Chapter 17

Finite Element Method for Structural
Integrity Problems

Chapter details

Chapter DOI:
https://doi.org/10.4322/978-65-86503-83-8.¢17

Chapter suggested citation / reference style:

Sales, Thiago P., et al. (2022). “Finite Element Method for Structural Integrity
Problems”. In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models
for the Direct Problem, Vol. Il, UnB, Brasilia, DF, Brazil, pp. 618-665. Book
series in Discrete Models, Inverse Methods, & Uncertainty Modeling in Structural
Integrity.

P.S.: DOI may be included at the end of citation, for completeness.

Book details

Book: Fundamental Concepts and Models for the Direct Problem

Edited by: Jorge, Ariosto B., Anflor, Carla T. M., Gomes, Guilherme F., & Carneiro,
Sergio H. S.

Volume 11 of Book Series in:

Discrete Models, Inverse Methods, & Uncertainty Modeling in Structural Integrity
Published by: UnB City: Brasilia, DF, Brazil Year: 2022

DOI: https://doi.org/10.4322/978-65-86503-83-8

618


https://doi.org/10.4322/978-65-86503-83-8.c17
https://doi.org/10.4322/978-65-86503-83-8

Finite Element Method for
Structural Problems

Thiago de P. Sales'*, Polliana C. O. Martins?, Domingos A. Rade’

! Aeronautics Institute of Technology, Brazil, tpsales @ita.br
2University of Brasilia, Brazil, polliana.martins @unb.br
3 Aeronautics Institute of Technology, Brazil, rade @ita.br

*Corresponding author

Abstract

The finite element method (FEM) has been applied to solve engineering problems in
several areas during the last decades, fulfilling an important role, mainly in situations
that present complex, or even non-existent, analytical solutions. As every numerical
technique, this approach has limitations which are directly linked with digital com-
puting capacity, since this method is widely and predominantly implemented using
such tools. Thus, this chapter presents a contextualized and updated introduction to
the FEM, including its fundamentals, such as important considerations about spatial
discretization of the physical domain and formulation at element and global levels.
Using the variational approach, the formulation of two different finite elements is
presented in considerable depth, namely for a quadrilateral, two-dimensional elas-
ticity FE, with four nodes; and for a Kirchhoff-Love plate, equivalent single layer
composite[laminate FE, rectangular, with four nodes. In a second moment, two
examples are discussed, the first of which is concerned with an H-shaped sheet, with
one of its edges clamped, and being subject to a uniform pressure load. The second
example studies a rectangular, four layer composite, clamped on one of its edges.
By means of both of these, one highlights the importance of proper mesh generation
and/or adequate selection of a FE for a given problem; as well as the various types of
structural dynamics’ analyzes one might be interested in performing. Additionally,
most relevant information and discussion is provided concerning parameterization of
FE models, particularly in association to model updating and damage identification.
Farticularly, a section is dedicated to model updating based on the sensitivity of
eigenvalues and eigenvectors. Final remarks are also included, to point out most
pertinent directions, in the view of the authors, for interested readers to follow. As a
bonus, MATLAB® codes implemented by the authors, related to the two considered
examples, are made available for download within the chapter material.

Keywords: Finite Element Method; quadrilateral two-dimensional finite element; rectangular

Kirchhoff-Love plate; parameterization; model updating.
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1 Introduction

From the Mathematics standpoint, the Finite Element Method (FEM) is a numerical technique
intended to provided approximate solutions to differential equations. From the engineering per-
spective, the FEM has been conceived to obtain approximate solutions of a range of problems
whose underlying physics are governed by differential equations. Despite the fact that the method
has been originally developed for the analysis of structural systems, it has been widely used for the
modeling of a variety of engineering problems, in the fields of Solid Mechanics, Fluid Mechanics,
Heat Transfer, Electromagnetism, among others. Due to its accuracy, computational efficiency
and modeling flexibility, besides its ease of implementation in digital computers, the FEM has
achieved great diffusion, both in industry and academia, being considered as a high valued tool for
the development of engineering projects and scientific investigations. One can surely say that the
FEM is currently one of the most widely used numerical techniques in science and engineering.
As aresult, the method has been taught in most universities around the world, with the support of a
variety of textbooks [Zimmerman, 2006, Lewis et al., 1996, Reddy, 2019, Jin, 2015, Bathe, 2014].

