and to operational limitations: (1) maximum
collective pitch; (ii) maximum admissible movements in flapping and in drag; (iii)
maximum admissible forces in connecting rods; (iv) maximum bracketing of tabs; (v)
maximum balancing weight that can be inserted in the sleeve (in the rotor head); and (vi)
accelerometer limitations: sensitivity, threshold, accuracy.

The expert system

This software can be inserted into a more complete embedded system, such as the HUMS,
with: (1) setting of priorities and rules for the corrections to be introduced; (i1) the choice
between the corrections or the replacement of the defective component; (iii) the use of
this acceleration and force information for updating the calculation of the service life of
vital parts; and (iv) the information on flight safety. For helicopters with a system for
measuring the pitch of the blades, it is possible to consider, as an option, the pitch input
as a parameter of the system, instead of the speed of forward flight. This system, in its
first stage, i.e., the calculation of the balance of the isotropic rotor, could, therefore,
provide us, in addition, the speed of flight, functioning as an anemometer, for example,
for low speeds where conventional anemometry systems are inaccurate.

3.2 Balance study of the system: main rotor plus fuselage study of the articulated
rotor in flapping and drag

Introduction

In this part, we will study a rotor composed of blades articulated in flapping and dragging.
We are going to attack more particularly the establishment of the analytical expression of
the wrench of the efforts in the rotor head. The assumption made was that the blade had
a flapping angular movement (P) independent of the dragging angular movement (J),
followed by a small dragging movementd =35, +8,. cosy,t+38,siny,t, which is a

function of the flapping angular movement.
Calculation of rotor head efforts

Each of the blades that constitute the rotor is subjected to inertia and aerodynamic forces.
As a resultant effect, the fundamental principle of dynamics applied to the blade gives:
the resultant of the efforts of connections at the level of the flapping joint is determined
by the preceding relationship, which gives:

— — R —

R blade—>hub = R aerodynamic —J.e yM.dm; . On the other hand, to calculate the moments at the
rotor head, the Dynamic Moment Theorem 1is applied at the hub:
O’ hub/rg = Mobladeshub + Miuselage >hub. As the rotor hub is rotating at a constant speed, the

dynamic moment 8° cube/Rg 1S zero and: |\_/|'hub—>fuselage = Mbiage>tup . We will note in the
sequence the components of the wrench of efforts in the rotor head:

ﬁbladeﬁhub I:x ? + I:yv> + Fz 2
(T}, = = _+ . Let'snow calculate these components
0
for a blade. We will then make the sum according to the number of blades to obtain the

M biade >hub MX.)_(.—F My.V—O—MZ.Z .
wrench of the efforts of the complete rotor.
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Calculation of the dynamic resultant

The blade is simply articulated in flapping and drag. Let M be a current point of the blade
of radial coordinate r. The coordinates are represented in Figure 8.
—

-y

1=

Qi g d
Figure 8: Representation of the coordinates — adapted from (Jorge, 1992)

We will calculate the acceleration of this point M in the fixed rotor frame and then
integrate the obtained expressions along the blade. We have, in the fixed rotor frame:

e cosy; +(r—e)cosd cosp cosy; —(r—e)sind siny,

OM =| e siny, +(r—e)cosd cosp siny, +(r —e)sind cosy, (1)
(r—e)cosd sinp
. ag . d’p = * .
Notation: pra B, e Pl B, ; rotor constant speed y, =€, what gives us:

-eQ? cos vy, +2(r—e)Q['3t cos&sinBsiny, —(r—e)ﬁu cos §sinBcosy,
.2 .

—(r—e)B, cosdcospcosy; —(r—e)Q?cosdcosPcosy; +2(r—e)Q3:sindcosp siny,
. . .2 .

+2(r—e)38: B, sindsinpcosy; —(r—e)d: cosdcosPcosy; —(r—e)dsindcosPcosy,

.2 - .
+(r—e)d: sindsiny, —(r—e)8:cosdsiny; —2(r—e)8: Qcosdcos y;
+(r—e)Q’sindsiny,

. . 2
d2OM | —eQ?siny, —2(r—e)Qp, cosdsinpcosy; —(r-e)p,, cosdsinPsiny, @
T 2 2

—(r—e)[.St cosScosBsin\yi—(r—e)QzcoséScos[Ssin\pi—2(r—e)Qétsin5<:osl3c05\|1i
. . .2 .

+2(r—e)38: B, sindsinBsiny, —(r—e)d: cosdcosPsiny; —(r—e)deesindcospsiny,
2

—(r—e)ét sindcos v, +(r—e)5m COS3COS v, —Z(F—e)étQCOSSSin v,
—(r—e)Q’sindcosy,

2 2

(r-e)éu coséScosB—(r—e)[.Bt cosSsinﬁ—Z(r—e)é[ étsin ScosB—(r—e)ét cosdsin P

—(r—e)ém sindsin B
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As P and 9 are small angles, the following assumptions will be made: sinf = f3; sind = 9;
cosP ~ 1-(B%/2); cosd =~ 1; sinPsind = 0; cosPsind ~ § (noting that, if taking cosp =~ 1,
then terms that are not negligible will not be taken into account), leading to:

- . - .2 2

v, =—eQ?cosy; +2(r—e)Qp, Bsiny, —(r—e)B,, Bcosy, —(r—e)p, [ —B—j cos y,

.2

2 . .
—(r—e)Qz(l P jcosw,+2(r— )Q8:8siny; —(r—e)d: cosy; —(r—e)dudcosy,
.2 . .
+(r—e)8: dsiny, —(r—e)duesiny, —2(r—e)d: Qcosy, +(r—e)Q?3siny,
- . - .2 2
v, =—eQ?siny, —2(r—e)Qp, Bcosy; —(r—e)B, Bsiny, —(r—e)p, (1—%]sinwi
BZ . .2 .
—(r—e)Qz(l—?jsin\yi—2(r—e)£28t6(:oswi—(r—e)8t siny, —(r—e)8u 8siny,
.2 - .
-(r—e)d: dcosy; +(r—e)ducosy; —2(r—e)d: Qsiny, —(r—e)Q*3cos y;

.2

:(r_e)ﬁm(1_%j_(r—e)[itzﬁ—2(r—e)ét[§t6—(r—e)6t p

The final expression of the blade acceleration is obtained in the fixed rotor frame by
integrating the acceleration of an element of mass dmi:

IR; dm,
J'R; dm, Avec J'R(r—e) dm, =m,

R °*®

m;y; :I y dm,
What gives us:

. 2 2
M =-m;eQ’ COS‘Vi'Fms{ZBBtQSin\V. Bt ( s jCOSWI BBttCOS“VI_QZ( P jCOS\V}

. .2 v .2 o .
m {ZQ& dsiny; — 8t cosy; — 8t dcosy, +8: 8siny; —Sui siny; —28: Qcosy; + Q%3 sin \yi]

. o2 2 . 2
m,, =-m,eQ’siny, +mg {ZBBthoswi -B, (1—%Jsin v, — BB, siny, —Q° [1—%jsin Wi:|

02 oo 02

m; [ZQét dCoSy; — Ot Siny,; —dt: dsiny,; +5: SCosy, —gm cosvy, —Zét Qsiny,

+Q%3 cosy, |

m =, B (15 -9 e, |-2850-5p]

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 538



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

Aerodynamic loads

We are now interested in the aerodynamic forces generated in flight. Figure 9 shows the
wind direction concerning the fixed rotor frame as well as the decomposition of the wind
velocity into velocity tangential to the rotor plane (and perpendicular to the blade span)
(Ur), and velocity perpendicular to the roior plane (Up).

~\. Y
N Bladei

\;"‘/ /x.’
Wind >_\_‘/ 3"‘ ;

Figure 9: Representation of the forces acting on a blade — adapted from (Jorge, 1992)
The resulting speed is U= /U2 +U,? and tang ~ ¢ ~ Up/Ur. Additional notation

B =B _ B hp g =28
adopted: B; = i 0B, with g = "
Let us first calculate the velocity of a current point M (r) of the blade about the Galilean

frame of reference (a reference frame where var/Rg = Wg ), leading to:

V MbladeiRg = V Mbladeffixed rotor + V M fixed rotorair + V Mair/Rg . The velocity of the
current point of the blade can be obtained as the sum of the velocity due to blade rotation,

flapping, and drag Vbiage Q, ,0 plus the velocity due to forward ﬂightVbladeV, plus the

velocity component due to the induced velocity Vbidev ,, where

= dOM dOM — —
(Vbladegﬁ@)Rf :(TJR :(TJR +Q(Rf /Rf)/\OM (3)

with: Ry fixed rotor reference frame
Rt: rotating rotor reference frame
Rp: blade reference frame

OM : in the Rrreference frame

What gives us:
_(r—e)_—sinSét cosfcosy; —cosd cosP Bt COSWi—COSSétSin\Vi:|
(dggj = (r—e):—siné‘)étcosﬁsinwi—cosSsinB [.Stsin\pi—cosésétcoswi}
R -
(r—e) —sinSétsinB+0058cosB['3l}

0 |ecosy, +(r—e)cosdcosBcosy; —(r—e)sindsiny,
+| 0 Alesiny; +(r—e)cosdcospsiny, +(r—e)sindcosy,
Q |(r—e)cosdsinf
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and, subsequently:
—(r—e)Bt cosdcospcosy; —Qsiny; [ (r—e)cosdcosp+e]
—(r—e)(Qsin dcosy, +St sindcosBcosy, 151 cosdsin Wij
(4
(Vb,admm)R —| —(r—e)B, cosssinBsiny, + Qcosy, [(r—e)cosscosp+e | )
+(r—e)(—Qsin dsiny, —SIéin dcosPsiny, 5 cosScoswij
(r—e)[.3t cosBcosB—(r—e)ét sindsin B
-V
The same treatment can be done to the velocity due to forward flight: | V. | =0
0
Ra
in the aerodynamic reference frame (Ra). A rotation (ap) around Ya =Y leads us to Rr
. cosag 0 sinag 1[-V —V cos ay
Vbiade, | = [ 0 10 0 = 0 ‘ Q)
X —sinay 0 cosagllo +V sina,
f

A rotation (-yi) around Z = Z leads (\aQ oo T \av ) from Rrto R¢

—(r—e)['SI cosSsinB—(r—e)Qsin8—(r—e)é.5tsin dcosPB—Vcosa, cosy,

(Vb,admﬁ.s)& +(Vbladev)R( = Q[(r—e)cosacosBJre]+(r—e)ét €os 3+ V cos asiny,

(r—e)['it cosScosB—(r—e)étsin dsinp+Vsina,

A rotation of (B) around Y, = Tp leads us to R'p, with flapping by:

—(r—e)Qsin ScosB—(r—e)étsiné—VcomD cosy,; cosB—Vsina,sinp
(Vblade Q,[},E)R.p +(VbladeV)R.

Q[(r—e)cosScosB+e]+(r—e)ét cos 3+ V cosasiny,

(r—e)p,cosd+(r—e)Qsindsinp+Vcosa,, cosy;sinf+Vsin o, cosp

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 540



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

A rotation of (-6) around Z'p = Zp leads us to Ry (flapping followed by drag motion)
[eQsind—V cosa, cosy, cosBcosd+Vsin o sinBcosd+V cosa, sind

v v B chosé‘>+(r—e)QcosB+(r—e)ét+VcosaDsinwicos6 (6)
( bladeQ'B'B)Rp+( bladeV)Rp_ +V cosa, cosy; cosPBsind—Vsina, sincosd

_(r—e)[.it cosd+(r—e)QsindsinB+Vcosa, cosy; cosB+Vsina, sin

Finally, the relative motion of the blade due to the induced velocity is:

L 0
Vblade\,i =10 (7)
. Vi
The blade velocity is:
(%)Rp = (Vbladeﬂm )Rp + (Vbladev )Rp + (Vbladev, )Rp ®)
The relative wind velocity is:
U,
(9), = Un =), 2
P U p

One can see that there is a third component of U along the blade span, that is, along with
Xp, thus one can assume that its contribution to lift (L) and drag (D) is negligible.
Assuming a two-dimensional aerodynamics problem for the profile of the current point
of the blade, with the direction of Up and Ut shown in the figure above. The wind velocity
U will be taken as the composition of Ut and Up. Therefore, we have tangential and
vertical components of the velocity given as Ut = -Uyp; Up = -Uz (Note: Uxp gives
negligible aerodynamic efforts and is neglected). One has, finally:

Ur =V cosapsiny;cosd +V cos ap cosp; cos fsind
+ Vsinapsinfsind + 2 [(r —e) cos B + e cos 6]
U, =V cosapcos;sinf +Vsinapcosf +V;

+ (r—e)Bicosd + (R—e)2sindsinf
Let sinf = B; sind = J; cosP = 1; cosd = 1; sinPsind = 0; (r-e)cosPf+ecosd =~ r, then:
{UT =rQ+Vcosa, siny, +V cosa, Cosy,8

Up:(r-e)Bt+VcosocDﬁcoswi+VsinocD+\/i (10)

with B, =Qp
The Ur speed is the sum of the speeds due to (i) the blade rotation (Q r) and (ii) the
translation of the helicopter The Up speed is the sum of the speeds due to (i) the induced

speed (V . sina, + V,), (ii) the flapping speed [% (r— e)],and (ii1) the translation of the
helicopter (V. cosap, . cosy; ).
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d L] L]
Also, as d—? =B, =Qp, then:
U; =Qr+Vcosagsiny, +Vcosa Cosy,;d

) . . The lift (L) and drag (D) forces for
U, =Vsina, +V, +(r-e)pQ+V.cosa, cosy;

the element are, respectively, perpendicular and parallel to the plane of velocity U.
L=Pu2ca@-¢)dr
2 (11)
D=Puzec C, dr
2

Figure 9 shows us the lift and drag forces for the element. In the reference frame Rp, we
have, for blade i:

0
[dﬁa} =| Lsing - D cos¢ (12)
® | LcosE + Dsing
A rotation of (0) leads us to R' p:
cosd -sind 0 |0
[dR*].. =[sind cosd O Lseng - D cosg
' 0 0 1 ||L cos& + D seng
—(Lsing - Dcosg)sind
=|(Lsing—Dcosé&)cosd
L cos¢ + D seng
A rotation of (-p) leads us to R
-(L seng - D cos&)send cosp -(L cosg + D sen&)senp
[dR*] =] (L seng—Dcos&)cosd
‘ -(L seng - D cos&)send senp+ (L cosg + D sen&)cosP
&, P and 0 being small angles, we have: sing = £ = 0-¢ = 0-tan¢ = 0-Up/UrT; cosé =~ 1; sinf}
=~ f3; sind = §; cosP = 1; cosd = 1; sing sind = 0; sind sinf} = 0; sing sinP = 0. Assuming:
U? = Ut? + Up? = Ur?, as Up << Ur, and a + Cdo = a, as Cdo << a, leads to:

LB +DS§
{dF*} =] L(6-¢)-D (13)
L+D(6-¢)
What gives:
a aC cC

dF, o= -% (U0 -U,U) dr+ 25 U 2 5 ar

dF, = P3¢ [U,%0-20,U,6+U,%] dr +&2Cdo U2 dr (14)

dF, =22 Tu %0 -u,U, ] dr
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Introducing the following coefficients:

Vcosa
p= = TD is called the advance coefficient, which is the relationship between the

component of velocity over the disc and the velocity at the tip of the blade; and
_ Vsena, +V,

is the axial flow parameter, which is the relationship between the

component of velocity perpendicular to the disk and the velocity at the tip of the blade;

r € r .
-X= R €xe = E; 0=0,, +E9tw (Ow: twist); 0, =6, + 0,, cosy, + 0, seny, . Thus:
dF,;* = pac(R)? {— g [0(x + useny; + us cos P;)?

— A+ —x)B+ g# cos ;)
do
(x + usenyp; + ud seny;)| + Eé‘(}( + usenyp; + ué cos zpi)z} dr 15)
4F,* = pac(@R)? {3 126(x + userup, + b cos ) A+ (¢ = 7P

+ Bucos ;)
— (x + usenyh; + ué cos ;)*6%2
- (/1 + (X - Xe)ﬁ

+ BucosO)] 222 (¢ + usent + b cos 92|

pac )
dF,;“ = 5 (12R)? {0 ()( + useny; + uﬁcoswi)

— ()( + useny; + u8c05\|/l.)(k+(x-xe)[3+[3ucoswi)}dr
For the evaluation of the axial flux parameter A, the Meijer-Drees modeling is used
(Meijer Drees, 1949). This allows the consideration of a cyclic variation of the parameter
A. The Meijer-Drees formulation leads us to:
A=Ay + A X COSY, + A, ySeNy,

= utgo, + 3 Cr (1+ K, x Cosy; + nysen\pi) (16)
2(1_2“2) ,;,t2+7x2
Where
2
4 A A
K, =3 (1-1,8p2) 1{;} . (17)
K, =-2u
Which gives the cyclic components:
Cr
AO = ‘thgaD +
3
(1)
2uCr 1

Aic =

-1,8

3(1_%#2) \//12+u2(\//12+y2+/1) as)
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uCr
3
(1=3w) e
Ao is calculated by an iterative method (Meijer Drees, 1949); get Aic, Ais by replacing A
with Ao.
Let S = pac (QR)?. Integrating dFxi?, dFyi, dF4* along the blade leads to:

Y | — | [oun + 260 - |
xi — . 2 |LR Msen\lli L COS\I’i con R tw

Aig = —

r

R +usen\ui+u8coswl.]

r r r-e Cao . (T 2
[/10 +2c R cosy,+Aqs R Senv; + 53 B+Bucoswi] + 2a é (E +usenwi+u8coswi) dr

Rr o 1r r
ija =S fe [_E [E +usen\yi+u8c05\|/i] [Hcon + Eetw] Y2+
T T r-e 1 T T 2 (19)
X [Ao+klcﬁcoswi+kls§senwi + EBzBucoswi] + 5 [/10+7\,1CEC205\VL.+7»15 Esenwﬁ...]
do [T
B [E +psen\|1i+u6c03\|1i] ] dr

[...+ r; B+Bucoswi]2 [9con + % 9tw]

2
F® = g jR “% +usen\yi+u6coswi] [Bcon + %Htw] — [% +usen\|/i+u8coswi]
e

r r r-e
[AO+X1C§coswi+kls§senwi + 7B+Bucoswi] dr

After integration leads to:
F.¢ 1 lR3 —e3

+ 3(R — e)u?(sin; + & cos P;)?

R3 —¢3

s 3| R
. B Ca
u(siny; + 6 cos tpi)l (—960”5 + 2—;6)

+3

'R4_ 4 R3 3

4R3

N

e .
+ 2u 32 (siny; + 6 cos ;)
RZ _ eZ

2
+u RZ

(siny; + & cos l,bi)zl O
'RZ _ eZ

R + u(R —e)(siny; + 6 cos tpi)l (Ao + ud cos ;)

[R3 —e3 RZ—¢? ' .
3R? +u 2R (siny; + 6 cos ;) (/116 cosY; + Ay siny; + ,3)

. 2 _p2 —
—eﬁglR 2Re +RRe,u(sin1,bl-+5cos¢i)l

+

+

N N

F,® . :
é = — {(R —e) (AO - %,B + upB cos l/)i)li (siny; + 6 cos P)Ocon

RZ eZ

+ R (Alc cos; + Ay siny; + ,8) u(siny; + 6 cos lpi)HC(m}
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z CdO 62
con .
[ l [ 3R2 + R (siny; + 6 cos ;)

+ u?(R — e)u?(sinp; + & cos lPi)zl

R—e)
* 2

e L]
(Aoz + B2u? cos® Py + 240 cos ; — 25 B (Ao + B cos )

e? .
+ ﬁﬁ2>
R? — e? e ,
| (R0 =2 B + B cos ;) (u(sin; + 6 cos Y)Buy + Oeon)

2R
+ (/11c cosP; + A5 sinyp; + ﬁ) (/10 + Bucosy; _%’3)]

R3 —¢3 e ‘ .
gz |~ (o =B + B cos ;) By — (Rac cos i + Aug siny; + B)
2 2 ° 2
: /11C 2 1s )
(u(siny; + 8§ cos ;)04 + 6.0n) + Tcos Y; + > -+ =
+ A A cos; siny; + B(A. cos; + A4 sin lpi)]
R4 _ e4

_ Wetw (/116 cosY; + Ay siny; + ﬁ)

R4_e4 R3—€3
+[ NE +2u 3R2 (siny; + 6 cos ;)

2 2

R (sin Y; + 6 cos lpi)zl OtwBcon

O’ lRS u(sin; + 6 cos ;)

+ u?

+ (R* —e%)

2R? 5R? + 2R
LK 2(siny; + 8 cos P;)?
3

F,* 1([R®-¢3

2 o+ - owimp+scoswy
RZ _ eZ

+—— u(siny; + 8 cos zpl-)l Ocon

R4 _ ot 3 _ o3
+ W + ZMW(sinlpi + & cosp;)

(R? - e3)l

2 2

e
2 (siny; + 6 cos wi)zl O

+ u?

'RZ _ eZ
2R

R3 — ¢3 R2 — e2 .
- +u (siny; + 6 cos l/)l-)l (/116 cosP; + Ay siny; + ﬁ)

+ u(R —e)(siny; + 6 cos lpl-)l (Ao + ué cos ;)

3R?
* B[R? —e? R—
teb5 1R

u(siny; + 6 cosy; )l}
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In general, the ratio /R is very small. In the case of the Super Puma main rotor, one has
R=7.80mand e=0.27 m, which gives e/R = 0.035. Simplifying assumptions considered:
R?-¢? = R% R - ¢ = R3; R - ¢* » R4 R - ¢° ~ RS (the only simplifying assumptions
that will not be made is R - e ® R), which will lead us to an error of 0.15% in the efforts
calculations, which will be disregarded.

Thus, one obtains:

a
%:[%+(R—e)}l2(sin\vi+8005\Vi)2+RH(Sin\Vi+SCOS\V }[9 }
B E+2p5(sin\ui+5005\yi)+p25(5in\yi+8COS\u 0,
2] 4 3 2
B[R . e:
5 E+u(R—e)(sm\yi+SCoswi) Xo +uBcosw,—EB
+% %w%(sin\yi+Scoswi)}[xkcoswl+klss|n\|/,+B

a

i —[x +ppcos —E[.S)
S oTH Vi R

—[(R—e)p(sin g +Scoswi)+%6m —%p(sin Y, +3cosy,)
+§6M +%(k1€ COSy,; + Ay, Siny, +BH
—(klc CoS W, + Ay Siny, +B)

[%u(sin v +8coswi)+§6wn +%H(Sin\|}i +é‘>coswi)+%em}

2
{OC%CZa MZ +uR (siny; +8cosy, ) +p? (R —e)(siny, +Scoswi)2}
+0,,9,, [IZ + Zu%(sin v, +8cosy; )+p?(siny, +2‘>coswi)2 %}

2
‘; ‘:%-H,L(Sin\yi+6COS\Ui)%+u2(Sin\Ui+8005Wi)2%:|
R—e)

D

+

2

—

+

2
(k +ppcosy, — ;B] +%(k1ccoswi+xlssinwi+ﬁj

l\)II—‘

[%+ - sm\y,+8cosw) +Ru(sin\ui+6coswi)}em
%+2u§(sin\ui+6<:osx|;i)+u2%(sin\yi+8cosx|;i)2}etW

1
2|
1[R : e’
- E+u(R —e)(siny, +3cosy, )}(xo +upcosy, _EBJ
+% %+p%(8in v, +8cosy, )}(xk cosy, + A, siny, +Bj

Calculation of the resultant effort in the rotor head

The resultant is obtained by applying the above relationship. The reference frame for the
aerodynamic forces (calculated in the rotating rotor reference frame) is changed, as:

_ a a .
E. =Fy; cosy; — Fy;" sinh; — my,

Fy = FXL siny; — yl “cos Y — Miyy (20)
E, = ina — Mjy,

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB

546



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

With miyx, miyy, miyz, Fxi, Fyi, Fzi: components as previously calculated. What gives:

ina _ _R 2 . 2 .
s =3 + (R —e)u*(siny; + § cosP;)* + Ru(siny; + 6 cos ;)
: C Oeon® C
(—g@con + —262)) cosY; — sin; ( - —d°>l

2 2a

'R R R
gt 2,u§(sin Y; + 8 cosp;) + u? o) (siny; + 6 cos 1/Ji)2]

B .
- 5 Oty cOSY; — sin; 64,0 :0n

+ (%0 +up cos p — )

2

lzjcos Yi (E + .Ug(R —e)(siny; + b cos 1/)1')>
+ siny; [(,u(R —e)(siny; + §cosy;) + g@con>
+ <§ + ug (siny; + 6 cos 1,l)l-)> 0w
— g (/116 cosp; + Aigsiny; + ,8)”
+ (/11c cosyP; + Aigsiny; + B)
g R R | 5
[E cos P, <§ + ,uE (siny; + 6 cos ¢i)>
+ siny; [(gu(sin Y; +6cosy;) + g) Ocon
R ) R
+ (§ + u(siny; + S cos ;) + Z)”
. Qth R R . 2( i 2 R
- smlpiT[g+ ,uE(smlpi + 6 cosp;) + u“(siny; + 6 cos ;) 5]
_(R-e) e *\?
— sin; 5 (/10 + uB cos; — E'B)

R .
— siny; g (/110 cosYP; + Ay siny; + B)

m; 2
+?e.(2 cos Y,
Mol s (B p
— " |2BB: 2 sin; — B (1= | cos ; — By cos

,82
—0n? <1 — 7) cos lpil

P L] ° 2 .o . 2
— % [2.(26}6 siny; — 8, cosy; — 646 cosyP; + 6, 6 siny;

(X} L] 2
=8¢ sin; — 26, Qcosy; + 25 sin Ebi]
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%:{BHR —e)p?(siny; +8coswi)2 +Rp(siny; +8003\|/i)}

B Cd08 H e ? CdO
-=0,, + siny, +cosy, | = —-—=
|: 2 con Za WI \VI 2 2a

+[;+ Zu%(sin y, +8cosy, ) +p(siny; +5COS\|Ii)2 %}

I:_%etw sin Vi +COSWietwecon:|
o -
+[7~0+HBCOS%—EB)
B. (R .
Ssiny, E+M(R—e)(sm\yi+écoswi)
. R
_CosWi|:(H(R_e)(SInWi+8C05Wi)+5jecon
+(%(sin v, +8coswi)+%)etW —%(xlc CoSy, + A, SNy, +Bjﬂ

+(7»1C CoSy,; + Ay SNy, +[‘3J{%sin v, (%ﬂt%(sin v, +8cosy, )j

pp. 519-616

—Cosy, K%u(sinwi +8coswi)+%jewn +(%u($in\ui +8coswi)+%)emﬂ

2

+CoS, 6;, |:%+]J,(Sin v, +Scoswi)%+u2(sin v +E‘>cosx|1i)2 %}

(R-e) e Y R : -\
+COS y, > [k0+choswi—EBj +coswiE(xlccoswi+x133|nwi+[3j

m. )
+—LeQ?sin .
S \F

2

BZ

mSi_. _‘Z_B_-_'-_z__'
+?{ 2BB, Qcosy,; —B, (1 stm\yi BB, Siny, Q[l stm\yi}

2 2 2

.2 . o .
_%{_zst Qdcosy; -3, siny, —dw dsiny, —d, dCosSy,

oo

. 2
-8 cosy; —28, Qsiny, —QZSCOS\VJ

FZS‘ :[%+(R —e)u? (siny, +8cosy, )’ +Ru(siny, +8cosy, ) |0

tw

+ §+2u%(sin v, +8coswi)+p2%(sin v, +8cosy,)

| ;

_ %+(R —e)p(siny, +8coswi)}(xo +upcosy, —

|

- %ﬂl%(sin\yi+8coswi)}(k1C coswi+xlssinwi+[.3j
om0 ] om [ e
2 S {B,_t[l ZJ PB. } 2 S [ 26,B,6-9, B}
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Calculation of the resultant moment in the rotor head

As seen above, by isolating the rotor hub we will be able to determine the rotor head
moment M biade > hub., as indicated in Figure 10.

T
!
Y A s
ry Fy blade -> hub
Kl F:‘: A -
.L——o, : ,
‘ Fz

.51%

Figure 10: Resulting moment at the rotor head — adapted from (Jorge, 1992)

¢, = K;5.0, +C;; E.Sn (Torsional moment due to drag adapter)

M, = |:O—Ki’/\|_:‘blade—>hub ] X

=esiny,.F,

M, = |:O—Ki’Ar:bladeahub:|.V
=ecosy,.F,

M, = [O—Kil\l_:.blade»hub].z
=ecosy, .F

L, —esiny . + K +C; 6
It is obtained directly:

M:

X

Ee{[EJr(R—e)uz(sin\yi+8coswi)2+Ru(sinwi+8c03\|/i)}econsinwi
+ Z+§HR(sin\pi+6coswi)+%u2(sin\yi+Scoswi)2}emsinwi
] . e ).
E+(R—e)p(sm\yi+Scoswi)}[ko+pﬁcoswi—Eﬁjsm\ui
§+Eu(sinwi+8coswi)}(xkcoswi+xlssinwi+[§)sinwi}

- msieSin\Vi |:§t.t (1_%2J_Bét2_28.1 [.3'( 8_8.t2 Bi|

M, =Ee{%+(R —e)p®(siny, +8coswi)2 +Rp(siny, +Scoswi)}6msin 7

+ Z+§uR(sin v, +6cos\yi)+%u2 (siny, +6cos\|/i)2}etW siny,

E+(R —e)u(siny, +acoswi)}(ko +upcosy, —%B)coswi
§+Eu(sin v, +3cosy, )}(xm CoS Wy, + A, SiNy, +B)coswi}

— M EeCosy; |:.B.t.t (1_%2J_Bét2_26.t é’t S_étz Bj|
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R . . econz
M, = Se [§ + (R — e)u?(siny; + 6 cos P;)? + Ru(siny; + & cos lpi)] —
_ Cao
2a
R R R
+ [Z + 2u§ (siny; + 8 cosy;) + Euz (siny; + 6 cos l/)i)z] 0 B.con
. R
- (/10 + upf cosy; — %B) I(E + (R —e)u(siny; + & cos lpi)>
R .
+— ) (Alc cosY; + Ay siny; + ,B)]

. R R
- (Alc cos; + Ay siny; + B) [<§ + Eu(sin Y; + & cos 1/)0) Ocon

R R
+ (E,u(sin Y; +5cosy;) + Z) Btw]
O’

R R . R .
+ [E + Eu(sm Y, +8cosp;) + §u2 (siny; + 6 cos 1,[1i)2]
e*\’(R—e) R . *\2
+ (/10 + upf cosyp; — Eﬁ) > + 3 (/’llc cosYP; + Aigsiny; + ,8)
. . o 2 .o .
+mge (Zﬁﬁtﬂ 428,08 48, 65— 5,4+ ma) 4 Kis.6 + Ci56,

Application to a rotor with N blades

The expressions we have just established are valid for each of the blades which compose
the rotor. To get the overall effort wrench, it is needed to make a sum of the components
for the total number of blades, as shown below.

N

R D = 220F b (M) =M

':FV:|rotor :Z[Fy:lbladei [My:lrotor zé[My]bladei (21)

IS AN (M. =2 M.

i=1
Equilibrium equations

The blade is simply articulated in flapping and drag, one can apply the dynamic moment

theorem, as indicated in Figure 11.
—=

Z l —= d
dFzp

e+{r-ejcosf~r \

0 — -

Lt

MA(r)

Figure 11: Application of the dynamic moment theorem — adapted from (Jorge, 1992)
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Sblade/Rg

Or

MY

Forces ext—blade

-

R
6IIJ<llade/Rg J K MAYMdml
with W t be calculated in what follows.

(r—e)cosdécosfcosy; — (r—e)sindsiny; |Vx
[WAW]R =|(r—e)cosdcosBsiny; — (r—e)sindcosyp; A i/y (22)
! (r—e)cosdésinp .

(Kb 475],,

[[(r — e) cos § cos B sin; + (r — e) sin & cos 1/)1-]3/.2 —(r—e)cosdsinf 3/.3,
—[(r —e) cos b cos B cosp; — (r —e) sind sin lpi]i/.z + (r—e)cosdsinf 3/.x

[(r—e)cosécosPBcosyp; — (r—e)sind sin 1/)]5/.3,

—[(r —e)cos b cosBsiny; + (r —e)siné cos I/Ji]i/.x
One can pass to the rotating rotor reference frame through a rotation of (- yi)

_i;z(r —e)sind+ (r—e)cosdsinf (yx siny; — 3/.3, cos tpi)

— -y r—e)cosdcosf + (r—e)cosdsin “cos —y siny;
[Kaiaza], |70 B+(r—e B (¥ cosw; = ¥y sinipy)

[(r—e)cosécosBcosyp; — (r—e)sind sin 1[)]5/.3,

—[(r—e)cosdcosBsiny; + (r —e)sind cos ¢i]3/.x
This gives us, for small angles:

(KM,

[ ﬁz o 2

(r —e)? { [,Btt <1 - _) B: B — 26t5t5 8¢ ,Bl

4B [zm}tﬁ +208,8+ 6,28 — 8,0 + 0 8]}

2 2 o 2 .
(r - e)? {(1 —ﬁ—>[ zm( [’; ) + B B+28,8.5+5, B ] +B|~Becb |}
—(r — e)ep?

2
. °« 2 ﬁZ 52 . 2 . o
) <—ﬁt_tﬂ — B, (1 - 7) — 02 <1 — 7) — 8 — 8.6 — 2542)] + (r — e)edN?

(r —e)? K1 - ﬁ—2> (zgétﬁ £ 206,548, 55+ 925)
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(= e)?{s { [m( ) B B —26,4,0 ]+ﬁ[znﬁtﬁ+zmt6 5re +026]
. 4 2 2R3 e .
(r—e)? [ Bt (1 - %) + 2( g )5t5t5 + 5t E —68:46PB — 25tﬁﬂ]

[KLMAW]Rf -0 - e)pn? (e +(r—e) (1 - g))

. 2 . 2 . 2
ey [_mﬁ i (1 ‘ﬁ?> s 45, 60+ att( 1By 52>

+ (r — e)edN?

o .2 [32
+BeeBS+ B 6 (1 - 7)
Where one can assume: 1+8%*/4 =~ 1 and e+(r-e)cosp = e+(r-e)(1-p*2) ~ r. We will

also disregard the triple products of angles about the double products, since 3, 6 and 6 are
small angles, what finally gives:

(r- e)? [6.3tt+ﬁ( tt+926)]
Kb ATl = |(r-e)? [~Bii-28:er| - (r-e)p?r

.. (23)
| (r-e)? [-eQ,Bt[3+6t_t] — (r-e)dQ’%e |
With B, =Q* B; B, =Q* B; 0y =Q%3; 3. =Q° 8
Flapping motion equations
The dynamic momentum theorem glves us a proj jection on the yj axis:
R
[ (r—e) @ Bmdr+[ —e)’ osBdej r—e)rQ¥*pmdr
=[. (r=e)dE, =[(r-e)dE, 24)

with: dm; = mdr
R
The static moment of the blade is: MS; = L (f - e) mdr . The flapping inertia of the blade
. R 2
is: 1y = L (r—e)” mdr.
Writing: (r-e) r = r* - re = (r-¢)* + e (r-¢), we obtain

. coems |1 ero
[3+{1+26+ ] }B_QZIBL (r—e)dF, (25)
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Introducing the previously obtained expression for dFzi®, we have

o © e.ms; pacR? (R r ]
B+(1+26+ s B = 20, f(r—e)H E+y(smlpi+6cos¢i)
e
T ) B e-:
- E+u(smlpi+<')‘cosw,bi) A+E—§ﬁ+,8,ucos¢i dr
2
pac R? R T r ]
=Tf (r—e)[(GCOH+E9tW)<E+u(sm¢i+6cos¢l~)>
e
r ] T r o rB ef
— §+u(sm¢i+8005¢i) /10+)llc§cos¢i+/115Esm1,bi+r—7

+ Bucosy; || dr

And, after calculating the integral:

o . . . R3 — 3
B+ [1 12545 ;nsl] B = pZaIce R? {[ ° 4 (R — e)u?(sin; + & cos P;)?
B B

3R2

R? —e?
R ,u(sin l/)i + & cos l/)L)] econ
R*—e* 2 R3-¢3
* [ R 3M T Re
R? — e?

+

(siny; + & cos ;)

+

sin s + 5 cos 47| o
'RZ _ eZ
2R

(20 + up cos wi = =)

[R3 —e3 RZ — g2
| 3Rz T2

-(,10 + Ay cos; + Ags sinth; + ﬁ)}

ac R*—e* R?-—¢?
1 P9 g2 {[ T ER u?(siny; + 8 cos P;)?

215
2(R®*—e%)
+ TM(SLTL Y+ 6 cos ll]l) Bcon

'RS _ €5 R3 _ e3
=t 3R ur(siny; + & cos ;)?
_ R* —e*

2R2
'R3 _e3 RZ 2

- | 3Rz + . e u(siny; + & cos wi)] (/10 + up cosyP; — %ﬁ)

[R* —e* R3-—e3 _ .
— + —u(siny; + & cos ;) (/10 + Aiccosy; + Ay siny; + ﬁ)}

+ (R —e)u(siny; + 6 cos 1/11')]

(siny; + & cos l/)i)]

+

u(siny; + 6 cos v,bi)] O

4R? 3R
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Using the simplifications R? - € ~ R%; R? - ¢* » R3; R* - ¢* ® R4 R’ - ¢° ~ R5 and the
Coleman Transformation (Coleman & Feingold, 1957) (6_, =6, +6, cosy, +6,siny,,

con

B =B, +B,. Cosy, +B,siny,,and § =35, +3,_ cosy, +3, siny, ), leads to:

[3+{1+26'3+er|ns }B_p;lce {[%+(R—e)u2(sin\vi+8C0$\Vi)2
p

+Ru(siny; +3cosy,; ) (0, +0,, cosy, + 0, siny;)
+ %+2u%(sin\yi+5005\pi)+%u2(sin\yi+800$\|/i)2}9tw

- %+(R —e)p(siny; +Scoswi)}[ko +upcosy, —%Bj

- %+%p(sin v, +6005\pi)}(k0 + Xy, COSWY, + Ay SINY, +Bj} (26)

pac _, || R® R? . 2 2, 4. .
+?R VT 2(siny, +8cosy; ) +§R p(siny; +8cosy,) (6, +6,, cosy; +6, siny,)
B

[R? R? . . R? .
+ ?'f‘?u ?(siny; +8cosy; ) +7“(Sani+8COSWi) 0.,

'R? R? e’
- ?+7u(sm\p,+8003\u) (x0+choswi—EBJ
R2 R?

_ TJF?H(SIHW +3cosy, )}(xomm coswi+klssin\ui+[.3j}

To decouple the different parameters involved in this equation, the following operators
will be applied to the flapping equation: % fozn(... )dy, % fozn(... )cosydy and
i fozn(...)sim/)dlp. Disregarding the double products of angles concerning the angles
themselves, the influence of the drag angle on the flapping motion will be disregarded.
After some transformations and intermediate calculations, the following three equations
are then obtained:

2
My g = pace {—e{R © o, + 30, + R e +R{ els+“—etw—xo+ﬂﬁlc—ﬁxls}
, 21, 2 3 2 2 2 e

r—el® 2 2 2 2 2
( )Blc}+RTeO+Rszeo+%uels+R—e R,

2R 5 v 6
R? R?
_?)\’0_?“}\‘13:|
pac R R R-e , R-e , R R ep,
&My e<—0, +— o, ——r,. ——B,. +—=
Blc 2| { {3 T up, + 4 nPy + 4 KLY, 3 e 3B15 2
R? R? R? Re R? R? R?
_?”Bo+?Hzelc_Txlc—i_?ﬁls_i_jelc_TBls__ 2Blsj|
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em pac _, R 3(R-e) , 2R
so—sig =PTp2l o1 N9 (T 120 1RO, + o, —(R—e)uh
] By 21, { {3 s W0+ Ruby + =6y, —(R—e)ud,

R-e , eB, R R

- - A +—
4 [T 5 g 3B1c}

2

R? 3R? 2R? R? R?
+Tels +?M2915 +TH90 +7Metw +7H7~o _?HZBR
Re R? R?
_?Blc _Tkls +TBlc:|

R4
Introducing the Lock Number: y = paCI— , one obtains:
B

m. 2 _ R?-2e(R-e
*|:1+%:|BO:L|:9M|:4R 5eR:|_|: ( )eu:|B1c+(M26tw+2“els_27“0_u}\'15)

1, R? 40 8R
2R?-3eR R*-2e(R-e) , 3R%?-4eR
—+6, pne+
24 8 24

LEMa o vy R*-2e(R-e) , 4eR — 62 —2R? +3eR
| Blc_Rgl:(elc Bls){ 16 M }_'—Bls[ 24 j-’_BO{ 12 H} (27)

B
3R? - 4eR
0, — By — Ay A
+( 1c Bls 10){ 24 }:|

e.m. v 3R?-4eR 2R?-3eR 6e’ —4eR
w——siB = L (210 +0, +B, —h )4 b4 0 4 L B |
IB BSI R2 |:( “ tw 1s Blc ls){ 24 } O{ 6 M Blc 24
R?2-4e(R-e
+ (3060, —uB,, - 4%0){—1€§ ) MH

Drag motion equations
The motion of interest is now around the drag axis, that is, Zp, =Z'p. But to have the
reference frame, without changing it, one must apply the theorem in the reference frame
Rt, for the component around Zi (given that Ki is a joint, so it is articulate), assuming that
the restitution moment due to the frequency adapter is also along the Zi axis, as it was
done previously for the calculation of M. The dynamic momentum theorem gives us, in
projection onto the Zi axis:
'[R(r—e)l(—ZQét B+§t,t)mdr+.fR(r—e)8Qze mdr
: : (28)

= [*(r-¢)dF,, cosp-K8-Cydi = [ (1-e)dE,, ~K5-Cyd:

R 2
And as |ﬁ = =L (r—e) mdr | we have, then:

* C, s [em, K . 1 ¢r
o+ — 6+ 843 |15=2BB+ r—e)dF .,
Q ( 6 QZIBJ PP o, .L (r-e) yi
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Introducing the previously obtained expression of dFyi* , we have:

- C,: [em, K « pac(QR)’ (& 1 _

5+ Qfﬁ 8+[ L inJé}: ZBB+T|BL (R—e) E[29(x—p(sm\|;i +3))
(X+(x—xe)f3+ Bucoswij—(x—u(sin v, +6))2 0?2 (29)

_(7»+(x—xe)[§+ﬁpcoswi)2}2—‘:(x—p(sinwi +6))2}dr

After calculating the integral, we have:

420 5| BMy Ky g
o, (1, o

= 2[3[3>+ pa::RZ Kko +upcosy; —%f&){u(sin y; +8cosy,; )0, {— R® ¢’ +e(R _e)j
B

2
. R3_e3 Rz_ez . .
+{u(siny. +dcosy. )0, +06 — +e +| A, COSW. + A, SINy. +
(“( \VI WI) tw con)( 3R 2R ) ( 1c \Jf]I 1s WI BJ
R3—¢® R2 -

e? R*—e* R%®-¢° ) .
- +e -0 +e +| A, COSW. + A, SIiNy. +
3R 2R j “”( 4R? 3R2 m (“ Wi s STV Bj

R®-e® R?-¢?
iny, e |- inv, L)
_u(sm\p,+8005\p,) Con[ TR j+(p(smw,+8005\p,) w+Oon)

R*-e* R%®-¢ R°-¢* R*-¢ 0,.° Cuo ||[[R*—e* R*-¢°
+e -0, ——¢ 5 + -— ——¢ >
4R? 3R? 5R 4R 2 2a 4R 3R
2(R*-¢° 2_g2
+u(sinwi+6003\yi)( ( ) R

e . o[ R?—g?
_ +5 _ —e(R -
R e— }ru (siny; +3cosy,) [ 5 e( e)ﬂ

R°-¢® R*-¢* i R% —g* 2(R3—e3)
+0, 0 —e +u(siny; +dcos vy, +e
tw ~con l:( 5R3 4R3 J l’l( \Vl Wl)( 2R2 3R2

+p? (siny, +8cosy, )’ Ri-e'  Ri-e) 8 |(RT-€" R°-¢

T Vil 7eR 2R 2 |L76rR*  BR®
2(R°>-¢° 4_

+u(sinwi+8003\yi)( ( ) R

—e e4J+u2(sin\u +8005w)2[R4_e4—eR3_e3ﬂ
5R® 2R® i ‘

4R? 3R?
‘\V'(R2-¢> (R-e -\
+[xo+ﬁpcoswi—%[3j (R 4e —e( > )j+%(xlccoswi+xlssin\yi+Bj

R*—-e* R3*-¢°
;¢ 2
4R 3R
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Making the assumptions: R? - > ~ R%; R? - ¢ ~ R3; R* - ¢* * R4; R’ - &’ ~ R5;
RS - ¢% =~ R6; R-2eR+2¢? ~ R-2eR = R(1-2e), leads to:

54+ 20 é+(e'm5‘ + K25 JS
Ql, , QI
- pacR?

= 2pp+ 2

Kko +upcosy, —%f&j{u(sin v, +8cosy, )0, %(R —2e)
p

—(n(siny; +8cosy, )0, +ewn)%(2R —3e)+(k1C CoSy; + A, Siny, +f$j%(2R —3e)

0, %(3R —4e)} +(7~10 COS Y, + Ay SN, +[.3){u(sin v, +5c0sy, )0, %(2R ~3e)

~(n(siny, +5c05v,)0,, +0,,) 5 (3R ~4e)-0,, 2 (4R —5e)}
2
{G%—%}[%(m —4e)+u(siny, +6003wi)%(2R —3e)

+p® (siny; +dcosy,) %(ZR—Se)}emecon {250(4R—5e)+p(sinwi+8005\yi)%(3R—4e)

. R 0,2[ R . R

+p® (siny; +8cosy,) E(ZR—3e) = %(SR—Ge)ﬂt(smwi+8coswi)E(4R—5e)
R

2
2
2

=

2
+p® (siny; +3cosy,) —2(3R —4e)}+(ko +Bucosy, —%Bj %(R —2e)

o \2
+l(klc COS Y, + Ay SiNy, +Bj B(3R —4e)}
2 12
with

Bcon = 0o + 01.cosYP; + 045 sinY;
B = Bo + Brc cos Py + Bus sin

B = —Bic siny; + 15 cos P, (30)
6 =0y + 61 cosP; + 615 SinY;

6 = =01 siny; + 8,5 cos;
6 = —08,.cosYP; — 615 SinY;

Next, we will disregard the terms, of triple products of angles (eg: 6o Bic d1s= 0, etc.)
concerning the double products, since €, fand ¢ are small angles.
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Applying the operators: ifozn(... )y, ifozn(... )cosypdy and ifozn(... )sinpdy leads
to (after some intermediate calculations):

em; K
—t+—— 3,
l, Q%

pacR?| R ue e 8, C 10,
= |—|:E(R - 29) 7"02 Blc 2 2;0 2R2 (Blc [3152 ) + 21 Ao + APt
B

n B 30, 3uiB,l R
tu—= BOBlS +_Bo 16 + 813 + ;.36 + 8 = _?(Blcels + Blselc)+€(2R —36)
1o,

e 2
-\ 6 +— Blc( Hetw_ej_s +>\. Blc) _( 15_B1C)+“'60615+%6tw60 (31)
Hﬁo _7[315 9 : o
+—2R (_elc + }\41(: + Bls) OB].C (3R 4e)|: -\ 6 + [ 5 Z—daoj
(n 2

—By) 0 00, A AP B O 0,
1s 1c 0. +0, )+ 1s +u0. 0, + tw + s _ ™Ms 1c+ 1lc _ Yic Ao — + ic
2 (“ w 15) 4 MY, Yy 4 4 2 4 2 ( [31:)

2 2
e’ RBE L etw Sup |+ R 25 (4R —50)0,,0,+ R (5R—6e)d
4 4 30 2

1 C em, K
=) =8, + =28, + o 8 -2
2{ 1c Ql [ I Qzl J 1c BOB15:|

i i

|:%(R_28)|:HXOBO Fi Mo - &_BE uels( Bo - Blsj-‘ru 00

2 R 0
BlsBlc “ Bchls u BoBlc _u_eoﬁls:|+g(2R _36){—?@150 _%Bls)

_ pacR?
|

B

% 1o u9 B p? (32)
+?0(_elc + }\’lc + Bls ) - 81C ( Blc) - (>\‘1c + Bls)+ Zelcels + getwelc
3 R 0 e
+Z”B1c (_elc At ﬁls)""“%(_uetw =0y + Ay +Bye ):| + E(3R - 49)[‘%{“[30 _EBB)
0 0,0 R 0 0,0
—?O(xlc +Bls)+%}+%(4R —58)|:—7“”(7\.15 +B15)+‘WTl°ﬂ
1 C; em; K
—| =5 O = -2
2|: 1S+QI [ I[3 +QZI J BOB10:|
acR 0 3u0, e
= p|—|:E(R - Ze)l:%ko +E7"0B1c M — Blc 9 els H eoBlc
B
0 e e
- lc( Bo — Blsj+%ﬁﬁlc ___Bls BOB15:| (ZR 3e)|: _Blc
A 0,° Cuo ) 3u6y 3u6,*  3u? etw
+?(_uetw_els+7bls+[31c)+u[7_g _T(xls_ﬁlc)-i_T 8 es (33)
0
- H81C (}\‘lc + Bls) H 81c uglc (_Hetw - els + 7» Blo) HBlS ( 6].c + 7\'10 + Bls ):‘

R 0, e 0 0,0
+E(3R —49){—%5% —?O(kls +By )+ °215 +pemeo}
R 6, 0,0 n0,,”
4R -5

There are, therefore, three equations that give us §(3,,8,, € 8,,) a function of the setting
of the pitch 6(8,,0,, e 6,;) and the flapping B(B,.B,, € Bi,)-

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 558



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

Calculation of Fuselage Balance and Pitch Setting for the Isotropic Rotor Case

We will return to the expressions of the wrench of the external forces calculated
previously, and then apply them to the case of a rotor composed of N strictly identical
blades. In this hypothesis, we can apply the Coleman Transformation to our expressions.
Thus, we will obtain a linear formulation: in effect, each component will be written in the
form of a linear combination of the flight parameters. Next, let's disregard: (i) the triple
products of angles concerning the double products in the expressions of Fx, Fy, Mz; and
(i1) the double products of angles about the angles themselves in the expressions of Fz,
Mx, My.