The main motivation for the use of the FEM lies in the fact that for highly complex Engineer-
ing problems, analytical solutions to the underlying differential equations are difficult — or even
impossible — to obtain. In fact, mathematical models of those problems, represented by a single
or a set of ordinary or partial differential equations, can be obtained from the application of well
established physical principles governing the underlying phenomena. Very often, simplifications
are adopted by neglecting effects considered to be less influential. However, the resolution of the
governing equations by using classical mathematical techniques can be unfeasible due to existence
of a number of complicating factors, such as complex geometry, combination of multiple materi-
als, nonlinear behavior, variable material parameters (with time or environmental influences), etc.
These complicating factors are very often present in actual industrial problems.

For illustration, let us consider the heat transfer problem on a thin plate, of arbitrary boundary
shape and material composition, as illustrated in Fig. 1. As in many practical cases, simplification
is made by assuming that, given that the plate is thin, temperature is constant across the thickness,
which implies the absence of heat flux in that direction. Hence, the original three-dimensional
problem is simplified to a two-dimensional counterpart.

9(){, y’[) = 9_(/\', y’ t) \

\ _er(-x»y’ f) = Q(X’ y»t)

X

Figure 1: Illustration of a two-dimensional heat transfer problem on a plate of
arbitrary shape.

Upon application of the law of energy conservation and Fourier’s law of heat conduction
to a differential element of the plate, the following partial differential equation, whose solution
provides the transient temperature distribution over the plate, described by the so-called field
variable, 6 = 8(x, y, t), is obtained:

0 00 0 00 00
a_ X ) a_ a_ ) a_ ) - ) s ) . = ’ 1
P (k (x, y 9)ax)+ay (ky(xy H)ay)+Q(xyt) p(x,y,0)clx,y,0) o= =0, (1)
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where Q(x, y,t) is the rate at which energy is generated per unit volume of the plate material,
p(x,y,60)and c(x, y, 0) are, respectively, the material mass density and specific heat, and &k, (x, y, 8)
and ky (x, y, 8) are the material heat transfer coefficients in directions x and y, respectively.

It should be recalled that the resolution of Eq. (1) must satisfy a set of initial and boundary
conditions. Fig. 1 indicates that these later can be of two different categories, namely: enforcement
of temperature values, 6(x,y,t) = 6(x, y,t) (a Dirichlet boundary condition), and enforcement
of the heat flux in the direction normal to the contour line, —¢g,(x, y,t) = g(x, y,t) (a Neumann
boundary condition).

The complicating factors involved in Eq. (1) are material heterogeneity and anisotropy (i.e.,
material properties depend on direction and space coordinates) and non-linearity (material proper-
ties depend on the unknown temperature distribution). In addition, the arbitrary shape of the plate,
which defines the domain to be covered by the solution.

Hence, a complicated problem such as this one can only be solved with recourse to numerical
methods, among which, the FEM is a convenient one.

Currently, the Finite Element Method can be found implemented in a variety of commer-
cial packages. Graphical interfaces are most often used, guiding the user across the different
phases of modeling and numerical resolution. However, it is of utmost importance that the user
fully understands the fundamentals of the method so as to be capable of making the appropriate
modeling decisions and correctly interpreting results. In addition, there may be the need for the
implementation of elements with particular characteristics, not available in the package’s standard
element library, and also the performance of the so-called intrusive operations. These later involve
modifications of the FE model in its inner structure, as required in certain types of analyses, such
as model adjustment to experimental data or system optimization. In such situations, mastering of
physical, mathematical, numerical and computational aspects of the method is indispensable.

Therefore, in the subsection that follows, the basic steps involved in typical FE models are
described aiming at, hopefully, providing the necessary understanding of how the method operates
in commercial software and also helping the readers to implement their own code, should this be
needed.

1.1 Fundamentals of the finite element method

Given the scope of the book to which this chapter belongs, an example focused on Solid Mechanics
will be used for the description of the fundamental phases of FE modeling.

Figure 2: Illustration of a two-dimensional elasticity problem on a sheet of arbitrary
shape.
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Figure 2 illustrates a plane-stress elasticity problem, in which a thin sheet defining a domain
D(x,y) is subjected to in-plane loads, being constrained on a certain number of points on its bound-
ary, which is indicated by I'(x,y). For simplicity, the assumptions of linear load-displacement
material behavior and small displacements and rotations are adopted.

The classical problem to be solved consists in, given the loads and boundary conditions,
determine the displacement Cartesian components u(x,y) and v(x,y) of each and every point
P(x, y) of the sheet, as well as the strain and stress distributions over the solid domain.