Application of the Coleman Transformation

The set of coefficients necessary for the calculations is explained in the reference
(Coleman & Feingold, 1957). After some intermediate calculations, the components of
the wrench of efforts are then obtained as:

FX rotor R-e
{ ljst = 16 |: -8— 7\’0[*))1(: + “’[ ( Blc 2615615 + Gﬁlcels + B132)+87\,090j

5|:2%B1c60 + 7\‘0 (3610 - 27\‘15 + 2915)

C
+p? (Boelc - 60,0, +B,.6, + %610 H + 8

e C
—BoBis R +04 (_915 + Ay =Py )ﬂl( % —260,° + By =0y, +210,, H
R Cuo e
+ E _Boelc + Tslc + ZEBlcetw + eo (_3ﬁ1c - 4Hetw + 27"15 - 2915)"' Bo (klc + Bls)

R
+ 3—2[—23106“,\, +u (_Blckls - 29102 + 4[3102 - Bls}\‘lc + 6615 (7\‘15 - Blc ) - 66152 + 2610 (7\‘10 - Bls ))
2
S)]+ msiQ 81560

26tw (Blc - 66 S 2

F R-e
{ y}rotor — |: 8 7\‘0l315 + “‘( R ( ZBlCB:LS + 2615[315 2610[310)_'—127\’060)

NS 16
Cdo Ri,e e
Bo (5913 + 8B1c ) +3— 8 +0 ( 5[31s + 2910 ) + E Zﬁﬁlseo + EBchO

+2 (3B15 =20, + 2, ) +0,, (elc =y — By )+“ (_4[3090 +0,.0,, + Zﬂsoj}
a

R C
+E Bo (_els +7\'15 _Blc)+90(zelc _3B1s_27"1 ) — 8 +2 ethls 4HBoetw:|
R
|: Zﬁlsetw+u( 1OB15915+46101315 6B10615+7B107\’1c+51315 1s 7\‘10_29107\'15)
—H'lzetw (5615+291c :I_ m Q 626
{F,} 1[R-¢ R-e e R u? m
2Jroor — = 29, + 30, +Ro N8 fp (Rlg +H o 5, —Ex
NS Z{ZMO 3 0T Vw ZMRBlC Y5 5 07 5

2
My} _ R—e[ 12 R eB.] R[O e B
XJrotor _ = (30, — —uh. |+ — e__i +— _15+e _ s 4 Ml SIQZ
NSe 4{4(“ Bu) =tk [+ 5 | MO0 = 5 [ 5 H RO [ g O
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{Mm,} 1[R—e R e R
y
rotor = — 3 MZ (916 — :Bls) + Z [MBO — Eﬁls] + g (/11(: + ,815 — 91(;)]

N.S.e 2 8
- Tzﬂzﬁuz
= 9 e (s )
+8u (Ao(ﬁu — 015) —%(,3“90 + ,815,80)>

4Cq9

+ uz (4902 + 9102 + 39152 - - 2.Blcgls - ﬁlselc + 4’.BOZ + 318102

)

R e 2e
+ g [90 (thw - 4/10) + 2 Eﬁls(elc - /11c - ﬁls) - ?ﬁlc(gls - /115 + ﬁlc)
2e
+ U (200 (2915 - Als) + 230 (/110 + .815 - 010) - Fﬁlcgtw) + Zﬂzgtweo]

+ Eeth

R 2 2 2 Cdo
+ E 290 + ch + 915 -2 T - 4'/109tw - 291C(/116 + ﬁls) + Zels(ﬁlc

— /115)
+ /1162 + Alsz + .8152 + Blc2 + /110.8125 - 2/115310
+ Zuetw(zels - /115) + uzetw ]

N? Kis
+ msi—5+§ 50

Therefore, the rotor head forces are expressed as a function of the different flight
parameters, where: (1) the induced velocity coefficients (Ao, Aic, A1s) are determined by the
Drees formulation (Meijer Drees, 1949); (ii) the twist 0w is given; (iii) the coefficients of
the flapping motion (Bo, Bic, P1s) are calculated, using the previously obtained equilibrium
equations, as a function of (6o, B1c, 01s) (and also of other parameters already known or
calculated); and (iv) the drag coefficients (do, d1c, 015) are calculated, using previously
obtained equilibrium equations, as functions of (6o, 81c, 01s) and (Po, Pic, Pis). The six
equations for the rotor head efforts are, therefore, functions of just three parameters: (6o,
Glc, 015).

Fuselage balance equations

The known parameters are the dimensions and the limits (of mass and mass center) of the
helicopter (in this study, the AS 332L-Super Puma — elongated version):
e the total mass of the helicopter: M (minimum and maximum mass limits).
e the centering (position of the helicopter's CG, about the rotor head) (forward and rearward
limits).
XcG = Xcg — Xrp = Xcg — 4.67m (> 0 for aft CG; < 0 for forward CG);

Yce (> 0 to the right; < 0 to the left); -Zcg = 4p =2.45m
e The air density (p).
e The forward flight speed (V) is limited by the V. of the helicopter.
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e The inclination of the main rotor mast of the helicopter (am = 5°).

The position of the helicopter tail rotor (relative to the rotor head): X, =9.4m; Yra = 0;
-Zra=4p-4a=245-2.1=0.35m
The position of the fuselage drag center (A), assumed to be independent of the

o longitudinal base (angle of attack relative to horizontal axis): (relative to the rotor head).
Xa= 0; Ya= O; -ZA=0.Im

o The C,S of the fuselage assumed independent of the base of the helicopter: (CxS)r= 2,35
m2

e The position of the center of the horizontal empennage (stabilizer), is assumed
independent of the fuselage base: (relative to the rotor head).

Xen=9.4-0.1=9.3m;
Yen =-2.113/3 = -0.7m (assuming the empennage center at 1/3 of its wing span);
-Zen=2.45-2.1 +0.4=0.75m (approx. value, taken directly from the figure)

e the negative lift effect of the horizontal tail, assumed equal to Ten = 1/2 pV?* (C,S)en Where
(C.S)en is assumed constant and equal to: (C,S)e = 0.135 m? (independent of the
helicopter base), which gives us, for V =280 km/h, a negative lift of Ten = 500 N. In the
helicopter reference frame, we have:

0

(Teh )Rh =10
_Teh
e the anti-torque rotor thrust (Tar) is what is needed to balance the main rotor reaction
couple on the fuselage. The Tar value is obtained to give a zero base rotation (yy), that
is, no skidding of the fuselage in forward flight. We have, in the helicopter reference
frame:

0

(TRa)Rh =1 Tra
0

One has, as unknowns: (i) the rotor head efforts, which are a function of only three
parameters: (0o, O1c, 015); (i1) The angular inclinations (tilts) of the fuselage: longitudinal
(pitch) (ar), lateral (roll) (yf); and (iii) The anti-couple rotor thrust (Tra) (obtained by
assuming the rotation in yaw (yr) is zero). The nose-tail balance (pitch) is illustrated in
Figure 12.

Figure 12: nose-tail balance (pitch) — adapted from (Jorge, 1992)
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with: o, = o, —a,,; rotor plane and CG limits (forward and aft) are indicated in Figure
13.

i Rotor plane

-
P

I‘Jertical
Figure 13: nose-tail balance (pitch): rotor plane; CG limits — adapted from (Jorge, 1992)
The rolling balance (roll) is illustrated in Figure 14, as seen from the front of the
helicopter.
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Figure 14: rolling balance (roll): rotor plane (front view) — adapted from (Jorge, 1992)

The rolling balance (roll) is illustrated in Figure 15, as seen from the rear of the helicopter.

T —— _“_._‘_-_'__.

—F Rotor plane

Hcﬂé

Wertical
Figure 15: rolling balance (roll): rotor plane (rear view) — adapted from (Jorge, 1992)
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The directional balance (yaw) is illustrated in Figure 16.

N

Figure 16: directional balance (yaw) — adapted from (Jorge, 1992)

A rotation of (- am) leads from the fixed rotor reference frame to the helicopter frame.

{Fxh}rotor COSOLm 0 -—sin (o {FX}rotor_ {FX}rotor COSOLm _{FZ}rotorSinam
{Fyh }rotor - i 0 1 0 {Fy}rotor - {Fy}rotor
{Fz } >IN am 0 Cosam {Fl}rolor R {FX}rotor Sin (X'm + {FZ}rotor COS(X,m
hrotor R, : h (34)
{Mxh}rotor COSOLm 0 —sin a, {MX}rotor {MX}rotor COS(Xm _{MZ}rotor SinoLm
{Myh }rotor - . 0 1 0 {My}rotor - {My}rotor
{Mzh}rotor R Slnam 0 Cosam {MZ}rotor_Rh {MX}rotorSinam +{M2}rotor COSOLm

The forward speed (and therefore the relative wind (V)) was expressed in the aerodynamic
reference frame. We pass from the aerodynamic reference frame to the helicopter frame
by a rotation of o, =, —at,, :

cosa, 0 sina; ||V V cos o,
vl =l 0 1 0 |o| = o (35)
A —sina, 0 cosoy |0 | [—Vsinoy

In the case considered here (horizontal forward flight, stabilized, with constant speed),
the aerodynamic reference frame and the Galilean reference frame are confounded. The
helicopter's net weight (Mg) is passed from this Galilean reference frame to the helicopter
reference frame by a rotation of (-ar) around Yg = Yn, and then a rotation of (-yf) around
Xh.

cosa, O -sina, | 0 M sino
M} =l 0 1 0 0| =| o (36)
R .
sina, 0 coso, || -M, g —M, cos o,
1 0 0 M, sin oy M, sin oy
{Ma}Rh: 0 cosa,; sinoy 0 =| —M,sin o cos o (37)
0 -sina; cosa; || —M, cosay rg | ~M,COSQ COS O
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The equilibrium, in the helicopter reference frame, gives us:
D>F, =0
i 1 )
{F.} +Msing, +2p(C8), V7 =0
2.F, =0 (38)
{F,} +Mjgsiny, coso, —Te, =0

ZFZh =0

1
{th }rotor + |\/|g COS vy, COSaL; + Ep(czs)eh V2 =0

a =

Taking the balance of moments around the rotor hub: ZMO =0

. _ 2
M, Xce M, sin o, X o %p(CXS)fV
M, +| Yoo |A| ~Msiny; cosay; |+] Y, |A|O
w | LZes ] | ~Mgcosy cosay | [Za ] 0
Xer | |0 Xea | [0 K
| Yen A0 | Yra A _TRa =0
Z,, %p(czs)eh V2| [Ze | [0 0
with:ye, =X, =y, =0
What gives us:

. 1
{Mxh }m + [—yCG M, C0S ¢; COS 0L, +Z M, sin g, cos o ] RED pV?(C,S),, +Zg,Trs =0

. 1 1
M} +[—XceM, cos g, cosay +2esMsina, |-z, > pVZ(C,S), +X,, > pV?(CS), =0 (39)

{Mzh }rotor + I:_XCGMQ Sln (Pf COS (Xf + yCGMg Sin (Xf :I - XRaTRa = 0
And we arrive at the six fuselage equilibrium equations:

{F }mmr cosa,, —{F }mmr sina,, + M sino, +%p(CXS)f VZ=0

X z

{Fy}rmor —M,sing; coso; — T, =0

a =

{F} o SiN0L, +{F,} __ cOSo, —M, cose; cosay, —%pv2 (CS), =0

Z (40)

{M,} . coso, —{M,} _sino, —y.M,cose cosay +2z.sM,sina, coso

rotor

_yeh %pvz (CZS)eh + ZRaTRa =0
{My}m +XosM, COSQ; COS 0L —Zo M, SinoL +2, %p(CXS)f V2 +xeh %pv2 (CZS)eh =0

{Mx}mtorsin a,+{M,} cosa, — XM, sin g, coso, — YoM sino, —Xg, Tp, =0

rotor
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The hypothesis of small angles: cosam = cos ar= cos ¢f ~ 1; sinam = am; sinas =~ af
singr = @r leads to:

1
{FX}rotor _{Fl}rotor O('m + Mgaf +§p(CXS)f V2 = O

{Fy}rotor - Mg(pf _TRa =0

1
{FX}rotor Otm +{F2}rotor - Mg _Epvz (CZS)eh = 0
(41)

1
{MX}rotor _{MZ}rotor o, _yCGMg + ZCGMg(pf _yeh Epvz (Czs)eh +ZRaTRa =0
M} +xegMy =2 Mo, +2, % p(C,S), V2 +xeh % pVZ(CS), =0

{Mx}rotor A, +{M2}rotor _XCGMQ(Pf _yCGMgaf _XRaTRa =0
With the wrench of the rotor head efforts (in the fixed rotor reference frame) previously
obtained, with the rotor incidence equal to o, = o, +t,, and with:

{ FZ }rotor _ { FZ }rotor oa

Nc
T = 5= .—, where the rotor rigidity is defined as: ¢ =——. With the
pA(QR) NS R 7R
flapping and drag equations, therefore, we have a system of twelve nonlinear equations
Wlth tWClVC unknowns ( eO ? elC ’ elS 4 G'f ’ (Pf ! TRa ’ BO , Blc ’ '315 4 80' 8ZI.(: ' 8]5 )'

3.3 Study of the effect of the introduction of defects in the main rotor
Analysis of Influential Parameters

To calculate the wrench of the forces on the rotor head, in any azimuthal position (i)
(corresponding to a certain time: t = yi/Q), after passing the blades through the reference
position, \, =0, which corresponds to the synchronism signal given by the magnetic

sensor in the rotor head), it 1is necessary and sufficient to know
2w, 6, (w,), B, (v,), 8, (w,) » the parameters of the blades (R, ¢, ¢), and their profile (Cdo,
a), the advance rate p, the air density (p), the mass of the blades (mi), the static moment
of the blades (msi) and the inertia of the blades (Igi). Analyzing each of the variables:
R R
e A static moment of the blades (my): Mg = L rdm, = .[ rmdr | where m is the mass per

e
unit of the linear length of blade i. (ms may be different for each blade, because of
anisotropies).

R R
e Blade masses (mj): M, =L dm, =L mdr .

R R
e The inertia of the blades (Ip): I, :J.e rzdmi :J.e r’mdr (m; and I may also be

different for each blade, due to anisotropies).
The three parameters: mi, msi, and Ipi are interdependent. A change in mj leads to a
corresponding change in the values of msi and Igi. One can distinguish in the rotor:
e rotor hub, or rotor cube, is integral with the rotating mast, which supports the forces from
the blades through four spherical joints made of laminated rubber (spherical abutments).

o the flapping part, consisting of a metal sleeve and a composite blade.
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The rotor parts are illustrated in Figure 17, for the helicopter in the study

Figure 17: rotor parts: hub, sleeve, and blade — adapted from (Jorge, 1992)

e The balance masses (shot spheres), between 0 and 1 kg, can be inserted at the end of the
sleeve, 1.e.,r=1.0 m.

e The insertion of an equilibrium mass (Am;) leads us to changes in the parameters of blade
i, from the isotropic values of ms; and of I;.:

Myi = Mpiso ~ Am;, where m, ;5o = 88.2kg
Mgpi = Myp iso T Am;(0.7), where mspiso = 331.7kg.m
Igi = Ipiso + Ami(0.7)%, where Igiso = 1675kg.m?

e Air density (p): depends on pressure altitude and temperature. It is a parameter given, for
example, from the standard atmosphere tables.

e Advance ratio (i): depends on the speed of the helicopter relative to the air (V) and the
pitch of the rotor disk (ap). Note: The longitudinal attitude of the fuselage (o) depends
on ap and the tilt of the rotor mast (om) so that: or = ap - om (0 is smaller than op).

e The parameters of the blades (R, e, ¢) and their profile (Cdo, a) can cause anisotropies
but, within the scope of this study, they will be considered as constants, independent of
the blades. All blade anisotropies will be considered to be "equivalent" anisotropies at the
blade adjustment positions. In this way, an anisotropy in m; (and, consequently, in ms;
and Ig;) can be considered as an "equivalent" mass change in the radial position where the
equilibrium mass can be added (in the Super Puma case, r = 1.0 m, i.e. at the end of the
sleeve).

In the same way, anisotropies to the lift of the profiles can be considered as "equivalent"
variations of the blade pitch (0;(yi)) which can be changed by regulating the length of the
blades' pitch rods, or pitch links (which changes the collective pitch 6, of blade i) and the

deflection of the tabs (which gives a moment around the axis Xi, introducing efforts on
the rods (which will be transmitted to the fuselage) and, at the same time, giving a
variation of the blade lift, which is supposed to be proportional to the speed of forward
flight (i.e., assuming that the bracketing of the tabs does not affect the taper (conicity)
(Bo) of the rotor in stationary flight, that its effect increases with p and that it is more
important on the advancing blade side, and less important on the retreating blade side.
Thus, we will be simulating the deflection of tabs as anisotropy in 0j.

In this way, if 6is # 0 (all the other parameters equal to zero) in the flapping motion
equations, for stationary flight (u = 0), one obtains: By = 0; fic = - 015; Bis = 0. And for
the forward flight, we will have: Bo = constant u - 015, which shows that there will be an
increase in the taper (conicity) (Bo) that will be proportional to 0;; and p, as we want to
simulate.

e The induced velocity: depends on the advance rate (W), the rotor disc inclination (op), the
lift coefficient (Ct) (which expresses the lift (thrust) of the helicopter (F,) and considers
the air density (p)) and the azimuthal position (yi). We will assume that there is no
anisotropy on the induced velocity and, therefore, that A does not depend on blade i.

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 566



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

e The blade pitch: 6; (y;): It depends on the azimuthal position (y;) and the balance of the
helicopter (that is, of the fuselage), exposed to external forces and considered in stationary
flight or forward flight with a constant speed. For the balance of the fuselage, one has
assumed, as external efforts: (i) rotor head efforts; (ii) the net weight of the helicopter (the
mass and the balance, i.e. the position of the fuselage center of gravity); (iii) the drag of
the fuselage (assumed as applied a fixed point (A) and as independent of the longitudinal
base of the fuselage); (iv) the negative lift effect of the horizontal empennage (assumed
to be applied at a fixed point, and independent of the longitudinal attitude (tilt) of the
fuselage); (v) the thrust of the anti-torque rotor, necessary to balance the torque applied
on the main rotor.

The calculation of 6; () is divided into two steps: 1°) assuming that there is no anisotropy
on the rotor, we will have the blade pitch (0o, 0ic, 0is) from the isotropic rotor equilibrium
equations, as seen in the previous section; and 2°) the anisotropies are introduced on a
blade (Boi, 815i) assuming that the fixation of the other blades will not change.

e The flapping movement B; (y;): As previously seen, 3; depends on the azimuthal position
(vi), the fixation of the pitch 6; (yi), the induced velocity A (), the air density (p), on the
blade parameters (R, e, ¢, a, mg, Ig), on the advance rate (n). We will divide the
calculation of B; (y;) into two steps:

1°) We will assume that there is no anisotropy on the rotor. All blades have the same:
mass (m), static moment (ms), the moment of inertia (Ig), the value of pitch (0), and the
pitch angle is calculated from the balance of the helicopter, as previously seen. We will
have an expression of B(yi) which is valid for all blades;

2°) The anisotropies to be studied on the blade (i) are introduced: (i) equilibrium mass
on the sleeve (change of mj, ms;, Igi); (ii) adjustment of the blade control rod (change of
0:); (iii) deflection of the tab (change of 0:si).
The flapping of this blade (Bi (y;)) is calculated again, assuming that it will not influence
the flapping movements of the other blades.

e The drag motion di(yi): We’ve seen above that o; depends on i, 0i, Ai, Bi, the air density
(p), the advance rate (p), and the blade parameters (R, e, c, a, my , Ig;). Like what was
done for 6; and B;, we will split the calculation into two steps: 1°) assuming that there is
no anisotropy on the rotor, the drag (8o, d1c, 01s) will be obtained from the isotropic rotor
equilibrium equations, as seen previously; and 2°) anisotropies are introduced on the
blade () if this blade not influence the dragging motion of the other blades.

Apart from the change in 0 due to the already mentioned variations in 6 and [, one can
also have a variation in the angle 6 due to anisotropy in a frequency adapter (either in its
stiffness Ksi, or in its damping Csi). In the case of the isotropic rotor, the rotor head forces
are constant (for a certain equilibrium position). These efforts are applied to a fuselage,
assumed rigid, in equilibrium, either in stationary flight, or in forward flight at a constant
speed, where, consequently, all the fuselage accelerations are null (the linear accelerations
of the center of gravity of the fuselage and the angular accelerations around this center of
gravity), and the balance, previously calculated as a static equilibrium, gave us the values
of the attitudes of the fuselage, longitudinal (ar), lateral (¢r) and in rotation (yr), which
are all constant.

The introduction of anisotropies and the calculation of the new angles 0, 3, and 6 leads us
to new rotor head forces, which will no longer be constant but will be functions of i, that
is, they will be forces at the frequency 1€ (one-per-revolution of the rotor). Assuming
the fuselage attitudes are constant functions plus the functions in 1Q. The constant part
of these attitudes is the one previously calculated, which is assumed to be unchanged after
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the introduction of anisotropies on the rotor. This means that the introduction of
anisotropy will not change the stationary attitudes of the fuselage but will introduce
variations of these attitudes around the equilibrium position and that these variations will
be functions of 1€, which will lead us to accelerations of the fuselage which will also be
functions of the 1Q frequency.

Incorporation of defects into the formulation
Introduction

The wrench of the rotor head efforts, and the flight parameters (0, B, 8, as, yr, Tra) are
calculated, for an isotropic rotor. With the application of the Coleman Transformation
(Coleman & Feingold, 1957), the rotor head efforts, as well as the flight parameters, are
constant concerning time.

When a defect is introduced, the rotor head efforts will be functions of yi (and therefore
functions of time, since t = yi/Q), which will be introduced in the fuselage balance
equations which, at this moment, will no longer be homogeneous (right-hand term equal
to zero), as previously calculated, since there will be accelerations transmitted to the
fuselage, due to the variable efforts in the rotor head. Whenever a defect is introduced on
a blade, the flapping () and drag (0) of the other blades are assumed to be unchanged,
and we will recalculate, for a blade (i), the flapping (Boi, Bici, P1si) and the drag (doi, dici,
O1si) with the correspondent previously derived equations, since the defect to be
introduced is known a priori: (i) Mass defects: change in mi, msi and Ipi; (ii) Rod defects:
change in 0oi; (ii1) Tab defects: change in O1si.

We will assume that the introduction of defects does not lead to average attitude changes
of the fuselage and, therefore, that the accelerations that we will have on the fuselage will
not have constant terms, but only terms in 1Q. In this way, for the center of gravity of the
fuselage, we will have the accelerations:

Xue = Q2 X = Q% (=X, COSy — X, siny)

yt.t = QZ ;; = QZ (_yic COSW _yis Sin \V)

20 =022 =0 (-z,, cosy -z, siny)

ar, = o = O (—otr, cosy—ar, siny) (pitch)

(42)
¢ = Q% =Q? (—(pflc Cosy —@y_sin q/) (row)
i, = Q% v = Q% (—y,_cosy -y, siny) (yaw)
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Efforts on the rotor head after the introduction of defects

The efforts on the rotor head will have, after the introduction of the defects, a constant
component (the one previously calculated, with the isotropic rotor equilibrium) plus the
cyclic components, that is, in 1Q. Therefore, we will have:

{Fx }rotor - {FXO }rotor + {Fxlc }rotor COSy + {Fxls }rotor sin v
R} ={F)  +{F.] cosw+{F | siny

{FZ }rotor = I:ZO }rotor + {lec }rotor COS\V + {les }rotor Sin 4 (43)
M} = {I\/IX0 }mmr +{Mch }romr cosw+{MXB }mmr siny

{My}rotor - {Myo }rotor +{Mylc }rotor COSW * {Myls }rotor Sin v

{MZ}romr - {MZO }rotor +{lec }rotor cosy +{les }rotor sin v

where the index "o" indicates the constant efforts, calculated assuming the isotropic rotor.

These efforts are obtained from a sum, according to the number of blades, of the efforts
due to each blade, as previously derived. For blade i, the new angles of pitch (i), flapping
(Bi), and drag (6i), were calculated as previously derived. The rotor head forces, for blade
i, will be the ones due to these new angles, by using the previously derived expressions
for forces and moments, knowing that these efforts and their resultant have cyclic
components in siny and cos 1, in addition to the constant component.

To make the components, in siny and cosw, for blade i, appear explicitly, we will apply

1
to the expression of efforts the operators: —I )sinydy and Z—J. (...)cosydy,

H -1

which leads to the twelve expressions below, where the index
flapping, and drag) was suppressed for simplicity of the notation.
R-e

., e? e’ e e
2—§ = = { —81,’ ZEBEZ - 6§B1c2 + M(ZXOBR +12X,0,, — GEBBBO +12EB1060 - 47»0[3“}

Cd,
+ “2 (Bleels + Bls 1 e1c2 - 56152 j:|

R
+ E[_etweo + 2>“060 + 7“15615 - Blcels + Bl(:?\‘ls +u (_390615 - zetwels + etwkls - etWBlc ):|

R Cd
+4_8|:_B1cels + Blselc - 4602 a lc Blsx‘lc + 26lc}\‘lc + }Llsﬁlc Blc e :l

of the angles (pitch,

(44)

+ 3R_2 - |:29 2 _%ﬁls (_Bls + 291c - 2}”1c ) + %Blo (7610 + 6615 - 6}\‘13 ) - 2)\‘152 - 2B102

Cdo e
+ H(ZTSR — Ao + 6EB1CGIW + BBy + 64,6, — GBlceoj +p? (_Getweo -20,,° )}

R Mg QZ
+%(_etw ) [ BloBls ]
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F. R-ef e e €
2—§= 3 |: RzBlsBlc"‘“( 27‘0315+4}‘061c_4EB1360_ZEB1°BOJ

+ HZ (ZBOGO + Blcelc + Blse + 2 Cd 6 2610615 J:|

R e e
+ _|:47‘of’o - ZBlcelc - zetho - _ﬁls (6B1c + 2915 - 27‘15 ) + _Blc (291c - 2}"1c ) + 2B1c7"1c
32 R R (45)
e Cd
+ 2Bl(:Bls + M(_Zﬁﬁlsetw + 2T061s - 49Oelc + 7BOB1C - Boxls + 2907\‘1(: + 29OBls ) + Hzetwﬁo:|
R Cd,
48 4B06 Blsels + 4 6 291(:615 + 2}\‘1cels Blsx‘ls + Bchls + 291(: 1s 2elcﬁlc 27\'10}\‘15
meQ?* m,Q? B,2 3 B’
+27\‘ch1(: +u (_4etwelc + 29tw7\‘1c + 26thls ):I + 2—8 + 2—8 |:1_ % - g Blc2 - 1?
R. R-el ¢ e e
% = Y{“"?Bm Blc + H(]'O)“OBIS - 47\‘091c + 4531560 +1OEB1cBoj
2 Cdo
+u| —10Bo0y — 3P0, — 7B1015 +6 —8, + 26,0, + 4B, By,
R e e
+= 47“060 - 2[315915 - zetho - _Bls (_6B1c - 2915 + 27‘15 ) - BlsBlc + _Blc (_Zelc + 2}\‘16)
32 R R (46)
e Cd,
+ 2By A + ”’(_ZBBGO + ZMEBBOM —8B,0,, 83,0, +6— 6 40,0, — 3PPy +5BA s
—220)hy, —40,, Py ) — 50ROy, :I
R cd,
48 4[309 + Blcglc + 4_6 + zelcels Blc 1c Bchls Zelsf’ls - 2elc7\'1s + 27\‘1(:7\‘15
m,eQ?* m Q? Bs> B> 3
+27\‘lsBls +u (4etwelc - 4B156tw - 27\‘1c9tw ):| + 2—8 + 2—8 |:1_ % - 1? - gﬁlszi|
R _R-e 8, 6 B +2ezs +[2m ~142 BB 45B9+127»Bj
25 32 R2 R2 2 oP1c 0. 1sPo R 10 oP1c
uz (_3[31&15 —3P,0, + 2902 -2 C:0 1c 1s 2+ 6B1c2 + 2[3152 ﬂ
+ 3% |:4etweo - 87\,090 - 4e1c7"1c - 4elcl313 + 261c2 - % Bls (7[315 - 6910 + 67"1c )
(47)

e
+ E Blc (_Blc - 2615 + 27‘15 ) + 27\‘102 + 2B152 + 47\'ch15 +U (_4B106tw - 8B0910 - 6[31090
Cd, e 2
+2 By 46,0, +9BBy + 7BA, _Zﬁﬁlcetw —20pA, [+211°0,,0,
a
R cd, ., ,
+ E Blcels - Blselc +4 4_ + 6ls —8A 6tw + Blsk‘lc + Bls 7”13[310 - 29157\‘15 + 7\‘15

+H (4etwels - 27\‘1setw ) + l’lzeth:l ++ 2_0 e 2 ;S [_Blcﬁls - 480]
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F, R-e R
_S“' = _8 [3u2915 —4ph, — HZBIC:I + E [915 +2u0,, — A+ Blc]
R e
+Z{2MOO —EBR}‘

m, (48)

S

QZBls

le ) R-e R R € mg
?C' = 8 H0, — Hzf’ls] + 6 [elc — g =P ] + N |:_P«Bo + EBls } + S B, (49)

M =Se{R‘e[3uzeo—3u§ﬁ4+%eo+%[6uels+26M+3uzetw—4>~0+2uﬁlc—3u>~ls]} (50)

Xqsi 8
R-e e R
m,, <ol B ndp, [ R, -2, a0 6
R-e e R
M Vis -Se {T |:_HZBO —H E Bls:| + E [zuelc —2uBy —phy ]} (52)

R-e e R R
My1ci =-Se {T[Hzeo - “EBlc:l +Eeo + E[Zuels +20,, + 170y, — 4o + 20, — W‘ls:l} (53)

M, R-e| e e e e e
2 +=5e {?{BEXOBR +H(_87“oeo + ZEelcﬁls - GEﬁlcels + ZEBEZ - ZE[}EZJ

R e
+ IJZ (690915 —20,By — 2,0, +2BoPy )}“15 ] + E[zeoeh - Zﬁf’lcetw —26, (7‘15 —Be ) + 4l'letweoj| (54)
R e . ,Cd, 2 )
+ E 20,0, — 4%, (915 =g + By ) - 4EB1ceo —26,, (}‘15 —Bie ) +u| 46," - 4T +0,°+30,
=400y, —Bic (_2913 T )_Bls (Zelc = ye =By ) =010y =30, A + 29th )

o 0
+ IJZ (Betwels - ﬁlcetw )]} + msieQZ [_BchO - 81c80 + 615 ] + KiS ?_ Cis fQ

M, R-e e e e e
21 zse{ 16 |:_8Eﬁ’0ﬂls+zu(zﬁelsﬂls_Zﬁﬂlcelc+8ﬂ'0ﬂ0_4ﬁﬂlcﬂlsj

+/Uz (260910 =20,y — 25,6, + 6 5, By ):'
R e
+E[29091c +2E8twﬂls - 26, (/’ilc +ﬁ1s)_2ﬂ6’twﬂo} (55)

R e
+ E [Zetwelc - 4/10 (elc - ﬁ’lc - ﬂls ) + 4E Hoﬂls - 29tw (ﬂ‘lc + ﬂls ) + :u(zelcels - 4‘90ﬂ0 + 3ﬂlc/7‘1c

+2ﬂlcﬂls - 21815915 + ﬁlsﬂls - glsﬂ’lc - chﬂ’ls - 2elcﬁlc ) + :u2 (Htwelc - ﬂlsgtw ):'}

+msieQZ [ﬂlsﬂo + 51550 + 61c ] + Ki5 % " Cm %Q
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In order to apply the sum according to the number of blades, as previously derived, for
the case of this study (rotor with N = 4 blades), we will have: ¢1 = ¢ (yellow blade); ¢2 =
¢ + 1/2 (blue blade); @3 = ¢ + m (black blade); ¢4 = ¢ + 31/2 (red blade), what gives:

Fx, = FXy + FX,, COS@+ FXx, Sing

Fx, = Fxy, + Fx,, cos(¢p+ 7/ 2) + FX,, Sin(p+ 7/ 2)
= FXy, + FX,, COSp - FX, sing

Fx, = FXy; + FX, .3 COS(@ + 7) + FX s SiN(@ + 7)
= FXg — FX, s COS - FX ;SN g

Fx, = FXy, + Fx,, cos(¢p+37/2)+ Fx,, sin(p+37/2)
= FX,, —FX,, Cosp+Fx,,sing

Finally, we will have:

{Fxlc}rotor = I:Xicl + FXisZ - FX103 - FX154
{Fxls}rotor = I:Xlsl - FchZ - Fxls3 - I:ch4

Likewise, for the other components we will have:

{Fylc}rotor = Fylcl + Fylsz - Fylcs - Fyls4
{Fyls}rotor = Fylsl - Fylcz - Fylss + Fylc4

{lec}rotor = lecl + lesz - lec3 - les4
{les}rotor = lesl - lecz - les3 + lec4

{Mxlc}rotor = MX1c1 + Mxlsz - MX1C3 - MX134
{Mxls}rotor = Mxlsl - MchZ - MX153 - MX1C4

{Mylc}rotor = Mylcl + Mylsz - Mylc3 - My154
{Myls}rotor = Mylsl - Mych - Myls3 + Mylc4

{lec}rotor = lecl + MleZ - lec3 - les4
{les}rotor = FMlel - lecz - les3 + lec4

Fuselage balance after the introduction of rotor defects
The fuselage balance equations are homogeneous. The balance of external forces gives:

(P} —{Fz}. . a +Mga, +1/2p(Cx S) V2 =M Xu,

{Fy}rotor - Mg D _TRa =M yt,t (56)

&y AP oor H{FZ ooy —Mg =1/2pV?(Cz S),, =M 71
The equations of moments were previously obtained for the equilibrium concerning the
rotor head. As we are interested in the movement of the center of gravity of the aircratft,
these equations must be rewritten to consider the wrench of the external forces, no longer
at the rotor head, but at the center of gravity. In addition, we will need the fuselage
moments of inertia about the center of gravity, whose position changes as a function of

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 572



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

mass centering: moments of inertia in roll (Ixx), pitch (Iyy), and yaw (Izz), as well as the
inertia product representing the yaw-roll coupling (Izx). The other couplings are assumed
to be null. From the moments and products of inertia I=mp?, we have the radii of gyration.
From the data of an aircraft with mass M and with moments and products of inertia, the
radii of gyration will only be a function of the centering. For a helicopter with M = 9,500

kg (AS 332 MK II), the data is presented in Table 1.
Table 1: Data for the helicopter of the study case — adapted from (Jorge, 1992)

AV centering | Zero centering | AR Center
Xcc=448m | Xcc=4.67m | Xcc=4.95m
Lix (m?kg) 16 104 14 707 12 650
I,y (m%kg) 61 163 61 104 61017
I, (m’kg) 54101 52 684 50 596
Ix (m’*kg) 3 880 2914 1491
Pxx (M) 1.30 1.24 1.15
Pyy (M) 2.54 2.54 2.53
Pz (M) 2.39 2.35 2.31
Pxz (M) 0.64 0.55 0.40

The inertias for zero centering were interpolated from the given inertias AV (forward)
and AR (aft). The radii of gyration for any longitudinal centering can be interpolated from
Table 1. The equilibrium of moments about the center of gravity is written as:

MX, ~Xeq Fx, X, — Xeg 1/2 p(CxS),V?
My, +| —Yeo |A] FY4 +{ Ya—Yes |A]| O
Zy rotor e Zy rotor Ip=Zco 0
Xen — Xeo 0 Xpa — Xce 0
| Yen = Yeo A0 | Yra = Yeo A _TRa =
Zon — Zeq -1/2 p(CzS),,V ? Zpa —Icg 0
B (L] —‘ B (L] (L] 7
pl 0 p2]? fi P @ Ty +“pr an
=/ 0 pyy2 0 |laf,|=M pyy2 a f,
2 2 (1] (1] L 1]
Pr Pu 4 ft.tJ :Oxz2 o f, +p222 vt

with yra = xa = ya = 0. Thus, Equation (57) is _obtained as:
1
{Mxh }rotor ~Yeo {th }rotor * e {Fyh }rotor - ( Yen = Yeo )Epv ’ (CZS )eh + (ZRa e )TRa

= M (pxxz (0 1:t.t +px22 V/ ft.tj

1 1
{Myh}rotor —Xeo {th}rotor ~Zco {Fxh}rotor +(ZA _ZCG)Esz (CXS)f +(Xeh _XCG)Esz(CZS)eh

=M pyy2 a ft.t
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1
{Mzh}rotor ~Xeo {Fyh}rotor ~Yee {Fxh}rotor ~Yeo Epv ’ (CXS)f _(XRa —Xeo )TRa

And finally, Equation (58) is obtained as:
{ MXh }rotor - { Mzh }rotor U — yCG ({ FX} rotor A, + { Fz}rotor ) + ZCG { Fyh }rotor

1
—(yeh—yce)ngZ(Czs)eh+(2Ra Zeo ) Tra M(pxx ot +p wfttj

1
{My}rotor + XCG ({Fx}rotor A, +{Fz}rotor)_ ZCG ({Fx}rotor _{Fz}rotor am)+(ZA - ZCG )E’DVZ (CXS)f

: ) (58)
+( Xy — XCG)EpVZ (CzS )eh =M ,oyy2 af,

1
{Mx}rotor A +{Mz}rotor a XCG {Fy}rotor + yCG ({Fx}rotor _{Fz}rotor am) yCG 2 pV (st)f

_(XRa - XCG )TRa = M (pxz2 (0 ft.t +pzzz l// ft.tj

with :
pxx: radius of gyration of the fuselage concerning the Xn axis (roll)
pyy: radius of gyration of the fuselage about the Y axis (pitch)
pzz: radius of gyration of the fuselage to the Zn axis (yaw)
a; =a,,+af cosy+af siny

And with: ¢, =@, +¢f. cosy+eof siny

Tra = Trao + Trare COSY + Ty SINY
where o, @1, and Trao were previously obtained from the fuselage equilibrium with the
isotropic rotor and Traic, Trals are the components of the tail rotor thrust needed to make
the yric and yris components of the rotational motion null. Since yric and yris are assumed
not to be zero in the calculation of ¥ rt,e» then TRaic = TRais = 0 (therefore it is assumed
that the tail rotor does not provide the cyclic thrust that could cancel the cyclic motion in
yaw). To find the twelve unknowns of the fuselage accelerations:

_Qz(xlwxls’ylc’yls’ 1c? ls’aflc’afls’goflc’(ofls'l//flwl//fls)’ we Wlll applY’ to the

als

1 con
equilibrium equations, the operators: — I )sinydy and Z—I (...)cosydy .

The rotor head efforts, after 1ntermed1ate calculations, lead to Equations (59) to (70):

[Fxls]rotor _ [les]rotor o + Mg a_fls — _M QZ & (59)
2 2 " 2 2
[inc ]rotor _ [lec ]rotor a,. +Mg a_flc = _—MO? e (60)
2 2 " 2 2
[Fyls]rotor _Mg qofls :_MQZE (61)
2 2 2
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[Fylcz]rotor _ Mg §0.2fl(3 ——M QZ % (62)
[FX15 ]rotor a. — [les ]rotor = _—MQ?2 i (63)
2 " 2 2
[Fxlc ]rotor o — [lec ]rotor =—M QZ i (64)
2 " 2
[Mxls ]rotor —a [les ]rotor -y a [Fxls ]rotor —y [FZlS ]rotor +7 [Fy15 ]rotor —
2 " 2 o 2 « 2 * 2 (65)
-, e, e
[Mxic]rotor e [MZlC]rotor -y a [FXlC ]rotor —y [lec]rotor +7 [Fle ]rotor —
2 " 2 o 2 “ 2 “ 2 (66)
— o, e p, e
M F F
[ yl;]rotor + (Xcgam _ ch ) [ Xlsz]rotor + (Xcg + cham ) [ lez]rotor ——M szyyz %fls (67)
M F F
[ yl;]rotor + (Xcgam _ ch ) [ X1‘32]rotor + (Xcg + ch a, ) [ Zlflz]rotor ——M szyyz %flc (68)
a, [Mxlé]rotor + [lez]rotor _ Xcg [Fylsz]rotor + ycg [Fxlsz]rotor _ ycg a, [lesz]rotor
(69)
=-MQ’ (p Lo p 1L j
a, [Mxig]rotor + [le;]rotor ~ Xy, [Fylcz]rotor + Yy [Fxlcz]rotor ~ Ve O [lecz]rotor
(70)
=-MQ’ (pxz2 qDTflc_" lozz2 gDTfle

Passing the accelerations from the fuselage C.G. to the given measurement points

Fuselage helicopter vibration is measured through accelerometers, installed at given
measurement points. The position vector of point (M) of the fuselage (assumed rigid)
concerning its CG (G) is written in the Galilean reference frame, parallel to the
aerodynamic frame, after rotation (-ys, -aut, -@r) from the helicopter reference frame Ru.

cosy, siny, O}lcosa, 0 -sing, ||1 0 0 Xu —Xg
GM =|-siny, cosy, O|| 0 1 0 |0 coseg, sing ||Y,-Y, (71)
0 0 1|sina; 0 cosa; |0 —sina; cosa; || Z,, —Zg

with: X, Y, Z the coordinates of the points in the frame Rx.
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The vector position is:
(Xm — Xg) cos Py cos ap + (Y — Ye)(cos Yy sinag sin ¢y + siny cos ¢f)
+(Zy — ZG)(— cos Py sin ag cos ¢y + siny sin q,’)f)

D
<
I

Xy — Xe) (= siny cos ag) + (Yy — Ye) (= sinyy sinag sin ¢y + cos P cos ¢y )
+(Zy — Zg)(sinyy sin ay cos ¢y + cos Py sin ¢y )

Xy — X¢) sinay + (Yy — Yo) (= cos ag sin gy ) + (Zy — Zg)(cos as cos ¢r)

The first derivative of the vector pos1t10n 1s written as:

(X - Xz) ( sinyy cos ay wft — cosy sinay aft)

+(Yy —Y;) (— sin 1pf sin ay sin qbf wft + cos lllf cos as sin (],’)f (;zft + cos l,bf sin ay cos (;bf é)ft
+ cos Py cos ¢ l,szt — sin; sin ¢f é’ft)

+(Zy —Zg) (sin Yy sinag cos ¢y l,szt — oS Py cos ag cos ¢y (;lﬂ. + cos Yy sin ay sin ¢y qt’>ft
+cos s sin gy ll)ft + siny cos ¢ <2>ft)

dGM B Xy — X¢) (— cos Yy cos ay ll)ft + sinyy sin ay l})ft(;.’ft)

. +(Yy —Y;) (— cos Yy sin ay sin ¢y zl;ft — sinyy cos ay sin Py c‘zft — siny; sinay cos ¢y (2>ft
—sinyy cos ¢y ll)ft — cos Py sin ¢y (}bft)

+(Zy —Zg) (cos Yy sinag cos ¢y 1}th + sinyy cos ay cos Py c.rft — sinyy sinay sin ¢y d.th

— Sinyr sin s Yy + cos Yy cos ¢y ¢>ft)

(Xm — Xg) cos ap ap + (Y — Yg) (sin ay Sin ¢y ap — coS ay oS ¢y det)

|+(Zy — Z5) (— sinay cos ¢y c.rft — €oS af sin ¢y (/),ct)
The second derivative of the vector position is evaluated in Rg. The acceleration of M is:

d? d? d?
—GM = —G G+—GM
dt’ dt® dt? (72)
Point G' in Galileo's frame coincides with G at this instant. The acceleration of the CG is:
.)Z[.[
d? :| . (73)
—GG| =|y,.
dt2 Rh ..tt
Zit

Thus, in the helicopter reference frame:

42 1 0 0 cosp, 0 sing, || cosp, -—sing, O .
FGM} =|0 cosp, -sing, || 0O 1 0 | sing, cosp, O WW}
Ri 10 sing, cosg, ||sing, 0 cosg;, 0 0 1 Rg
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. 2 . 2
Xm — Xe) (a’ft — cos ap Pp, )

o . . .o « 2
+(Yy —Ye) (2 oS P Aprpr + Sin s apy + cOS? Ap Yy — COS Ap SIN Af SIN Pp Py

—2cos ay sin ag llth(bft)

+(Zy —Zg) (2 sin ¢y aftcl)ft — cos ¢r aft + 2 cos? ag 1/)ft¢>ft + cos ay sin ay Pgy

2
+ cos ay sin a; cos ¢y ¢ft )

Xy —X5)( (2 COS P Sin ap Y A — €OS Py COS Ap YPyp — SN Pr COS af Sin A zpzft
o . 2 .« . . 2 . 2
—sin ¢ aft) + (Y —Y;) (—(l)ﬁ — 2cos® g sinay Pp ppe — cos® pp Py, — sen*drag,
. 2 . . . .
—sen*aysen*dpPy, — 2siny sen®apPrdr — 2 cos ag cos Py sin ¢y wftaft)

d? __, .o, . .
EGM] =(+0Zy —Z¢) (2 cos® ¢ cos app PpeQpe + oS Ppsinag ey + Py,

Rh . . L. 2 . .
—2c0s ¢y sin g sinag Y — €OS Pr Sin Gp ApPpr + 25in Py sin ag cos ay GrPyse

. 2 . . 2
+sin gy cos g ap + sin gy sin® ap Yy, + sin® ap sin ¢y cos Pp Py, )

.« o . 2
Xy —X¢) (2 singy sinag P — sin ¢y cos ap P + cos Py cos ag sinag Py,
. o . . 2
+cos ¢ aft) + Yy —Ys) <—2 sinay sin ¢ cos ¢ s — Sin gy cos Gr e
2
+ sin ¢y cos qbf aft + sin? ag cos ¢ sin ¢y 1/th + 2 cos ¢f sin? af t,bftqbft

—sinag I,th + <;bft 2 cos as sin? oy l,bftaft) +(Zy—Zg) (2 cos ay sin ¢y cos ¢y tpftaft
2 2
+ sin ¢y cos ¢y sin ay 1,bft - qbft + 2 sinay sin® ¢; 1,bft¢ft —sin® ¢y q')ft

o . . 2 . . 2
—2cos ¢y sinag cos ag YPeeppe — oS> Pp apy — oS Py SiN® ap Py — SiN® Ap COS® Pp 1Py )
Assuming angles: singr = @f; sinar = of; sinyr = yf; coser = 1; cosar = 1; cosyr = 1, and
disregarding triple products concerning the double products leads to:

. 2 . 2 . . (1] oo
(Xy —XG)(—an ¥y ]+(YM —YG)(Zan @ ot 0 an+y/ﬁ)

+(ZM _ZG)(_aﬁJ’_Zl//ft Pt '//ft)

Eiéﬁﬁ} i (XM'—XG)(_Wn_Wfaﬂ)+(“A—ﬁﬁ[—éﬁé_éﬁzl (75)

+(Zy _ZG)(Zl/Iﬂaﬂ+af l//ft+¢ftj

(% =Xo) =0 e |+ =Yo) (ot ¥ |

SRS ]
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The acceleration of point M is, therefore: d_zm} _
dt?
Rh

With accelerations given by :

_..
XMt.t XMt
. .
Ymie =
.
o
Z Mt 7t

Xnee = QF Xu = QF (=X 1. COSY — Xy SINY)

Yt =0’ Y ZQZ(_ymlc Cosy — yMlsSin'//)

Zwe = Q 7w = Q% (=2, COSY — 2, Siny)

2

d
yMt.t+FGM

Parameter Identification Helicopter Main Rotor Balancing & Tracking

pp. 519-616

The six unknowns (accelerations of point M) can be found after applying the operators:
i ) 02”(... )sinmpdip and % fozn(... )cosypdip, what gives, after intermediate calculations:

Xmis = Xis +(YM _YG)(Q’foafls +‘//f1s)+(ZM _ZG)(afo‘//fls +afls)

Xvie = Xi +(YM _YG)(¢f0aflc +lr//flc)+(ZM _ZG)(afonlc +af1c)

Ymis = Yis +(XM - XG)(_(Dfoam _Wms)"'(ZM _ZG)(afonls +¢’f15)

Ymie = Yic +(XM - XG)(_(ofoaflc _lr//flc)+(ZM _ZG)(afo‘//flc +¢’f1c)

Lyis = 2y +(XM - XG)(_fofol//fls _af15)+(YM _YG)(_afOWfls _(/’fls)

Zyie = Ly +(XM - XG)(_(Dfol//flc _aflc)+(YM _YG)(_afOV/flc _(Dflc)

The amplitude and phase of the accelerations

(76)

The efforts on the rotor head were expressed as a function of the azimuthal coordinate of
blade number 1: y; = y = Qt, where t represents the time that elapsed from the moment
when this blade passed through the origin position (y = 0) and the magnetic sensor
triggered the signal to synchronize the time. From this moment (t = 0) on, the vibration
measured in the fuselage is expressed in terms of amplitude and phase, which can be
calculated from the different components, as summarized in Tables 2 and 3.