1.1.1 Spatial discretization of the domain

The first step of FE modeling is the division of the domain in which the problem is formulated
(in the present example, the sheet and its boundary) in subdomains of predefined, user-selected,
characteristics. These subdomains, called elements, are chosen to have simple geometry (triangles
or quadrilaterals in two-dimensional problems; tetrahedrons or hexahedrons in three-dimensional
problems), having given numbers of notable points, usually located on their edges, called nodes.
Fig. 3 depicts the sheet of interest divided in a relatively large number of quadrilateral and triangular
elements. Also shown is an amplified view of an element /, and its respective nodes,denoted by
i, J, k,l. The entire set of elements and their nodes is named the model mesh.

Also indicated in Fig. 3 are the displacements of the four nodes of interest in directions x
and y, denoted as if;, V;, U,V j, Uk, Vi, i, v;. In the finite element jargon, these displacements, or,
more generally, the values of the unknown variables of the problem at the mesh nodes are called
degrees-of-freedom (DOFs).

p(x,y) .
F F

A

X A

Figure 3: Illustration of a mesh defined for the discretization of a two-dimensional
elasticity problem, and details of an element.

1.1.2 Interpolation of the field variables

Once defined the model mesh, the most distinguished idea underlying FE modeling is put forward,
namely, the interpolation of the unknown variables, in the present case, the Cartesian components
of the displacement field, within each element of the mesh. Accordingly, for a typical element /,
these variables are mathematically expressed as follows:

uD (x,y) = Ni(x, y)u; + Nj(x,y)uj + Ni(x, y)ug + Ny (x, y)up, (2a)
v (x,y) = Ni(x, y)vi + N (x, y)vj + Ni(x, y)vi + Ny (x, y)vy. (2b)
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It can be seen that, on each element, the displacement components at any point of coordinates
(x, y) within the element, are expressed as linear combinations of the corresponding values evalu-
ated at the four nodes. The coeflicients of these linear combinations are the functions of the space
coordinates N;(x,y), N;(x,y), Ni(x,y), Ni(x,y). These functions, called interpolation functions
or shape functions, are chosen for each particular type of element. In general, they are polynomial
functions whose degrees are chosen according to the number of nodes (and DOFs, as a result)
assigned to the elements.

It should be highlighted that, once the nodal values of the unknowns are determined, the values
of the variables u") (x, y) and v\?) (x, y) are obtained as continuous functions of the nodal values,
as given by Egs. (2). Hence, the primary goal of finite element computations is the determination
of the nodal values, the number of which is finite, as opposed to the number of variables in
the original Solid Mechanics problem, governed by partial differential equations, whose solution
over the entire domain u(x, y), v(x, y) must be valid for the infinite number of points comprising
the domain. It can, thus, be stated that the combination of the discretization and interpolation
procedures enables to reduce the original infinite-dimensional problem to an associated finite-
dimensional one, amenable to approximate numerical resolution. This entails transitions from one
type of mathematical model (for the continuous problem) to another (for the discretized problem).
For example, in the case of transient heat transfer problems, the transition leads from a partial
differential equation to a set of (generally coupled) ordinary differential equations having the nodal
temperature values as unknowns; in the case of equilibrium problems of elasticity, the transition is
made from a set of partial differential equations to a set of coupled algebraic equations having the
nodal displacement values as unknowns.

1.1.3 Formulation at element level

The formulation at the so-called element level is carried-out by considering the physics of the
problem, starting either from basic governing principles or, more directly, the differential equations
governing the underlying phenomena. For this purpose, three different formulation approaches can
be followed, which are described next. Irrespective of the approach adopted, the goal is to establish
differential or algebraic relations between inputs applied at the element nodes, and resulting outputs
at the nodes. For example, in heat transfer problems, the inputs are heat fluxes and the outputs are
temperatures; in static elasticity problems, the inputs are forces and the outputs are displacements.
At this level, each element is considered individually, without any interaction with neighboring
elements.

* Direct approach: in this approach, the equations describing the underlying principles are
directly manipulated, in association with interpolation of the field variables to obtain the
above-mentioned input-output relations. As examples, in heat transfer problems, energy
balance and Fourier’s law are jointly used with interpolated temperature field within the
element to obtain relations between heat fluxes applied at the nodes and the corresponding
nodal temperature values; in static elasticity problems, equilibrium equations and material
constitutive laws, together with interpolated displacement fields lead to relations between
forces applied at the nodes and the associated nodal displacement values. In spite of
providing clear physical meaning of the operations performed during the derivation of
the input-output relations at the element level, the direct approach is mostly used in the
formulation of one-dimensional problems, since its extension to two- or three-dimensional
problems tend to involve rather cumbersome manipulations.