Table 2: Acceleration at the fuselage CG — adapted from (Jorge, 1992)

Entry data | Vibration amplitude Vibration phase
X1s, Xlc 2 2 2
AX = Q%% +%.2 | gX = arctan X
Xis
Yis, Yic _ 2 2 2
AY =%y 2 +y,.2 | gy =arctan Y
Yis
Zis, Z1c 2 2 2 z
AL=Q\7, +7,." | ¢Z =arctan=e
s

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB

578



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

Table 3: Acceleration of point M at the fuselage — adapted from (Jorge, 1992)

Entry data Vibration amplitude Vibration phase
XMls, XMlc N2 2 2 X
AXy = QX" + Xy $X,, =arctan e
Xmis
YMis, YMic e YA 2 2
AYy = QY + Yuie” | 4Y,, = arctan e
yM 1s
ZMls, ZM1 0?2 2 2 y4
PN ALy = QT+ e ¢Z,, = arctan M
ZM 1s

3.4 Validation of the calculation code
The Possibilities

Several procedures for validating the calculation code can be envisaged, not only within
the scope of the direct problem but also for the opposite inverse, which will be introduced
in a later section.

The first possibility is to validate the codes with accelerometers installed as foreseen in
the Maintenance Manual (MET) of the helicopter, to be able to compare the results
obtained with the correction maps (which are experimental, obtained in-flight tests) that
already exist in MET. We’ve simulated, in the scope of this work, some flight conditions,
to validate the calculation code of the direct problem.

A second possibility is to validate the codes through flight tests, which can give us, the
different flight conditions and known corrections introduced in the rotor, the efforts
measured in the rotor head, as well as the accelerations at different points of the fuselage.
This validation is adapted not only to the direct problem but also to the inverse problem,
since it is possible to place the six accelerometers in the fuselage, necessary to find the
CG accelerations of the fuselage and the efforts that result in the rotor head, as we will
see in the discussion of the inverse problem, in a later section.

A third possibility is to validate the code with the help of a helicopter rotor numerical
code, such as R85, HOST, etc. For references on numerical codes for helicopter rotor
simulation see (Rabe & Wilke, 2018), (Wilke, 2017), (Johnson, 2013b), (Benoit et al.,
2000). To be able to compare the codes, it is necessary to put the isotropy of the blades
as a hypothesis, which leads us to the validation of the part of the code related to the
isotropic rotor balance. This possibility can lead to a decrease in the workload required in
the flight tests (second possibility, above), which will serve, therefore, to validate only
the second part of the code (the introduction of defects in the rotor head).

Comparison with the MET

Several possibilities for installing accelerometers are provided in the MET: (i)
Accelerometers (lateral and longitudinal) positioned on the electrical panel, to the left of
the 3rd man's seat, at the top; (ii) Accelerometers (vertical, lateral, and longitudinal)
positioned on the floor to the left, below the co-pilot seat; and (iii) Accelerometer (lateral)
positioned below the main gearbox (BTP).
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The calculation code, as previously derived, is composed of two parts: the first part
corresponds to the calculation of the equilibrium, with the isotropic rotor, while the
second part corresponds to the introduction of defects. The calculation of the isotropic
rotor equilibrium is done by calculating the solution of a system of 12 nonlinear equations
with 12 unknowns. These are the three flapping equations, the three drag equations, and
the six fuselage balance equations, as seen before. As the equations are non-linear, a
subroutine of the IMSL library was used in a FORTRAN software, which finds the
solution of a system of non-linear equations with the Jacobian of this system provided a
priori. For that, the Jacobian of the system of non-linear equations of isotropic rotor
equilibrium is calculated as a matrix 12 x12, obtained from all the partial derivatives of
the twelve equations concerning the twelve unknowns.

2 2 2
FIAC(L1) =2 (1) _oF({1)_pacR [_e{ﬂﬂz +E}+R_+R_ﬂz}

oX (1) 06, 21, 2 3 4 4
.... etc, up to (77)
F (12 F (12
Faac(i212)- F12) _F(2)

oX (12) OTx,
The unknowns are angles in radians and, therefore, very small, and a subroutine that

works in double precision was used. Even with all the precautions from the numerical
point of view, the system was always very sensitive to two parameters:

e The criterion to finish the calculation (a relative error criterion). A root is accepted if the
relative error between two successive approximations of this root is less than the relative
error criterion. The chosen value of the criterion is very important for the convergence of
the subroutine; if the relative error criterion is too large, the subroutine fails to find a
solution that can nullify the system of equations before the difference between two
successive iterations, for root, be already reached. On the other hand, if the relative error
criterion is too small, the subroutine may interrupt the iteration because it hasn't made
good progress. The system of equations is extremely sensitive to the knowledge, with
good precision, of the unknown parameter values.

e The approximate guess value of 0 is used to initialize the subroutine. This value must be
provided a priori and slight changes in this value may sometimes prevent the subroutine
to find the system solution.

In this way, the simulation of all possibilities in terms of flight conditions, mass, and
balance, with the subroutine, becomes a problem since, for each case, it is necessary to
effectively evaluate the relative error criterion and the initial pitch 0 values, to be supplied
to the subroutine. For a more complete simulation, it will be necessary to find a system
solution subroutine more adapted to this specific problem. The results of the isotropic
rotor equilibrium can be found for different flight conditions (stationary flight, ground
level, etc.), with different values for the helicopter mass and centering (mass center
location). Limits of mass and centering are shown in Figure 18, for this case.
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Figuré 18: limits of mass and centering: helicopter AS332L — adapted from
(Jorge, 1992)

For the second part of the calculation code, there are no numerical problems in terms of
convergence to the solution. Figure 19 shows a rotor balance chart, from the MET.
Starting from the isotropic rotor, the introduction of an equilibrium mass Am = 500 g on
blade n° 2 leads us to a lateral vibration of 0.25 IPS amplitude, and 270° phase (point X
on the chart). Entering the same mass in the software, for the obtained equilibrium, the
deviation found (in amplitude and phase) is small (point O (,)‘n the chart).

1000 500 1000

N A . N

o R B ~ A -
; N\ _)*[ = s00

s00

:|l 1000 5 1000
. R
Figure 19: Helicopter Maintenance Manual (MET) chart: simulation and predicted
vibration values — adapted from (Jorge, 1992)

This small deviation can be explained by the fact that the balance chart is an average
chart, obtained from the user experience of several aircraft whose characteristics were not
identical. Furthermore, it is a map that is assumed to be valid throughout the helicopter
flight domain, when one can see, in the previously obtained formulations, that the
introduction of the same equilibrium mass under different flight conditions or with
different configurations (in terms of weight and centering of the aircraft) can lead to
different efforts on the rotor head and, consequently, to measured vibrations on the
fuselage which are different, too. In this way, the comparison with the MET serves as an
initial point of reference, knowing that the complete validation of the system must be
done, in principle, by flight tests.
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A comment on the results

The subroutine provided by the IMSL library for calculating the isotropic rotor balance
1s very sensitive to variations in the given parameters and the initial values considered for
the unknown parameters (in particular, the initial pitch angle 6). A subroutine more
adapted to this specific problem should be sought, to be more robust, that is, less affected
by variations of parameters that have nothing to do with the flight condition as such, but
with only numerical constraints (in this case, the need, for the subroutine, to know a priori
what the maximum permissible error is, and to have initial values of the pitch angle 6, to
initialize the subroutine.

It can also be seen that the simple comparison with the MET cannot be taken as a complete
validation of the system but must be considered as an initial point of reference for more
complete validation, with flight tests, for different flight conditions and aircraft settings.

3.5 The inverse problem for identification of unbalanced and out-of-track blades in
a helicopter main rotor system and the optimization of the accelerometer
positions— perspectives

Analysis of the Inverse Problem

As in the case of the study of the introduction of defects, the problem can be divided into
two stages: (i) the study of the isotropic rotor; (ii) the study of the inverse problem as such
from the vibrations measured on the fuselage.

For this second step, the equilibrium with the isotropic rotor (0, B, d,af, ¢©f, Tra) is,
therefore, known a priori. From the installation of accelerometers at different points of
the fuselage, it is possible to have, as input data, the amplitude and phase of the
accelerations at these locations. It was previously seen the passage of the six accelerations
(three linear and three angular) to the three linear accelerations of any point M in the
fuselage. To calculate the inverse, it is necessary and sufficient to have six linear
accelerations at chosen points on the fuselage (example: the three accelerations in X, v,
and z of two points: M1 and M2), to find the six accelerations of the CG, the fuselage seen
as a rigid body.

From the twelve components (in sines and cosines) of the CG accelerations and the
knowledge of the fuselage radii of gyration (which are a function of the centering of the
aircraft, which is known from the isotropic rotor equilibrium), the twelve components (in
sines and cosines) of the resulting efforts on the rotor head (Fx, Fy, Fz, Mx, My, Mz) are
found.

From this point on, the inverse of the previously obtained expressions is no longer
possible to be obtained without making additional assumptions, since each of the resulting
efforts in the rotor head was obtained from the sum of the efforts generated by each of
the four blades. One must note that, at this point, there are twelve equations and forty-
eight unknowns. From the practical experience of balancing the rotors, it can be seen that
in terms of the measured vibration: (i) the introduction of an equilibrium mass (+4m) on
a blade i is equivalent to the removal of the same mass (-4m) on the blade that is
diametrically opposite to it (i + /80°); (ii) the increase in rod (pitch link) length (460) on
blade i is equivalent to the corresponding decrease (-ABo) on the opposite blade (i + /80°).

In addition, MET maintenance procedures generally prohibit the operator from making
adjustments to one blade, called standard. For this blade, the rod length, as well as the
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adjustment of the tabs and the balance mass at the sleeve will remain unchanged. Thanks
to this equivalence between the balance corrections to be introduced either on blade 7, or
on blade i + 1/80° we will consider only the introduction of corrections for two rotor
blades (example: blades i and i + 90°), the other two will continue to be unchanged. In
this way, we now have twelve equations and twenty-four unknowns (the forces generated
in the rotor head by these two blades being considered), the forces generated for the two
other blades are obtained with the isotropic rotor hypothesis. Maintenance procedures
recommend not introducing two simultaneous corrections on two different blades. In this
way, the process is iterative: corrections are introduced on a blade, the vibration
measurement is re-done, new corrections are introduced on the same blade or another
one, the measurements are re-done and so on, in sequence, until obtaining levels of
vibrations below a certain value, defined a priori as acceptable, and predicted in the
helicopter maintenance manual (MET).

We will solve the passage from the resulting efforts at the rotor head to the efforts in the
rotor head due to a blade 7 in the same iterative way: (i) It is assumed that the other three
blades are isotropic, and we will have a system of twelve equations with twelve unknowns
(the efforts on the rotor head generated by blade 7). Then, the corrections to be introduced
on this blade are calculated (see below); (i1) Next, it is assumed an isotropic blade i to
calculate the rotor head efforts generated by blade i + 90° (in our example) and, thus, the
corrections to be introduced on this blade (see below); and (iii) The calculated correction
is introduced, and then the accelerometer measurements and also all calculations to obtain
new corrections are redone, until the vibration level is below an acceptable value.

For code validation regarding the inverse problem, it is sufficient to take the corrections
calculated before for blade i and input them in the calculation code of the direct problem,
to verify if the introduced corrections cause vibrations at the fuselage measurement points
(M1 and M2), which are of similar amplitude but in phase opposition concerning the
vibrations measured initially (which were the given parameters in the calculation of the
inverse problem). Thus, the vibrations caused by the corrections will cancel out those
from the beginning. It remains to analyze the corrections to be introduced on a blade i. It
was obtained, above, the efforts in the head of the rotor generated by blade i. It was also
seen that these efforts come from the introduction of defects in 0o, 015, and mp, which
generated the new flapping () and drag (8) angles.

The mass effect is more important on "lateral" and "longitudinal" (in the rotor plane)
vibrations, while the rod and tab effect is more important on "vertical" (orthogonal to the
rotor plane) vibrations. In this way, we will separate the problem into two parts:

e For the efforts in the plane (Fx, Fy, and the moment generated by these two forces: Mz), we
will assume that there is no variation due to the pitch (0). In this way, 0, B and J are the angles
already obtained with the isotropic rotor hypothesis and the unknowns are now: mp, msp, and
Ig. Finally, these last three parameters have a relationship with the change in blade mass due
to the introduction of the equilibrium mass (Am), which will give us, in the end, the
equilibrium mass to be introduced or withdrawn on this blade i (Ami) to obtain the forces Fx,
Fy and Mz.
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e For the forces orthogonal to the rotor plane, we will assume that m,, ms, and Ig are the
parameters of the isotropic rotor. We will have six equations (Fz, Mx, My, in sines and
cosines) in addition to the flapping and drag equations, to obtain the new pitch angles (0), as
well as the corresponding flapping () and drag (&) angles. This problem can be treated in two
parts, too. Current rotor balancing procedures are to perform, in the first step, a steady-state
flight (1 = 0) from which corrections are introduced on the pitch rod. Then, a stabilized level
flight is carried out, where corrections tab adjustment are introduced since the tabs influences
restricts to forward flight.

Thus, for simplicity of calculation, the inverse problem can be calculated:

e In the first step, for p = 0, with ;. and 0,5 calculated with the isotropic rotor and the only
defect is the one in 6y, with the corresponding changes in § and 9;

e In asecond step, for p # 0, we will assume that 8y is the one calculated in the first step, and
will have, as unknowns: 0;s (equivalent to a change of tab, as seen in the analysis done
previously) and the corresponding terms in § and .

Optimization of the accelerometer positions
To look for the optimal position of the accelerometers, it is necessary to use the second
possibility of validating the calculation code, mentioned above, that is, the flight tests.
The intention is to minimize the calculations to be made, and the possible couplings
between the different parameters, during the calculation of the inverse problem, and, for
that, the most adapted validation method is the flight tests. It is at this stage of the work
that we will consider, also, the constraints or limitations of the problem, such as: (i) The
maximum permissible balancing mass in the sleeve; (ii) The maximum permissible effort
on the rod; (ii1) The maximum adjustment of tabs, etc. Several possible positions of
accelerometers should be studied. For example:
e Three accelerometers (vertical, lateral, and longitudinal) on the floor to the left, below the co-
pilot seat;
e Two accelerometers (vertical and lateral) on the floor on the right, in the strong frame (Z =
6,815 mm) (the end of the floor and the beginning of the tail boom);
e One accelerometer (vertical) on the floor on the left (same frame: Z = 6,815 mm).
The 2™ step of the optimization process, the effect of the tab, as previously analyzed, can
be considered as a change in 015 and, in addition, a change in blade twist, to account for
the fact that the tab generates a torsion moment on the blade, which can lead to a twisting
of'this blade because the blade has a certain torsional flexibility, which can be considered.
This can also lead us to calculate the efforts that will be passed to the fuselage through
the rods and the chain of command. Non-linearities, such as, for example, the play of a
connecting rod, can also be considered, as well as non-linearities in the operation of drag
adapters.
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4 Model-based parameter identification for unbalanced and out-of-track
helicopter rotor blades: a case study of a 3-blade main rotor

This section is based on a Master’s Thesis (Gonzélez, 2012), Post Graduate Program in
Mechanical & Aeronautical Engineering at ITA, Sao José dos Campos, Brazil, 2012.

4.1 Introduction
Case study: 3-blade main rotor: model development & comparison with flight tests

Following the steps of the above study for the 4-blade helicopter case, this Section focuses
on the analytical modeling of the relationship between the simplified dynamics of a
fuselage-main rotor system and the vibratory level of its response, measured at two points
on the fuselage, for the case of a 3-blade helicopter. The mathematical model derived by
(Jorge, 1992) was adapted for the peculiarities of a typical small helicopter with three
blades. Most of the text from (Gonzalez, 2012) was retained. Some equations at the
beginning of these derivations, before adding the total number of blades, are similar to
the ones obtained in the previous section, for the case of the 4-blade study, and thus their
Equation numbers are only referenced in the following text, to avoid eventually repeating
some previously obtained equations. As before, the response is limited to measurements
of amplitude and phase of once-per-rev vibrations at the circular frequency of the main
rotor (1-per-rev or 1Q) on the x, y, and z axes. An additional limitation to this model
comes from the approximations assumed for some design parameters, not available in the
literature or manuals, thus adopted as representative of the 3-blade helicopter in the study,
the AS355 F2 Squirrel model.

As in Section 3, this section presents mathematical modeling for the analytical expression
of the wrench of the efforts in the rotor hub, modeled as a set of articulated blades under
the degrees of freedom in pitch, flapping, and lead-lag. Three distinct phases make up any
type of analysis: analytical modeling, mathematical modeling, and dynamic behavior. In
line with good engineering practices to obtain adequate analytical modeling (among
several always possible), a set of simplifying hypotheses is adopted to reduce a real
dynamic system to another equivalent of the type represented by mass-spring-damper;
and the same is represented by a free body diagram that reflects its properties also defined
by the analyst, such as inertia (mass), rigidity (spring), energy dissipation (damper), and
type of loading (forces). The model needs to be a compromise solution between the
sophistication that brings it closer to the complex reality and the simplification that,
moving away from it, analyzes the corresponding mathematical model viable, with the
resources and deadlines available. Mathematical modeling includes small vibrations
around an equilibrium position, and their associated accessory conditions (initial and/or
boundary conditions). Among the basic and didactic approach techniques for deducing
the differential equations governing the motion, one can group them into Lagrangian
Mechanics (according to scalar energy concepts) and Newtonian Mechanics (based on
vector quantities). Despite complex structures recommending the first (more systematic),
the latter is chosen in this text, given the more intuitive nature of identifying the efforts
and their visualization in the free body diagram (necessary in this option), conceived in a
relatively simple way, given the simplifications to be discussed. The resolution of these
equations, either in the time or frequency domain, then reveals the dynamic behavior
resulting from the adopted analytical model, and in this text, it is performed numerically
in the frequency domain with computational aid.
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THE HYPOTHESES

The analytical modeling of the isotropic fuselage-rotor system begins by opting for the
design of the free-body diagram only for the defect-free rotor system (from this point
onwards, the term “isotropic” is adopted), or more precisely, of any of its three blades,
since it concentrates, within the adopted hypotheses, all the dynamic efforts to be
integrated by the rotor hub and then added up and transmitted to the fuselage (supposedly
assumed as stationary concerning any other loads). Always looking for a compromise
solution between the simplicity of the model and the accuracy of the results, for the
necessary definition of the reference flight configuration, despite directly influencing the
vibration index, for simplicity, this study adopts:

1. The fixed value of 1.225 kg/m?® of the air density, which flows through the profiles of
the blades and empennages, and this is directly proportional to their lift and drag, also
creates resistance to the fuselage advance. This value corresponds to the standard
atmosphere ISA (International Standard Atmosphere - model established by the ICAO),
without AT temperature adjustments (non-varied ISA), and at sea level (troposphere,
under standardized conditions of temperature (15°C) and pressure (101325N/m2))

2. Zero load factor (acceleration of the body dimensionless by the acceleration of gravity
g, a result of the ratio between the force applied to it and its weight), that is, stationary,
straight, level, and stabilized flight (structure not subjected to any accelerations);

3. In the broad spectrum of frequencies, even when aware of the importance of other
harmonics associated with other defects, for simplicity, only vibrations at the fundamental
frequency of value 1Q are considered here, equal to once the rotation of the main rotor,
as it is still an important item associated with direct intervention actions in maintenance
practice.

4. Articulated rotor according to the following degrees of freedom for each blade, under
small-displacement angles to reduce non-linearities: (i) flapping (flexion out of the plane
of rotation): as in forward flight it compensates for lift asymmetry; (ii) forward and
backward movement or lead-lag (flexion in the plane of rotation): as it is due to the non-
linear Coriolis force associated with the flapping motion (although independent of the
lead-lag), according to a flap-lag coupling, for which relief is required bay means of a
lead-lag joint normal to that plane; and (ii1) variation of pitch or incidence in pitch or
feathering or torsion (rotation around the elastic axis): as it is the end of the collective
and/or cyclical chain of action, and its coupling with each of the above degrees of
freedom.

For simplicity of the model to be calculated, the torsional freedom of the blade or twist
associated with the tab adjustments (which here is associated with torsion) is disregarded,
since it is assumed that it has sufficient stiffness to contain it. There is only the built-in,
permanent and linear torsion, as a given intrinsic to the project. Furthermore, all
nonlinearities linked to pitch-flap-lag couplings, represented by the triple products of their
displacements or associated functions, are disregarded.

5. Rigid blades, for simplicity of calculations. Therefore, the degree of freedom in the
flexible mode of torsion of the blade (twist) along its elastic line is disregarded. This
positioning eliminates the adjustment through the tabs, which also corrects the tracking
by variation of the lift in the respective section of the blade in which they are installed.
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6. Blade submitted to aerodynamic loading resulting from two-dimensional flow
according to the Blade Element Theory (Johnson, 2013b): adopts a high aspect ratio for
the profile) in a steady-state, without gust-type disturbances being considered.

The actual blade is made of composite material and is reasonably flexible in bending and
torsion, like most of them, so it is subject to aeroelastic effects related to flap-lag, pitch-
flap, pitch-lag, and pitch-flap-lag couplings (only this one is disregarded here in the
model). This study disregards the effects of flow on the retreating blade (flow
detachments, dynamic stall and reverse flow), and on the forward blade tip
(compressibility and associated advances implemented by modern blade tip designs, as
well as the effects of tip loss), as well as at its root (offset loss), and large flap
deformations of the blades (source of nonlinearities).

Aerodynamic forces are well determined by fundamental modes (rigid body movements),
but excitation in elastic torsional and bending modes by high harmonics of these forces
can produce large loads on the section, even under small deflections. Hence the natural
frequency of the blade in these modes must be kept away from the harmonics of Q
(Johnson, 2013a).

7. It 1s assumed that the fuselage, assumed to be a semi-rigid body, can be dynamically
equivalent to a rigid body with six degrees of freedom (three components of position and
three orientation angles). Hence, the configuration of fuselage states can be described in
terms of only six degrees of freedom, along with and around each of the three axes X, Y,
and Z (the larger arrows shown in Figure 20) for their equilibrium under external forces,
such as the aerodynamic forces, which, added to the blade motion equations (at small
flapping and lead-lag angles) form twelve non-linear differential equations with twelve

unknowns.
Tail rotor
0 N\
Lag

3-bladed W
main rotor J —f Torsion Flap
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/ﬁgou
Fuselage

Figure 20: Degrees of Freedom (DoF) of the coupled system rotor-fuselage — adapted
from (Friedmann & Hodges, 2003)
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8. The loading on the rotor hub is determined from the sum of the three integrations (on
each blade) of the efforts considered according to the Blade Element Theory.

In the modeling adopted in this study, despite all the simplifications that even disregard
all the flap-torsion, lag-torsion, and flap-lag-torsion couplings, the nature of the system
of equations of motion of the rotor-fuselage system, which takes the flap-lag, is still non-
linear, and in its numerical resolution process, it is internally linearized by the
computational algorithm selected in the MATLAB® software environment.

THE PARAMETERS

It is necessary to adopt some parameters to establish the aircraft object of the simulation
and some flight condition(s), where the responses of the isotropic rotor-fuselage system
will be investigated, and which later serve as a reference for the evaluations of the effects
of the introduced anisotropies. These parameters are:

» system mass: fundamental proportionality factor in the evaluation of accelerations
related to the submitted efforts. It is assumed constant, that is, the reduction due to fuel
consumption is neglected, when compared to the original mass.

» aircraft centering: responsible for the positioning of its center of gravity (CG) and the
definition of the relative moment arms (associated with the fuselage attitude states), as
well as for the propagation of the vibration characteristics along the fuselage. Generally,
the CG is presented by the manufacturer in the form of Figure 21, within which its “walk”
is allowed (in the vicinity of the vertical of the mast and, therefore, of the main rotor
traction), to guarantee longitudinal and lateral stability. directional, as well as the flight
qualities desirable to the project. Figure 21 shows the relevant data used, such as the
forward flight speed. In this study, the cases of null velocity and 222 knots (corresponding
to the maximum not-to-exceed speed) were considered).
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Figure 21: Longitudinal centering diagram for the adopted helicopter (AS355F2
Squirrel) (Note the 9cm maximum CG range) — adapted from (HELIBRAS, 1994)
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It is worth mentioning that proprietary confidential information about helicopter design,
in this work, some estimated values were assumed for the other parameters necessary for
the application of the model. In the future, as the actual parameters are obtained and/or
estimated by parameter identification, the model can easily be updated/refined to better
represent the aircraft of interest. In the absence of better alternatives, the criterion for
estimating these values which could not be obtained consisted of linearly associating,
when feasible, the desired parameters with the analogs of the AS 332L Super Puma
aircraft, shown in Section 3, and originally presented in (Jorge, 1992).

4.2 Balance study of the system: main rotor plus fuselage
BLADE MOTION EQUATION

In continuity, one evolves to mathematical modeling. A large part of the expressions was
established in (Jorge, 1992), and conveniently adapted for this text.

Newton's 2" Law of Classical Mechanics (Fundamental Principle of Dynamics) is used,
chosen to obtain the equations of motion resulting from two phases: the determination of
the free-body diagram of the system; followed by the application of this Law in its forms
for translations and rotations. In this type of approach, care must be taken not to confuse
the directions of efforts and their reactions, which is the most susceptible error when
evaluating multibody systems with three-dimensional loads, which is the situation in this
model.

BLADE DYNAMIC BALANCE

In the modeling shown in Figure 22, each of the blades that make up the rotor is subject

] ) JR (dZO—M

to 1nertia o
( e dtz

the parts of the equation that follows.

dt hub/Rg

Fiub—sbiade

)dmi ) and aerodynamic ( Faerodynamic) efforts, respectively, constituting

'Mfuselage—}hub o iﬁemd .
aerodvnamic

M

Mblade —hub d]]li

(a) (b)

Figure 22: Rotor hub free-body diagram with efforts (forces F and moments M) applied
to a blade (a) and their corresponding wrench T (b) — adapted from (Gonzélez, 2012)
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Applying Newton's 2™ Law to an element of mass dm; of blade i, located by the position-

vector OM | about the Galilean Reference Frame - R (fixed to the center of the Earth,
and c0n51dered non-inertial), one obtains vectorially that:

JRdOM

)dmi = Fhub—>blade + Faerodynamic 5 where:

Rt fixed rotor reference frame (O, X, Y, Z)

Rt rotating reference frame of the rotor (O, Xi, Yi, Zi)

Rp: reference frame of the blade beating (O, Xp, Yy, Zp')

Rp: blade reference frame in beating followed by lead-lag (O, Xp, Yp, Zp)
Ra: aerodynamic reference frame (O, Xa, Ya, Za)

Ru: helicopter reference frame (O, Xn, Yh, Zn)

One has that, in Ry, the resultant of the vector of forces F of the blade on the hub, applied
d’0M
dt’
Newton's 2™ Law again in terms of angular movements concerning R, around the rotor
hub by the blade and fuselage, we obtain:

i

in the flapping joint, is Fblade—>hub = Faerodynamlc __[ ( )dM; . Now by applying

= Mblade—nuo + Mfuselage_)hUb. As the cube is rotating at a constant
hub/Rg

speed (zero angular acceleration), the time derivative of angular momentum (d—H)
hub/Rg

is zero. Hence Mhub-siuselage = Mblage>hub , that is, the moments applied by the hub to the

fuselage, symmetrical to those received by the hub, are equivalent to the action of the
moments applied by the blade to the hub Given the above, it is clear that it is necessary

dOM

to obtain I

gathers the components, in Rg, of the wrench of the efforts in the rotor hub {T}-:l. A
wrench, by definition, replaces all forces and moments acting on a rigid body by the
representation of a force vector and a moment vector, applied at the same point (Beer et
al., 2019). The zero index is justified since it is constant about the azimuth position of the
blades (and therefore about time) due to the isotropic rotor hypothesis and that the study
was limited to the 1Q frequency.

Folade—hub F X+ F Y+ F, Z

(M=o 1

Mbtade—>hub | , MXX+MyV+MZZ .

After this calculation for a blade, the sum is performed according to the number of blades
to obtain the wrench of the efforts of the complete rotor applied to its hub.
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BLADE ACCELERATIONS

The dynamic resultant, applied to the body of blade i is obtained from the integral in space
along the blade according to the distance » varying from the eccentricity e to the radius
R. Thus, given the blade model as simply articulated in flapping and lead-lag, first, there
is the following relationship between the rotor reference frames according to these
adopted degrees of freedom. It can be observed that, except for the fixed reference (XYZ)
to the hub and originating from it, all origins are established in the flapping joint, here
modeled as the blade attachment point. For generality, any point M located on the blade
surface at a radial coordinate r is considered, as previously shown in Figure 8. It is

necessary to calculate the acceleration ﬁ of this point M in the fixed rotor frame and

then integrate the obtained expressions along the blade. As seen from the fixed rotor
reference Rr (O, X, Y, Z), we have the position vector of the point M relative to the origin
O as in the previously obtained Equation (1).

The rotor is assumed to rotate at a constant speed w; =€ . The position vector from

Equation (1) is derived twice concerning time, and the acceleration vector of the point M

concerning reference O is obtained, as previously seen, as Equation (2). As before, a

simplifying notation is used for the derivatives of 8, and similar simplifications are done,

considering B and & small angles, leading to the three components of the acceleration
R 0°OM

vector of point M in the fixed frame. Again, the integration J-e (F)dmi is required to

calculate the inertial efforts on the blade in the fixed rotor frame Rr.
AERODYNAMIC FORCES ACTING ON A BLADE
At this point, attention is devoted to the portion of the dynamic resultant due to the

aerodynamic efforts Faerodinamico applied to the blade, generated in flight, and in reaction
to the airflow in which it is immersed.

The first step is to obtain the velocity of a current point M of the blade (Vl\/| PalRy )

concerning Galileo's frame of reference Rg (Og, X, Y, Zg), because, if referring to the
ground, one is stationary and immersed in an undisturbed atmospheric flow that blows on
the blade. Considering the hypothesis of stabilized horizontal forward flight (with
constant speed), for simplification purposes, the aerodynamic reference frame and the
Galilean frame are made to coincide (Ra = Rg) under the null wind assumption, that is,
the velocity of the undisturbed flow that arrives at the blade is the Vx=V itself (the
displacement of the aircraft), and there are no lateral or vertical components. Hence it can

be assumed that: VM airlRg == Vair/Rg - VX/Rg = (Vb|adev )Ra . Considering OM the

Rf frame of reference, the velocity of the blade point M, reasoning from Rr to Rg, can be
decomposed into the sum of the velocity due to blade rotation, flapping, and lead-lag

movements ( Vm blade/fixed rotor =V blade aps )> added to the speed due to the forward flight (

VM o = Vblade, ), plus the induced velocity ( Vm alRg Vblade\,i ), where the first

term was previously obtained as Equation (3).

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 591



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

With the same notation as before, even with the given assumptions of stabilized flight
(without accelerations), straight flight (contained in the XZ plane), and level flight
(contained in the XY plane), one cannot consider Rg= R because constant pitch angles
ap are assumed in this model. Hence, from the derivative of the vector position, we have
the velocity of the blade in terms of its degrees of freedom given as the previously
obtained Equation (4). The same treatment can be done for the velocity due to the forward

flight Vpév in the aerodynamic frame of reference Ra (O, Xa (positive against the

movement of the aircraft, hence V negative), Ya, Za (inclined pitch and ap<O relative to
the Z-axis)). A rotation (ap>0), i.e, a linear transformation via director cosines, around

Y, =Y (as the element W33 is unitary) leads this velocity from Ra to Ry, as previously
shown in Equation (5). It is now necessary to consider the point M with its degrees of
freedom (ie, to take from the current Rt to Ry).

Similarly, a rotation (-yi, counterclockwise, by the design of the AS355 F2 aircraft,
represented in this work) around Z = 7z leads Vpé Q8,5 + Vpé y from R to Ru
Subsequently, a rotation of § (descending blade) around 7; = Y—,; leads it from Rt to Ry,

and a rotation of -3 (blade retreating in ) around Zv=7, leads it to Rp (flapping

followed by lead-lag movement), leading to the previously obtained Equation (6). Finally,
since Vi is a consequence of the blade motion, whatever the blade position is (y, 3, and
0), the blade’s relative motion (here in the frame Ry) due to the induced velocity Vi is
given, as before, by Equation (7), and the blade velocity is given, as before, by Equation
(8). Figure 9 in Section 3 shows the wind direction concerning the fixed rotor reference
frame Rf (O, X, Y, Z). V=Varg before reaching the blade. Figure 9 also shows the
decomposition of the wind speed U in the rotating blade reference frame Ry(O, Xp, Yy,
Zp) into a velocity component tangential to the rotor plane and perpendicular to the blade
span (Ur), and another velocity component perpendicular to the first one (Up).

The resultant speed is U= /U.* +U,?* , with tan = ¢ = Up/Ut, where & = blade angle

—_

of attack; ® = induced angle; and 0 = pitch angle. The wind velocity V in the blade
reference frame Ry is given by the previously obtained Equation (9) (where y = 0° is the
phase reference for the blade). There is a third component of U (radial Ur or Uxp) along
the blade span, that is, along with Xp, whose value of contribution to the lift (L) and the
drag (D) is assumed to be negligible.

Noting the assumption of a two-dimensional aerodynamics problem (Ci=Cios) for the
profile of the current point M of the blade (at position y = 180°), with the direction of Up
and Ur previously shown in Figure 9. The speed U of the impacting flow will be taken as
the composition of Ut and Up. Satisfying this hypothesis for Ci and Cio, it is assumed a
high aspect ratio for the profile, and the absence of stall and compressibility phenomena
(Johnson, 1980). These assumptions, together with the tangential and vertical velocity
components in Ry given as before, and with the previously adopted assumption of small
angles for B and 9§, lead to the previously obtained Equation (10).
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Hence, it is noted that the velocity component Ur is the sum of the velocities due to the
blade rotation (.r) and the translation (tangential component) of the helicopter

(V.cosay.seny; + Vcosa, cosy; 8). The velocity component Up is the sum of the
velocities due to the helicopter translation (vertical component), plus the induced velocity
(V.seno, +V,), the flapping velocity (derivative in B), and the translation of the

helicopter (tangential component) (V . COSaL, . COSw; f3) .

The elementary lift (L) and drag (D) forces are, respectively, perpendicular and parallel
to the plane of the resultant velocity U, (U)R (now known after transferring R¢ to Ry),

p

and are given as previously obtained Equation (11).

The drag on the main rotor produces the torque associated with it. Figure 23 shows the
elementary lift and drag forces on an infinitesimal element of the blade radius.

Chord L
Zp'
i ¢ /t/

—

- \\D
Blade elements inr radial Sy
\Hub position, with area ds=c*dr ——

(a) (b)

Figure 23: Elementary lift and drag in a blade section at y =90° immersed in flow: (a)
blade view; (b) section view — adapted from (Gessow & Myers, 1952)

In the reference frame Rp', for blade 7, the vector force in the element is given by the
previously obtained equation (12). It is now necessary to go from Ry to Ry: a rotation of
9, blade advancing in y, around Zp=Z; leads it to Ry. A rotation of —f (blade rising) takes
it to R. With &, B and  being small angles, we have: sin§ = £ = 0-¢ = 0-tan¢ = 6-Up/UT;
cos§ = 1; sinf = B; sind = 9; cosP = 1; cosd = 1; sing sind = 0; sind sinf = 0; sing sinf = 0.
Assuming: U? = Ur? + Up? = Ur?, as Up << Ur, and a + Cao = a, as Cao << a, leads to
previously obtained Equations (13) and (14). For simplification, the following
dimensionless coefficients are introduced:

Vcosay, | . . . : .
-u= = T is called lead ratio, and is defined as the relationship between the velocity
component parallel to the disc and the speed of the blade tip;
Vsena, +V,

- A=

is a parameter of the axial flow, also called induced velocity, throughout

QR

this text, and is defined as the relationship between the velocity component perpendicular to the
disk and the speed of the blade tip;
-x=r/Randy.=¢/R.
r
B(y) is expanded in components of a Fourier expansion: 0 =0, + E 0, , with O being

the fixed torsion (by design) and 0, =0, + 6, cosy, + 0, seny,. These last interventions
lead to the previously obtained Equation (15), still in the reference frame R:.
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For the evaluation of the axial flux parameter A(y), the Meijer-Dress formulation (Meijer
Drees, 1949) allows the consideration of a cyclic variation of the parameter A in reference
frame R:, according to azimuth y. This formulation leads to the previously obtained
Equations (16) and (17), which give the cyclic components as previously obtained in
Equation (18). The value of Ao is calculated by an iterative method (Newton-Raphson),
and the values of Aic and Ais are calculated by replacing A with the value Ao. The element
forces dFxia, dFyia, dFzia are spatially integrated along the blade (from ‘e’ to ‘R’), still in
reference frame R:. The dynamic pressure is adopted as S = pac(QR)?, leading to the
previously obtained Equation (19).

In general, the ratio e/R is small. We have for the AS355 F2 aircraft: R=5.34 mand e =

0.67 m, which leads to e/R = 0.12. The simplifying hypothesis RN -e" ~ R" is carried
out (n being a natural number). In this way, except for R - ¢ = R, the result leads to an
error of less than 0.12% in the effort calculations, which is neglected.

RESULTANT FORCE APPLIED TO THE ROTOR HUB

The resultant is obtained from the previously established relationship:

—_—

dH _ _
(— = Mblade—>hub + Mfuselage—>hub .
dt hub/Rg

However, it is necessary to change the reference frame to the fixed Ry, for the
aerodynamic efforts (since these were calculated in the rotating rotor frame R:). The
efforts of the blade on the hub were previously obtained as Equation (20). Substituting
Fxia, Fyia, and Fzia, we obtain, in the reference frame Ry, the components of the resultant
force on the rotor hub.

RESULTING MOMENTS IN THE ROTOR HUB

As previously presented, the moment in the rotor hub Moidehub (concerning point O) due
to the forces F acting on the blade, in the reference frame Ry, is determined with
components given as

M, = [OKLAFblade—%ub]-X=e seny, F,

M, = [OK,AFyjaehup |- Y =€ cosy,F,

M, = [OKLAFblade_,hub]. Z=e cosy, F,- e seny, F+ Kjs+ C56,
In the first vector of this dot product, the arm is OK and the inverted “V” denotes the
cross product. Thus, the three components Mbuudeshw in the reference frame Ry are
obtained directly.

RESULTING WRENCH IN THE HUB OF A N-BLADE ROTOR

The six expressions just established are equally valid for each of the blades that make up
the rotor (so far they are periodic in y and therefore non-linear expressions). The global
wrench of the efforts is obtained as the sum of these rigid body components, according to
the number of blades, as previously obtained in Equation (21).

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 594



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

BLADE DISPLACEMENTS EQUATION - FLAPPING DEGREE OF FREEDOM

Applying Newton's 2" Law in the reference frame Ry to the simply articulated blade, now
taking moments concerning K, as seen in Figure (11), in flapping, followed by lead-lag,

— K,
dH
we obtain: (_j _Mexternal forces — I(K M A ’YM)dm| 5 where the moment of the
dt blade/Rg on the blade

R
external forces is J‘ ( v,,)dm, and dm=mdr.

This time, the time derivative of the angular momentum (H=IQ) is not zero, since it
considers the product of the moment of inertia by the time derivative of the product of the
radius and the linear velocity (in the XiZi plane) of the point M on the blade, which is
equal to the angular velocity Q. The value of 'T' is derived, internally, from the integral of
the linear acceleration in m, and is assumed to be constant (rigid body). Then the
calculation of the integrand follows the previously obtained Equation (22).

Through the linear transformation matrix corresponding to a rotation (- y) around Z, we
move to the rotating rotor reference frame R:. Considering small-displacement angles in
B, 6, and 0 (with the corresponding simplifications), and also neglecting the triple products
between the angles B, 6 and their derivatives, when compared to their double products,
given that these are small angles, after some intermediate steps, we have, finally, in the
reference frame R: the derivative concerning the time of the product of the radius times
the linear velocity of point M over the blade, as previously obtained in Equation (23).

Flapping movement equations

With the above-calculated integrand in hand, we focus on the movement around the
flapping axis in K, Y, = Y:. Hence, for the projection on the Y; axis, the 2" Law applied
to the joint at K (in flapping), in the reference frame R, gives, with dmi=mdr:

—

dH
(E) T Mforces onbladei — f (K M A VM)Ydm
blade i/Rg flapping around K

The dynamic momentum theorem, in a projection on the y; axis, after some intermediate
calculations, leads to the previously obtained Equation (24). Considering the static
moment and the flapping inertia for the blade as defined, the dynamic moment
formulation leads to the Eq. (25). By using the aerodynamic forces on blade i, on axis Zt,
dFz as previously obtained, calculating the integral on the blade, assuming the cyclic
nature of y, as well as the truncation of the Fourier series expansion of each term

Bcon= 0901 .cosy;+ Oygseny,
B = By TPy .cosy; P seny; , and
0 = 8g+01.co8y;+015s€ny,,

leads to the previously obtained Equation (26). Equation (26) identifies the consecrated
form of the vibration equation, of a Mass-Spring-Damper System, by its resulting terms
of stiffness and damping due to mass (inertia), where the latter is in the second coupled
member with the forcing term (equally divided by the inertia term). To eliminate the
periodic nature of these ODE obtained above, a change of their domain from ¢ (in y) to
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that of frequency (in cyclic 0) is made through the Coleman operators (Coleman &
Feingold, 1957), as one of the so-called linear Fourier Transforms, through the Method
of Operators. This method consists of the simultaneous application of each member of
the flapping equation within the parentheses of each of the following operators:

%fozn(...)dv,b, ifom(...)coswdv,b and %fozn(...)simpdz/) . In practice, as mentioned

before, the advantage achieved is shown in converting that ODE into several separable
algebraic equations according to each of the constant components (Bo, Bic, and Pis)
independent of y. The double products of angles compared to the angles themselves are
neglected. In this way, the influence of the lead-lag angle on the beating movement will
be neglected, which means to neglect dcosy or dsiny in this equation. Following the same
steps, with intermediate calculations as in Section 3, three algebraic equations are then

obtained, independent of y, as coupled functions of the constant components Po, Bic, and
4
Bis. However, it is worth introducing, for simplification, the Lock Number y = pacR—

p
(parameter of the blade that relates aerodynamic forces with inertia forces), leading to the
previously obtained flapping Equation (27).

BLADE DISPLACEMENTS EQUATION: LEAD-LAG DEGREE OF FREEDOM

In this case, the aim is to move around the lead-lag axis at joint K, that is, we have that
Z, =Z's. But in order not to change the referential of the previous results, the 2" Law in

rotational movements is applied again in the reference frame Ry, for the component around
Zi(Rt), assuming that the restoring moment due to the frequency adapter (which avoids
ground or air resonance by reducing the blade frequency in lead-lag, moving it away from
the fuselage resonance frequency value) is also by the Z; axis, as considered before for
the calculation of M. This theorem gives, in projection onto the Z; axis, the moment of
the drag forces of the blade around point K as in the previously obtained Equation (28).
This degree of freedom is maintained under mechanical artificial damping for reasons of
dynamic stability (associated with ground and air resonances, which can destroy the
aircraft in a few seconds). The restoring moment due to the frequency adapter in lead-lag

. R 2
is: K5 6,+C,; 6it. Given that IB =1 ZL (r—e) mdr (since the blade is

assumed to be modeled as a line independent of axes and there is no cross-section),
introducing the obtained expression for dFyi* leads to the previously obtained Equation
(29).

After calculating the integral on the blade, making the assumptions RM-eN = R, the
truncation in the Fourier Series expansion previously described in Equation (30), and
neglecting the triple angle terms (eg: 6o .pic .01s = 0, etc.) against the double products,
given that 0, B, and 6 are small angles, one can resort once again to the application of the
operators in the differential equation (29) (again representative of a Mass-Spring-Damper
System), whose result is, finally, the algebraic equations of lead-lag motion previously
obtained in Equations (31) (for &0), (32) (for d1c), and (33) (for d1s), which describe the
lead-lag angle J(d,.d,, ed,,) as a function of the pitch angle 6(6,.0,, e 0,,) and the

flapping angle B( ;.5 € By )-
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ROTOR-FUSELAGE SYSTEM MODELING EQUATION (STATIONARY)
THE HYPOTHESES

We return to the six expressions of the wrench of the efforts on the rotor, as previously
calculated, and apply them to the case of a rotor composed of N blades considered strictly
identical. In this way, this wrench can be considered constant over time, and thus can be
treated as stationary.

THE PARAMETERS

Added to the displacements 0, B, and o (referring to the rotor state), a, v, and Trc are
considered to correspond to the fuselage attitude, with small angles which are used in the
numerical simulation in radians. Thus, the parameters treated are the flight parameters
(Ao e g BorBrc Prs: 05,01, 015.04.0,.0, ), which are added to the fuselage attitude (

0y, 010, 015,05 J ¢ T s o Bic Prs 001,01 )-
APPLICATION OF THE COLEMAN TRANSFORMATION

In this step, the same integral operators are applied to the six expressions of the previously
calculated wrench of the efforts on the rotor, as they are then periodic functions, to obtain
a linear formulation whose effect on each component F and M is its description in the
form of a linear combination of the flight parameters

C S C S C S C S . ) . i I )
(Ao,ﬂq_ s BorBrerBisr 0y, 01.,0.,04,0,,0, ) Next, for simplification purposes

the triple products of angles are neglected against the double products in the expressions
of Fx, Fy, and My, as well as the double products of angles, are neglected against the angles
themselves in the expressions of Fz, Mx, My.

The efforts F and M of the rotor hub are expressed, therefore, as a function of the different
flight parameters, post-Coleman Transformation (Coleman & Feingold, 1957) - now in
the frequency domain and constant in time, where:

- the induced velocity coefficients (/10,110,/115) (response or output) are determined by

the Meijer-Dress formulation (Meijer Drees, 1949);
- the torsion 0, is an adopted design data (a built-in fixed-parameter);

- the coefficients of the flapping movement (ﬁoﬁlwﬁu) (response or output) are

calculated using the equilibrium equations as a function of 6,0, ,0,; (and other
parameters already known or calculated);

- the coefficients of the lead-lag movement (50,51 513) (response or output) are

c’

calculated using the equilibrium equations as a function of (6,,0,.,0, ) and
(ﬂowglc’lgls)~

The six equations of wrench (the efforts F and M) on the rotor hub are therefore functions

of only three parameters: 0,,0,.,0,, (excitation or input, as a pilot control action through

c’

collective and cyclic commands).
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(STATIC) BALANCE OF THE ROTOR-FUSELAGE SYSTEM
Assumptions:
e known/adopted design parameters: dimensions and limits (in this case, for AS 355F2).

e the fuselage, moving immersed in the air, does not produce L but produces D (from
pressure and friction).

e the negative lift effect of the horizontal empennage 'T.n', assumed modeled as Ten =
1/2pV*(C,S)en, where (C,S)en is the equivalent lift area factor, assumed independent of
the empennage profile (C; and S).

e Tail rotor anti-torque thrust (Trc), counterclockwise, is necessary to balance the rotor-
fuselage system in reaction to the action of the main rotor on the fuselage. The value of
Trc is obtained corresponding to a directional lateral attitude in yaw (yr) null, that is,
without skidding of the fuselage in forward flight.

e the negative value: installation of the Squirrel's tail rotor being on the right side (a second
puller).

The following variables are still unknown: the efforts F and M of the rotor hub are a
function of the three parameters 6,,0,.,0,; (excitation or input, as the pilot control action

through collective and cyclic commands). The attitudes (responses or outputs) of the
fuselage are: longitudinal in pitch (af), lateral in roll (yr). The rotor anti-torque thrust
(Trc) (obtained by assuming zero yaw lateral (yr)). In the case to be studied (stationary
stabilized horizontal forward flight with constant speed), the aerodynamic reference
frame and the Galilean frame are confounded Ra=Rg but, due to the pitch ar, Rh#Rg.

As the rotor hub efforts F and M were initially expressed in the fixed rotor frame R, a
linear transformation is necessary according to a rotation (-oam) around Yt. With this, the
wrench is transformed from the fixed rotor reference Rr into the helicopter reference
frame R, as previously shown in Equation (34).

Analogously:

e as the forward flight speed V was expressed in the aecrodynamic reference R,, a rotation
(ar) around Yy is applied. From there, V is leaded from the aerodynamic reference frame
R. to the helicopter reference frame Ry, as previously shown in Equation (35), where:

oy =0l — O, .

e the helicopter's weight (descending) is passed from the Galilean frame R, to the helicopter
frame Ry, by a rotation (- ar) around Y, = Ys. In continuation, another rotation (-¢r) around
X follows, as previously shown in Equations (36) and (37).

The balance of F along the three axes, in the Ry, helicopter frame, leads to the previously shown
Equation (38).

The equilibrium of moments M around the rotor hub, relative to which the fuselage
rotation is zero, in the helicopter reference Rn, gives: Z Mo =0, leading to the
previously shown Equation (39).

And we finally arrive at the six homogeneous equations, previously shown in Equation
(40), representing the balance of the fuselage in Rn. As this is an equilibrium equation,
there are no accelerations (which arise with the introduction of defects in the discussion
that follows).
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The previous hypothesis of small angles is maintained to facilitate the mathematical
treatment of the solution, and we have the wrench of the applied efforts on the rotor hub
in the Rn reference frame, as previously shown in Equation (41).

Adding the three equations of flapping, the three equations of lead-lag, and the six
equations of the rotor wrench, we have a system of twelve non-linear algebraic equations

in the twelve unknowns (0, 0,.,0,, 0, @, Tay s Bo s Bics Biss Ogs 011 Os )-

4.3 Introduction of anisotropies in the main rotor (Direct Problem)

Here the model of the direct problem is addressed, meaning that here the defect is
introduced, leading to changes in the vibration signature. The disturbance of equilibrium
discussed above, by inserted anisotropies, from here on, also treated as defects. Therefore,
as a system response, the vibrations are measured in the aircraft structure thanks to the
associated accelerations. All anisotropies inserted in the blades are considered as if they
were "equivalent" anisotropies to the different ones that are corrected by adjustments to
the blade inertia (m:) and/or the aerodynamic performance of its profile (6;).

From the previous equilibrium equations, it is known that, in the case of the conventional
isotropic rotor, the Coleman Transformation (Coleman & Feingold, 1957) provides that
the efforts /" and M in the rotor hub, as well as the twelve flight parameters (response) 0,
B, & (these in their three cyclic components) and of, yf, Tra, are constant concerning time
for each equilibrium position (since it eliminates periodic terms sine(\yi) and cosine(yi)).
These efforts applied to a fuselage assumed to be rigid and in balance with external forces
applied to the fuselage, in the conditions of the stationary flight, or forward flight at
constant speed. Consequently, in both cases, all the predicted accelerations of the fuselage
(the linear accelerations of its CG and the angular accelerations around it) are null. From
this equilibrium position (as static equilibrium), the values of the resulting attitude of the
fuselage are obtained: longitudinal pitch (ar); lateral or roll (¢r); and yaw (ys).

The introduction of anisotropies for a blade i (while the other blades are assumed to be
unchanged) and the calculation of their new angular displacements 0, 3, and 6 on the rotor
leads to new forces in the hub, which are no longer constant (being functions of yi), that
is, they are time-varying efforts according to the frequency 1Q. Hence, the fuselage
equilibrium equations are no longer homogeneous (as previously calculated), as the 2"
part (the right-hand side of the equation) leads to fuselage accelerations of the same
frequency. It is worth mentioning that the displacement of each blade is a result of the
contribution of constant efforts in time (isotropic equilibrium) and of efforts in these
variables under 1Q frequency (small variations around that equilibrium position, with the
defects generating accelerations). From this point of view, the movement of each blade
can then be decomposed into the movement of the blade itself (translated by the three
angular displacements in flapping and the three angular displacements in lead-lag) added
to that of the fuselage with which the blade is linked (translated by the displacements of
the rotor - angular displacements ar, ¢f, Trc, and the input 6o, 81c, 015s). In this oscillation,
it is assumed that a new attitude of the fuselage assumes another variable portion, added
to the previous one (isotropic equilibrium), which is unique and assumed unchanged after
the introduction of anisotropies. This means that the defects do not alter the fuselage
equilibrium attitudes but introduce variations around 1Q them. In this way, the
accelerations do not have permanent terms in time and are constituted only by periodic
parcels (since in the isotropic case they are null) in y(t)=C, for the six degrees of freedom
(DoF) about the fuselage CG, as previously shown in Equation (42).
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INFLUENTIAL PARAMETERS

It is worth remembering that any azimuthal position (yi) of a blade corresponds to the
angular space (involving the angular frequency of the rotor) associated with time by the
relation t = yi / Q, counted from the moment of the passage of the blades through the
reference position, yi = 0.

This reference, in practice, corresponds to the synchronism signal given by the magnetic
sensor installed on the fixed plateau of the main rotor mast. To calculate the torque of the
forces acting on the rotor hub updated with defects, it is necessary and sufficient to know
the corresponding new values of A(y; ),0.(y; ).pi (v, ),0,(y; ), the mass of the blades
(mi), the static moment of the blades (msi), and the inertia of the blades (Ipi). It is
considered that there were no changes in the parameters of the blades (R, e, ¢) and their
profile (Cdo, a), and neither in the advancing rate p nor the air density p.

Regarding the before-mentioned parameters, one has that:
R R

» mass of the blades: M; = I dm, = J‘ mdr . An anisotropy in m; (and consequently in m; and
e e

Igi) can be considered as an "equivalent” mass change in the radial position of the rotor, where the
equilibrium mass (balance platelets, in this case) can be added.

R R
» static moment of the blades: Mg = J. rdm, = J‘ rmdr , where m is the blade mass;
e e

R R
* blade inertia: g :J. r’dm. :j r’mdr . The three parameters m;, mg, and I can be
! e e

different for each blade, due to the anisotropies. Furthermore, they are interdependent, that is, a
variation of m; implies a corresponding variation of the values of mg; and Ig;. The insertion of an
equilibrium mass (Am;), associated with its RME (distance of the balance plate mounting to the
rotor hub), leads us to changes in the parameters of blade 7, based on the isotropic values of ms;
and I; ("iso" index, below):

m =m__ +Am,

Py Piso
m, =m, +AmXRME
2
I, =1, +AmXRME

» air density (p): this parameter is provided, for example, from the standard atmosphere tables,
and depends on pressure-altitude and temperature.

+ advancing rate (1): Dimensionless parameter of the helicopter's speed about the air (V) and of
the rotor disk inclination (ap) in pitch, which depends on the longitudinal position of the cyclic
control. The fuselage pitch angle (ar) depends on the inclinations of the disc, rotor (ap), and mast
(om) so that o= op - om (it is seen that oy is smaller than op, justifying the compensation of an to
meet maneuverability/flight quality requirements);

* the parameters of the blades (R, e, ¢) and their profile (Cqo, a): Although they also constitute
possible anisotropies, within the scope of this study, they are considered constant and independent
of the blades;

* The induced speed Ai(y;): Proportional to the advancing rate (u) - hence, to the rotor disk
inclination (ap); to the thrust coefficient (Cr) (which is due to the helicopter's thrust - Fz); the air
density (p); and the azimuthal position (yi). As it is assumed that there is no anisotropy on the
induced velocity, A does not depend on blade i;
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* The blade pitch 8;(yi): As already introduced, anisotropies linked to the blade profiles can be
considered as "equivalent" variations of the blade pitch 0;(y;), which varies according to the
azimuthal position (yi) of the blade and to the balance of the fuselage, in the cases considered of
stationary flight or forward flight at a constant speed (i = constant, non-zero).

For the case of fuselage equilibrium, it is assumed, as external forces acting:
- the rotor hub efforts;
- the weight of the helicopter applied at the CG position of the fuselage;

- the fuselage lead-lag, assumed to be applied at a fixed point (A) and acting independently of the
fuselage pitch;

- the negative lift of the horizontal empennage assumed to be applied at a fixed point and acting
independently of the fuselage pitch; and

- The anti-torque thrust of the rotor, is necessary to balance the torque applied by the main rotor.
0i(yi) can be changed through the length of the blades' control rods (which changes the collective
pitch 6o of blade i); and/or

- the tab angle adjustment, whose profile bending creates an aerodynamic moment around the
elastic axis of the blade (transmitting forces to the fuselage through the rods), is proportional to
the forward flight speed. Hence, the tab angle adjustment does not affect the taper (Bo) of the rotor
in stationary flight, however, it is proportional to L, being more pronounced on the forward blade
side than on the retreating blade. In this work, the tab angle adjustment is simulated as an
anisotropy 0is. Therefore, making 0;s # 0 (and other parameters equal to zero) in the flapping
motion equations, for stationary flight (u = 0), that is, hovering or vertical flight, one obtains:

B,=0 ; B.» -0 ; P;=0. Analogously, for the forward flight condition (1 # 0), we have Bo =

1 - 815, which points out to an increase in taper (Bo) proportional to 6;s (rotor pitch in forward
flight) and p, as wished. The calculation of 0;(y;) is divided into two steps:
1 - in the absence of anisotropies on the rotor, the blade pitch (0o, 0ic, 0is) comes from the
isotropic rotor equilibrium equations, as previously seen;
2 - the anisotropies are introduced on a blade by adding the desired increment (according to
only to 6o, 015), under the assumption that the pitch of the other blades is not altered. Then, the
resulting pitch of the blades (0o, 01, 0is) is calculated again, assuming that there is no influence
on the pitch of the other blades.

* The flapping movement Bi(vi): As seen before, Bi depends on the azimuthal position (y;), the
pitch 0i(y;), the induced velocity A(vyi), the air density (p), the parameters of the blade (R, ¢, c, a,
msi, Igi), and of the advancing rate (it). Analogously to the previous parameter, the calculation of
Bi(y) is divided into two steps:

1 - in the condition of the absence of anisotropies on the rotor, all blades have the same mass
(m), static moment (ms), a moment of inertia (Ig), and pitch (8) (obtained from the helicopter
equilibrium, as seen before). Thus, we have an expression of B(vy;) which is valid for all blades.

2 - the three types of anisotropies adopted as equivalent defects on a blade (i) are introduced,
namely:

e balance mass on the blade handle (change of m;, mg, Ipi)
e adjustment of the blade control rod (full change of 0;, as it acts on all y)
o the tab angle adjustment (change of 01, as it acts according to the flow)
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Then, the flapping of this blade (Bi(yi)) is calculated again, assuming that there is no
influence on the flapping movements of the other blades.

* The lead-lag movement 6i(yi): As seen before, &; depends on i, 6i, Ai, Bi, the air density (p), the
advance rate (), and the blade parameters (R, e, c, a, m;, Ipi).

The displacement d can also be changed due to anisotropies in the frequency adapter (either in its
stiffness Ks;i, or in its damping, Cs;).

Like what was done for 8; and ;, this calculation is divided into two steps:
1 - in the condition of the absence of anisotropies on the rotor, the lead-lag (8o, dic, 015) comes
from the isotropic rotor equilibrium equations, as seen before;
2 - the anisotropies considered on a blade i are introduced, assuming that there is no influence
on the lead-lag movements of the other blades.

CORRECTIONS APPLICABLE TO THE MAIN ROTOR

This item addresses the nature of the defects inserted in the mathematical model in use,
which is adopted according to the corrections available in this research. The defects to be
introduced are among the following:

Inertia or mass defects: change in m;, ms;, and Ig;

Defects in the aerodynamic performance of the profile;

Length of the pitch link (pitch rod): change in 6¢;; and

Adjustments in the angle of tab: change in 014 (not adopted in this work).

The above discussion referred to the Direct Problem, in which a change is made, leading
to changes in the vibration signature. In the case of the Inverse Problem, changes in the
signature lead to the possible rotor variables that may have caused that change, and to a
suggestion of the possible corrections/adjustments to be performed, to correct the
unbalance and/or out-of-track blade. It is important to mention that the correction values
to be suggested (as a diagnosis of defects) according to the results of the Inverse Problem
must be submitted to the limits recommended in the Manufacturer's Manual, beyond
which the foreseen action is the replacement of the defective item indicated by the
algorithm.

RESULTANT EFFORTS WRENCH IN THE ANISOTROPIC ROTOR HUB

Carrying out the same calculations as previously described, for blade i, now after
introducing the defects (using the new values of mi or 6), the new pitch angles (6i),
flapping angles (Bi), and its associated lead-lag (6i). The efforts F and M on the rotor hub
are due to these new angles. These efforts are updated according to the previously derived
expressions for forces F'and moments M, so the resultant output (associated accelerations)
has components in siny and cosy (cyclic terms, truncated in 1Q2) added to the 1st constant
component (index zero - the same as in the case of the isotropic rotor equilibrium), leading
to the previously derived Equation (43). As before, we will apply to the expression of

efforts of the operators: ir”( )sin dy and ir”( )COS dw to the periodic
p S I yay ordo U yay p

components in siny and cos Y of the blade i, culminating in the constant terms 1C and
1S. These transformations lead to the twelve expressions previously obtained in
Equations (44) to (55) (constant terms 1C and 1S), where the index "i" of the various
angles (the pitch, flapping, and lead-lag) is suppressed for simplicity of notation. To apply
the sum of the forces acting on each blade, at this time one proceeds differently from
Section 3. In the case study (N = 3 blades), the azimuth of each of the three blades must
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be considered, as they are now distinguished from each other, so it is not enough just to
multiply by N. Adopting y1 =y (red blade), y2 = y + 2n/3 (blue blade), and y3 =y +
4n/3 (yellow blade), leads to:

Fx1 =Fxo1 + Fxicicos y + Fxisiseny

Fx, = Fxgp + Fx1cpcos(y + 2n/3) + Fxgpsen(y + 27n/3) = Fxp + Fxjgpcosy -
Fx1¢cpseny

Fx; =Fx03 + Fx|c3c0s(y + 4n/3) + Fxjg3sen(y + 4n/3) = Fx(3 - Fxjc3cosy -
Fx1g3seny

Finally, by harmonic balance, we have:

{Fx1ctrotor = FX1c1 + FX152 - FX1¢3  {MX|c}rotor = MX(¢] T Mx (g2 - MX[ 3
{Fx1g}rotor = FX1g1 - FX1¢2 - FX143 {Mxg}rotor = MxX1g] - MX1c2 - MX 143

{Fy1chotor =Fyicl T Fy1s2 - Fy1e3  {Myjchrotor = Myjcl + My(s2 - My1c3

{Fyisioor = Fy1s1 -Fy1c2 - Fy1s3  {My{gtrotor = Myjg1 - My - My(s3
{Fz1ctrotor =Fz o1 T+ Fz150 - Fz1e3  {M2zc}rotor =Mz + Mz g2 - Mz 3

{Fz1g}rotor =Fz141 - FZ1¢2 - FZ1 43 {Mz|g}rotor = Mz1g] - Mz1¢2 - Mz 43
(DYNAMIC) BALANCE OF THE ROTOR-FUSELAGE SYSTEM

The previously-derived balance equations of the rotor-fuselage system are no longer
homogeneous after the introduction of rotor defects, hence the classification of the
balance as dynamic. The balance of external forces is presented in the previously derived
Equation (56). One can observe in Equation (56) that the 2nd term (the right-hand side)
is the product of the total mass of the aircraft by the periodic acceleration of the CG along
each axis.

The equations of moments were previously obtained with the equilibrium about the rotor
hub. As the focus is on the motion of the CG of the aircraft, these equations must be
rewritten to consider the wrench of the external efforts applied to the rotor hub (index
zero) and this CG. Furthermore, there is a need to know the fuselage moments of inertia
(due to its rotating movements) about the CG, which change as a function of the aircraft
centering. Thus, the moments of inertia in roll (Ix), pitch (Iyy), and yaw (Izz) are
considered, as well as the product of inertia representing the yaw-roll coupling (I=x), while
the other couplings are assumed to be null.

From the moments and products of inertia and the mass M, the radii of gyration p are
obtained as a function only of the centering Xc and Y by the expression I = Mp?. The
balance of moments about the CG is described by > M=Ila, where M comes from the
global wrench of efforts on the hub, the linear measures are the moment arms, which leads
to the previously derived Equations (57) and (58).

One must note in these Equations (57) and (58) that a, @, and Trao were obtained from
the fuselage equilibrium with the isotropic rotor, as derived before. Also, Trc 1c and Trc
1s are the periodic components of the tail rotor thrust required to nullify the yric and yris
components of the yaw motion (assumed constant). Since yric and yris were assumed not
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to be zero in the calculation of the second derivative of yy, then it is required that Trc 1c
= Trc 1s = 0 (therefore, it is assumed that the tail rotor does not provide cyclic thrust that
can cancel the cyclic motion in yaw).

To find the 12 unknowns of the fuselage accelerations (6 linear and 6 angulars): Q? (xic,
Xls, Ylc, Yis, Zlc, Zls, Oflc, Ofls, Ofic, Qfls, Yfle, Yfls), one must apply again, to the variable
equilibrium equations (thanks to the expansion of the three angular accelerations), the

operators: iJ‘ZH( )sin dy and iJ-ZH( )COS d The efforts on the rotor hub
P S ol U yay o7 d0 U yay .

already obtained, leads to the previously derived Equations (59) to (70).
TRANSFER OF THE CG ACCELERATIONS TO FUSELAGE POINT 'M'

The accelerations of the rigid fuselage, excited by the rotor and by external forces applied
to the fuselage, are known and they are applied to CG. Now, they need to be transported
to the fuselage points indicated by manufacturers in which accelerometers are intended
to be placed, and the vibration quantities are intended to be obtained. In this context, we
have the position vector GM of a point (M) of the fuselage about its CG (origin as point
G) of the helicopter reference frame Rn. From which, through linear transformations
based on rotations of (-ys), (-ar), and (-¢r), as shown previously in Equation (71), the same
vector position is written in the Galileo reference frame, parallel to the aerodynamic frame
(Rg = Ra), with X, Y, Z values of the coordinates of the points in the helicopter frame
(Rn). Carrying out the necessary algebra, the vector is derived twice concerning time t to
provide accelerations. Considering, in Galileo's frame of reference, a point G' coincident
with point G, we have that the acceleration of the CG (point G) has only linear terms
(because it is a point), and is given by previously obtained Equation (73). The
acceleration of point M, in reference frame Ru is given by previously obtained Equation
(72). From this frame, transforming to the helicopter frame, again, we have (d?GM/ dt®)rn,
as previously shown in Equation (74). Small angles v, af, and ¢r is again used and, for
simplification, the triple products of angles are also neglected concerning the double
products, leading to the previously obtained Equation (75). Considering in X that:
d2Xwm/dt? = Q*Xm = Q*(-Xmiccosy- -Xmissiny), we will also have the analogue for Y and
¢. To find the six unknowns of the three linear accelerations of the fuselage point M, we
will apply, as before, the operators to these three equations. The six unknowns were
previously detailed in Equation (76).

AMPLITUDE AND PHASE OF THE RESULTING ACCELERATIONS

The efforts on the rotor hub are expressed as a function of the azimuth coordinate of the
red blade: y1 = y = Q, where t represents the time after the red blade passes through the
nose of the helicopter (home position y = 0) when the magnetic sensor triggers the timing
signal. From this moment (then t = 0), the Theory of Complex Numbers, applied to the
amplitudes of the sine and cosine vibration measured in the fuselage, allows the
acceleration to be expressed in terms of amplitude and phase. Thus, from the measured
information on X (Xis, X1¢c), ¥ (V1s, Yic), and z (z1s, Z1c), we have the amplitudes at the CG
and point M, as previously detailed in Tables 2 and 3.
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4.4 Validation of the calculation code

APPLICATION OF THE MODEL: COMPUTATIONAL SIMULATION

This computational resource constitutes a valuable tool for simulating the model's
responses to the excitations associated with introduced anisotropies equivalent to typical
defects, such as main rotor unbalance and out-of-tracking blades. Thus, the original
computational code in FORTRAN for a 4-blade helicopter (Jorge, 1992) was written in
MATLAB® for a 3-blade helicopter (Gonzalez, 2012).

Within the so-called Direct Problem, the code is divided into two parts, as shown in Figure
24, by the structuring of the work: a first part for the calculation under the modeling of
the fuselage-rotor system in equilibrium (this one called isotropic) in terms of the twelve
parameters a(y), B(v), o(v), O(y), o(v), Tre, Poi, Pici, Pisi, O0i, O1ci, O1si, Ooi, O1ci, and Oisi;
and a second part to calculate the vibratory responses as variations (concerning the
isotropic case), due to anisotropies, according to the amplitude and phase as obtained at
a point M on the fuselage.

st 2" part

) 1" part Introduction of equivalent defects in the previous
Modeling the rotor dynamics assumed as| | fyselage-rotor model to obtain the corresponding
isotropic equilibrium (iterative procedure) vibration (amplitude and phase) at point M
(attachment of sensors to the fuselage)

Introduction of “defects” on a blade: update of mass
parameters by entering Am (if balancing “defect”);

J |or, analogously, by 8(w)o, 8(y)sc and O(y);s
\(if “out of tracking” “defect”)

N
Definition by entering the aircraft project
data that configure the modeled one

4

with a tested flight condition

[Record of read operational data associated] -

4

(Update of Mass properties and/or 9(\|1)]

Arbitrary (carefully chosen) initial estimate for 0 and its
cyclic components (as they are dependent on B and V)

n

B(y) is updated and
then tracking is calculated

«

Calculation of V; (iterative), B(w), 8(y), and thus of 68(y),
for each respective subroutine in cyclic components

"
¢—

Calculation of the wrench of efforts (six components)
acting on the hub in equilibrium, subroutine operates
the six equations already Fourier transformed

of the wrench of efforts and the resultant on
each hub axis through harmonic balance

ST

Subroutine calculates 1st cyclic components}

n
P

Subroutine of the balance of hub wrench efforts with
the fuselage defining O, s, and Trc responses

Calculation of CG acceleration}

"

Refinement of V;, 8(y), B(w), with wrench values.
The same for refinement of the previous calculation block

Calculation of the radius of gyration per axis
Equilibrium-solution of the homogeneous and accelerations at point M
nonlinear algebraic system (12x12) isotropic

fuselage-rotor (“fsolve” subroutine)

LAmpIitude and phase calculation at points M and CG}

Figure 24: Flowchart of the subroutines of the computational code for the Direct
Problem [Adapted from (Gonzélez, 2012)]

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 605



Jorge, Ariosto B., et al. (2022) Parameter Identification Helicopter Main Rotor Balancing & Tracking pp. 519-616

The first part deals with the numerical resolution of a multidimensional system of twelve
nonlinear algebraic equations (to twelve unknowns) governing the movement of the rotor-
fuselage system, in the frequency domain (after applications of Fourier Integral
Transform according to Coleman operators, as seen above). This first part requires a lot
of iterations to define the proper input vector, as the components are linearly dependent
and unknown. Internally, the solution process of this algebraic system includes its
linearization by subroutines of the computational algorithm “fsolve”, selected as the most
adequate among the options available in the MATLAB® software environment.

Structured with aircraft design information, the resolution of these equations uses data
from the executed flights as input and then reveals the dynamic behavior of the analytical
model adopted according to small vibrations around the equilibrium. Briefly describing
the code, Figure 24 presents a flowchart for the code. The code starts with the definition
of the aircraft design data adopted, as previously presented, followed by the recording of
obtained data associated with a flight condition. Once these data are gathered, a
subroutine is activated that operates the previously discussed Meijer-Dress formulation,
iteratively, according to the Newton-Raphson numerical method, to obtain the first
estimate of the induced velocity Vi, as it is a requirement for the next task, which is to
obtain, via the dedicated subroutines, the values of B(v), d(y) and 6(y), according to their
cyclic components. These subroutines are initialized from a free but careful initial
estimate for 0, whose value depends on B and Vi, which are not yet available, proving to
be quite a sensitive part of the code. Numerical methods are expected to allow modeling
with minimal simplifications while preserving the precision of the result. However, this
approach requires a good initial estimation of the input vector to further find the solution
to the system. In this case, although 0 represents the command (from the pilot), around
which the rotor needs to adapt, the convergence of the method of the 'fsolve' subroutine
is sensitive to large variations, even though its internal algorithm predicts eventual
problems of a distant estimate of the real root. These four variables are then used in the
next subroutine that calculates the six components of the wrench acting on the hub in
equilibrium, operating the post-Fourier Transform equations (six equations). In sequence,
subroutines are called to provide the values of of, ¢r, and Trc, based on the three
equilibrium equations of the rotor-fuselage system. With these data, it is possible to
recalculate, in a refinement step, the values of the first four variables before the next step:
the calculation of the equilibrium of the fuselage-isotropic rotor nonlinear algebraic
system. The best result of the 'fsolve' subroutine comes from the internal application of
numerical optimization techniques that impose robustness to Newton's method in the
calculation of each step, as offered by the MATLAB™ software, and which makes use of
its Jacobian matrix, previously evaluated as Equation (77), also provided by a specific
subroutine. The result of this algorithm converges to the output vector composed of the
twelve mentioned values. It is worth mentioning here the sensitivity of the functional
parameters requested by this subroutine (according to the internal algorithm, the “fsolve”
and the residual error), for each flight condition, to verify the convergence of the
numerical method. Most optimization subroutines adopt a termination criterion, to end
the calculation when the residual error (the difference between two successive iterations
roots) and/or the difference between each iterative step are less than a value specified by
the user. Hence, if this value is too large, the subroutine does not manage to find a solution
that can effectively nullify the system of equations. Otherwise, if it is too small, the
algorithm reaches the maximum number of iterations before the difference between two
successive iterations, to obtain the root, has been reached. Having obtained the established
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scenario for the equilibrium behavior of the system in context, we move on to the second
part of the Direct Problem, which does not require iterations: the introduction of primary
anisotropies, that is, one at a time. Firstly, this is done by updating the mass parameters
(if the balance “defect” is adopted) or the three cyclic components of 6 (such as in the
case of an out-of-tracking type of “defect”) of the selected blade, using the sum of
increments associated with the last values obtained (these three ones, again, by initial
estimates).

From this point on, it is possible to recalculate the first cyclical components of the forces
and moments that are applied to each blade according to the three adopted Cartesian axes,
which, as mentioned before, are no longer constant. The following steps are analogous
calculations of the resulting wrench of efforts on the hub, according to similar terms in
sine and cosine (harmonic balance); the CG acceleration; the radius of gyration of the
fuselage, needed to obtain, in the subsequent step, the accelerations at the CG and point
M; and, finally, the amplitude and phase calculation at these points (the CG and point M).

VALIDATING THE MODEL: FLIGHT TESTS

In the task of demonstrating the applicability of the proposed mathematical model, we
choose to compare the simulated response with real experimental data. Among possible
sources of the same, it was decided to start a flight test campaign on a platform with the
same parameters of the considered model. The platform adopted is an Aerospatiale-AS
355 F2 Squirrel Twin Engine, a representative model of a series, and belonging to the
then Special Group of Flight Tests - GEEV (currently called Flight Tests and Research
Institute - IPEV), one of the military organizations of the Department of Aerospace
Science and Technology - DCTA, located in Sdo José dos Campos, SP, Brazil.

The tests performed were a valuable instrument to support the research in context, as they
met the test requirements, and were performed in compliance with the established
provisions of the test order, which presented the complete analysis of the main risks, with
a description of the causes, consequences, and the mitigating actions to be taken, as well
as the emergency procedures to be adopted. The flight test schedule established the
following registration points, corresponding to the flight profiles provided in the MET
62.10.00.603 Maintenance Manual for the aircraft (HELIBRAS, 1994):

* ground turn with the throttle adjusted to flight setting;
* hovering IGE (in ground effect) at 2 m above the ground, heading with the wind,
* leveled forward flight in maximum power continuous (PMC); and

* forward flight at the PMC, underside turns, left and right, leaning 45°.

Through these points, representative of the basic operating conditions, the aim is to
collect vibration characteristics (amplitude and phase) of this aircraft, corresponding to
balancing and tracking conditions at 1Q frequency: first, in the condition within the
tolerances recommended in the MET; and then outside them, as follows:

« yellow blade: two fewer balance platelets; all other blades balanced and inside tracking;
* analogous procedure with the red blade; and finally
* again with the rotor balanced, only the yellow blade is out of the ideal tracking.

The following references from the MET were adopted, for the case of rotor balanced,
with adjusted tracking, for 1Q: (with IPS being: “ inches per second”)

* ground turning and hovering at 2 m: in the Y direction < 0.2 IPS and tracking < 6 mm;
* level forward flight in PMC: in the Z direction < 0.2 IPS and tracking < 20 mm; and
« forward flight with lateral turns at +45° incline in PMC: in Z < 0.35 IPS.
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For the vibration data acquisition, a portable equipment ACES P2020 was used, coupled to two
sets of accelerometers in positions defined in the maintenance manual: one accelerometer
to capture the amplitudes of the accelerations in the Y-axis (located horizontally on the
mast of the main rotor — it is a rigid point); another accelerometer to capture the
accelerations on the Z-axis (vertically on the left front floor); and a magnetic sensor
located on the fixed plateau to measure the phases, when it passes through the magnetic
switch (emitter) permanently affixed to the mobile plateau. Figure 25 shows the
equipment used (except the magnetic sensor) (images taken during the tests).

H

Figure 25: Flight test instrumentation: (A) strobex; (B), (C) Z-axis accelerometer;
(D) Y-axis accelerometer; (E) ACES P2020 analyzer; (F) balance sheet;
(G) platelets fixed to the blade handle; (H) change in platelet configuration
[Adapted from (Gonzalez, 2012)]

ASSESSMENT OF THE (PRELIMINARY) FLIGHT TEST RESULTS

As for the computational resource adopted to verify the model, the simulation would
provide better results if the real design values (unavailable) were used. It is noteworthy
that the consideration of flight conditions becomes a problem, given that, for each case
of mass and balance, for example, it would be necessary to effectively evaluate the value
of the initial 0 fixation to be provided at the beginning of the code for the isotropic case.
Therefore, for a more comprehensive simulation in terms of flight conditions/phases and
the flight envelope of the aircraft, it would be necessary to build a numerical solution
more adapted in robustness to this specific problem. Nevertheless, in the case limited to
the range of this initial estimated of 0, as stated above, the code showed convergence after
twelve iterations, consuming insignificant computational time, whose values were
subjected to comparisons with the results of the flight tests. Tables 4 and 5 present a
comparison between flight test and numerical simulation results, for 16 test points (cases
in which flight tests were originally scheduled). For better use of the evaluation, and by
the recommendations of the MET, the end signal of each installed accelerometer is
considered. Therefore, in Tables 4 and 5, the data indicated is highlighted in the grids. In
each cell corresponding to the reading at a test point, there are two lines for comparisons
between test data (top line) and numerical simulation (bottom line). The grids guide the
consideration of lateral vibrations Y (in the rotor plane) for test points 1 and 2, and vertical
vibrations Z (orthogonal to the rotor plane) for the others, only.
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Table 4: Comparison of flight test results and numerical simulation: test points 1 to 8
[Adapted from (Gonzélez, 2012)]

Data 1 2 3 4 5 6 7 8
1Q7Z 0,38 0,35 0,08 0,14 0,30 0,08 0,34 0,12
(IPS) 0,347 0,351 0,349 0,349 1,033 1,051 1,406 1,411
Phase Z 326,50 359,50 273 309 202,5 185 204,50 189,50
(©) -89,97 89,95 -89,953 -89,908 -55,581 -55,271 -49,200 -49,342
1Y 0,18 0,47 0,05 0,20 0,26 0,44 0,28 0,46
(IpS) 1,478 1,491 1,484 1,162 2,022 2,062 2,898 2,902
Phase Y 358,50 8,50 358,50 22,50 16 9,50 6 13
©) - -83,601 -83,512 -83,475 -30,800 -30,181 -18,777 -18,942
83,530
Red -0,5 -1,3 No data 0,7 No data -5,8 No data -6,6
Blade 0.474 0.473 0.4763 0.478 1.444 1.462 1.459 1.899
Yellow 0,0 0,0 No data 0,0 No data 0,0 No data 0,0
blade 0.475 0.473 0.478 1.444 1.462 1.459 1.899
Blue 0,0 2,0 No data 0,5 No data -7,8 No data -5,5
blade 0.475 0.474 0.478 1.462 1.459 1.899

Table 4 additional details: Flight tests (1st day) Test point & description. Condition & description

. Point 1: Ground turn. Condition 1: Rotor balanced and tracking adjusted - test/code.

. Point 1: Ground turn. Condition 2: Yellow blade with two fewer platelets - test/code.

. Point 3: Hover IGE. Condition 1: Rotor balanced and tracking adjusted - test/code.

. Point 3: Hover IGE. Condition 2: Yellow blade with two fewer platelets - test/code.

. Point 4: Level forward flight at PMC. Condition 1: balanced and tracking adjusted - test/code.

. Point 4: Level forward flight at PMC. Condition 2: Yellow blade with two fewer platelets - test/code.

. Point 5: Forward flight + Curves ¢ = 45° at PMC (Right Turn). Condition 1: balanced and tracking adjusted -
test/code.

8. Point 5: Forward flight + Curves ¢ = 45° at PMC (Right Turn). Condition 2: Yellow blade with two fewer platelets
- test/code.

NNk W

Table 5: Comparison of flight test results and numerical simulation: test points 9 to 16
[adapted from (Gonzalez, 2012)]

Data 9 10 11 12 13 14 15 16
1Q Z (IPS) 0,16 0,04 0,06 0,03 0,37 0,33 0,40 No
0,343 0339 0349 0340 | 1,345 | 1356 | 1356 | data
Phase Z (°) 333 255 262 125 172.5 114 | 17050 | No
-89,96 80,944 89,990  -89,96 - - - data
95583 | 48,974 | 49,537
1QY (IPS) 0,08 0,21 0,09 0,26 0,24 0,30 0,33 No
1,142 1,125 | 1,172 | 1,103 | 2.827 2817 2,849  data
Phase Y (°) 319 116 97 12250 | 22 55 358 No
-83,531 -83,629 | -83,541 | -83,540 - - - data
18.845 18.400  18.807
1.0 0,7 0,0 1.0 48 0,2 5,0 No
Ll ke 0.473 0467 0476 0471  1.874 1890 1.882  data
Vellow blade 0,0 0,0 0,0 0,0 0,0 0,0 0,0 No
0.473 04677 0476 0471 1874 1890 1882  data
Blue blade 1.0 0,0 1,7 1,7 5.6 4,0 46 No
0.473 0467 0476 0471 1874 1890 1882  data

Table 5 additional details: Flight tests 2" day. Test point & description. Condition & description

9. Point 1: Ground turn. Condition 1: Rotor balanced and tracking adjusted - test/code.

10. Point 1: Ground turn. Condition 2: Yellow blade with two fewer platelets - test/code.

11. Point 3: Hover IGE. Condition 1: Rotor balanced and tracking adjusted - test/code.

12. Point 3: Hover IGE. Condition 2: Yellow blade with two fewer platelets - test/code.

13. Point 4: Level forward flight at PMC. Condition 1: balanced and tracking adjusted - test/code.

14. Point 4: Level forward flight at PMC. Condition 2: Yellow blade with two fewer platelets - test/code.

15. Point 5: Forward flight + Curves ¢ = 45° at PMC (Right Turn). Condition 1: balanced and tracking adjusted -
test/code.

16. Point 5: Forward flight + Curves ¢ = 45° at PMC (Right Turn). Condition 2: Yellow blade with two fewer platelets
- test/code.
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The flight test campaign could not complete the schedule in its entirety due to a failure
related to the operation of the Main Gear Box (MGB) (presence of swarf/filings in the
dedicated magnetic sensor), which also contributes to vibrations. This occurrence made
the aircraft unavailable for a long period, in addition to what was compatible with this
research work. Thus, there are no data tested from test point 16 (Table 5), nor the tracking
variation per action in the pitch control rod length adjustments. It is worth mentioning the
difficulties of the mechanics for the sensitive readjustments of the pitch rod to its original
position, which is decisive for reference flights.

As for the flight tests, even though they are the best alternative in terms of the wealth of
information, they also presented, in smaller numbers, some adverse results than expected
(for example: in the evolution of trials 5 to 6; and 7 to 8; 13 to 14 - decrease instead of
the expected increase in the amplitude of the oscillatory response. These inconsistencies
are attributed to the complexity of the atmospheric environment in which the flight
dynamics are immersed; to the instantaneous variation of aircraft parameters, including
those sensitive to the recording instant (eg: speed and vibration reading, which are related
to the test pilot's ability to identify and sustain the desired condition then reached); and to
possible disturbances associated with the acting defect and only then detected. All these
facts can be mitigated by considering an average of a large number of similar flights,
which was not possible in this research.

As for the simulations, the same inconsistencies were manifested in the evolution of tests
3to4;9to10; 11 to 12. It is attributed to the series of simplifying considerations that
were necessary for this study as a determining influence on the small values of the
variations and to the large ones in the module of the results of the amplitudes relative to
the experimental data, as well as the large phase variations. Also noteworthy is the
influence of the rigid blade hypothesis and the absence of relevant real project values, as
these would be the only guarantee that the same tested aircraft is being simulated.

The results obtained are preliminary. A few results were encouraging, such as the
evolution of flight tests 1 to 2; 3 to 5; and 7 to 8 — confirming the increasing trend in the
amplitude of the oscillatory response. Especially in evolution 1 to 2 and 5 to 6 the phase
change trend aligned with the experimental test data (taken as a reference for this reading).

A comment on the vibration absorbers in Z- and Y- directions

In the flight tests carried out, the accelerometer in the vertical Z-direction was located in
the front section of the cabin, as shown in Figure 25, reasonably far away from the most
rigid section of the fuselage (which would be near the station just below the main rotor).

This front section, at the nose of the aircraft, is a region that oscillates (and therefore has
important natural modes of vibration) in this Z-direction (due to the elasticity of the
structure). A suggestion for future work would be to choose a location to install the
accelerometer and collect vibration data in the Z-direction as another point, in a more
central region, perhaps near the vertical station below the main rotor.

Another important aspect is that under the floor of the Squirrel, more or less in the region
below the pilot's seat, there is a vertical vibration absorber, tuned to the 3Q frequency, as
shown in Figure 26. This absorber is located in a station about halfway between the main
rotor station and the region near the nose of the aircraft, where the accelerometer was
placed in the flight tests that were carried out.
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Typically, a linear absorber would not have an important effect on frequencies away from
its design frequency (in this case, 3Q), but, in the case of non-linearities in the vibration
absorber behavior, there is a possibility (to be investigated) that this vibration absorber
could have influenced the signal in 1Q captured by the accelerometer.

The two reasons above (the location of the accelerometer at a forward station near the
nose of the aircraft; and the presence of a nearby Z-direction vibration absorber) may
have contributed to the discrepancy found between the flight test results (lower Z-
vibration amplitudes) and the numerical model (higher Z-vibration amplitudes), in this
cockpit accelerometer, installed in the vertical direction.

The vibration amplitude measured in the flight tests was about one order of magnitude
lower than the vibration amplitude calculated by the numerical model, giving a hint that
maybe some part of the vibration in 1Q was also attenuated, maybe by some non-linear
behavior of this vertical vibration absorber in 3Q.

1 -Bottom structure beam \ S )

2 - Attachment backing plate ) | A & Chamfers

3 -Attachment plate : for movementof blade (4).
4 -Flexible steel blade == T e Comply

5 -Resonator weights S — with installation direction.

Figure 26: (AS 350B3 Squirrel) Z-direction vibration absorber (floor below pilot) —
adapted from (EUROCOPTER, 2010)

As for the accelerometer in the Y-direction (therefore, practically in the rotor plane), it
was correctly placed in a more central region, but because the location of this
accelerometer was at a height very close to the rotor plane, the vibration measured in the
Y-direction could have been influenced by the presence of the main rotor vibration
absorber, with its resonator weights, as shown in Figure 27.

These resonator weights, inside the fairing, form a tuned set to absorb vibrations in the
rotor plane at the 3Q frequency. Thus, like the case of the absorber of vertical vibrations
under the pilot's floor, this in-plane absorber may have influenced the Y-vibration
measured results. Again, the Y-vibration amplitude measured in the flight tests was one
order of magnitude lower than the Y-vibration amplitude calculated by the numerical
model, giving a hint that maybe some part of the vibration in 1Q was also attenuated,
maybe by some non-linear behavior of this vibration absorber in 3Q.
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\ \ | Main rotor
: hub axis

1 - Vibration absorber fairing

2 -Coil spring (3 springs)

3 - Vibrating weight

4 - Cylinder centering and retaining balljoint (5)

5 -Balljoint guiding weight (3) in the horizontal plane

6 - Protective boot keeping out external agents (e.g.
dust, rain, etc.)

7 -Rotor hub star

Figure 27: (AS 350B3 Squirrel) Y-direction vibration absorber (rotor hub) —
adapted from (EUROCOPTER, 2010)

The presence of these vibration absorbers in Z- and Y- directions near the location of the
corresponding Z- and Y- accelerometers may have contributed to the lower amplitudes in
the vibration signal obtained in the flight tests, when compared to the corresponding
amplitudes calculated using the numerical model and may help to explain the differences
in amplitudes that were found.

Thus, the presence of a Z- or Y- vibration absorber, in the vicinity of an accelerometer in
the same Z- or Y- direction, requires further investigation and would demand a change in
the location of the accelerometer in future test flights, and/or an improvement in the
numerical model, to include the presence of such vibration absorbers.
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4.5 Possibilities for future work
As suggestions for further work, one can consider:

e a thorough review of the model and its assumptions, to be able to refine and adapt the
model to attain a higher level of fidelity of the model concerning the real aircraft, to
properly represent the dynamics of the rotor-fuselage system, including the above-
mentioned vibration absorbers in Z- and Y- directions (see Figures 26 and 27);

e real aircraft data is required to be used in the model, again to increase model fidelity
concerning a real aircraft. Proper aircraft parameters must be given, and/or identified
using data science/pattern recognition techniques (Artificial Neural Networks, for
example), and must be validated before their use in the numerical model;

e the numerical model and the flight tests need to represent the same flight conditions, to
validate the comparisons between numerical and experimental results. The observed
trends for the code results as compared to the flight test results should present similar
behavior, to provide evidence of the potential for this model to be used as a tool to help
maintenance procedures of balancing and tracking of the helicopter main rotor, based on
vibration measurements in the fuselage.

e after the model for the Direct Problem (given defects in the main rotor, leading to
vibration changes (amplitude and phase) at particular fuselage points) is revised and
validated, the research may concentrate on adequate approaches (optimization methods,
identification approaches) for the Inverse Problem (vibration changes (in amplitude and
phase) at particular fuselage points leading to
detection/localization/classification/identification of defects in the main rotor, and, in
consequence, leading to the suggestion of corrective maintenance procedures, such as the
proper adding/subtracting of balance masses, or the increasing/decreasing of the pitch rod
length).

5 Concluding Remarks

In this chapter helicopter, vibration reduction techniques were discussed, focused on
balancing, and tracking the helicopter rotors, and concentrated on a discussion of model-
based parameter identification for balancing and tracking a helicopter main rotor using
once-per-revolution vibration data. Details of the models were presented for two study
cases: a 4-blade main rotor, and a 3-blade main rotor. Simulation results were obtained in
both cases from the models that were derived in this work. These results were compared,
for the 4-blade rotor case, with the charts available in the maintenance manual, and for
the 3-blade rotor case, with some preliminary flight tests that were performed under flight
profiles recommended in the maintenance manual (MET), as an experimental phase of
the work.

The results obtained for both cases showed that the models derived in this study, even
with all the assumptions and simplifications in the derivation of the equations, are
promising, and pointed out in the proper direction.

For the 4-blade case, the model has indicated a correction to be done in the proper blade
and in the proper direction (for example, for correctly adding or subtracting balancing
masses). Only the amount of mass to be added/subtracted differs slightly from the model
to the experimental case.
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For the 3-blade case, the computer code exhibited significant sensitivity to changes in
flight conditions and, certainly, was influenced by the deficiency of real design data in
the simulation, which could have limited the performance of the numerical results. Also,
environmental factors during the experimental flight, as well as the instantaneous
parameters in continuous variation, may have contributed to compromise the intentions
of formal validation of the model.

The perspectives regarding the potential of the model derived in this work were deemed
satisfactory, with a valuable experience arising from the investigation and analysis of the
comparative results, with insights, such as the need to take into account the presence of
the Z- and Y- vibration absorbers, in the vicinity of the accelerometers in the same Z- or
Y- direction.

As suggestions for future work, the coefficients of the obtained equations could be seen
as parameters to be identified in an inverse problem. With this approach, the values of the
mass, centering, etc., will be identified for the actual helicopter, and used as the
parameters in the derived equations, instead of using, in these equations, the
average/typical values that were used in this work. Doing this model-based parameter
identification for an already-derived equation should be more efficient and less time-
consuming, when compared to the signal-based identification of the helicopter and rotor
parameters from scratch, in which only input and output data would be available, without
any prior knowledge of the mechanics of the system.
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