* Variational approach: this approach is based on the exploration of the so-called variational
principles, which establish stationarity conditions to be satisfied by certain functionals that,
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in many cases, are integrals expressing the energy of the system. From the mathematical
standpoint, methods for finding the extremals of such functionals are in the scope of a
branch of Mathematics known as Variational Calculus [Weinstock, 1975, Lanczos, 1986].
In the case of mechanical systems of interest here, the most widely used variational prin-
ciples are the Principle of Minimal Potential Energy, which, applied to elastic systems,
states that, among all possible deformed configurations satisfying the prescribed boundary
conditions, the actual configuration developed is the one that minimizes the total potential
energy of the system; and the Hamilton’s Variational Principle, which establishes that, for
dynamic systems, the actual motion evolution, satisfying boundary and initial conditions,
must extremize a functional expressing the net value of the difference between the kinetic
and potential energies.

For the variational formulation at element level, the applicable variational principle is used
in combination with the interpolation of field variables and, searching the conditions to be
satisfied by the aproximate solution to ensure the stationarity of the associated functional.
Eventually, the stationarity conditions are brought to the requirement that the derivatives of
the algebraic form of functional with respect to each DOF of the element must vanish. This
procedure leads to the input-output relations at element level that are searched for.

In spite of being very powerful and elegant, the use of the variational approach is confined
to problems governed by variational principles, which is not always the case.

* Weighted residuals approach: this approach operates directly on the differential equations
governing the problem into consideration. The main idea is to establish the conditions to
be satisfied by the approximated solution in such a way to minimize the solution errors
expressed as mean values of point-wise weighted residual functions, evaluated over an
individual element. The number of errors considered is equal to the number of DOFs of the
element, and each one is obtained from a different weighting function.

The computation of the errors involve the integration of the corresponding weighted residual
functions over the element. The use of Gauss’ Theorem or Green’s Theorem (according
to the dimensionality of the problem) enables one to reduce the maximal order of the
differential operators in the integrand, leading to the so-called weak form of the problem.

Various weight residual methods have been devised, making use of different weighting
functions. Among them, the most popular (at least in the scope of FE modeling) is the
Galerkin Method, in which the shape functions are used as weighting functions.

Similarly to the two previous formulation approaches, the weight residual approach eventu-
ally leads to the searched input-output relations at element level.

1.1.4 Formulation at global level

In the formulation at element level, each element of the mesh is considered individually, without
any physical interaction among them. This means that, at that level, the formulation leads to a set of
uncoupled equations expressing the input-output relations for each and every element of the mesh.
However, as can be seen in Fig. 3, all the elements of the mesh will have at least one neighboring
element with which it shares nodes and DOFs. This means, from the physics perspective, that at
nodes shared by neighboring elements, the continuity of the field variables must be ensured, as well
as other requirements depending of the specific nature of the problem, such as force equilibrium
and null net heat flux. These conditions are enforced by appropriate modification and combination
of the input-output relations previously established for each element at element level, which leads to
relations between outputs and inputs at global level, represented, respectively by vectors containing
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the whole set of nodal DOFs and nodal loads. These two vectors are related to each other by a
square multiplicative matrix (known as global stiffness matrix in Solid Mechanics problems.

From the algorithmic standpoint, enforcement of the above-mentioned conditions is made by
a sequence of well-defined matrix operations, known as matrix/vector assembling [Zienkiewicz
et al., 2013, Reddy, 2019].

1.1.5 Enforcement of boundary conditions

Upon completion of matrix/vector assembling, the input-output relations for the whole FE model
are available, nonetheless without any constraints imposed to the DOFs. Hence, the global matrices
and vectors must be further modified to account for the boundary conditions. In Solid Mechanics
problems, for example, very often those conditions represent specific values assigned to particular
DOFs associated to nodes located on the boundary of the body.

1.1.6 Numerical resolution

The finite element equations at global level have to be solved by using appropriate numerical
procedures. According to the nature of the problem, different types of equations must be solved:
for equilibrium or steady-state problems, one has systems of algebraic equations, while for dynamic
or transient problems, systems of ordinary differential equations are to be solved. Furthermore,
within these broad categories of problems, some specific numerical problems may emerge. For
example, static or dynamic stability problems require the resolution of eigenvalue problems, while
the frequency response analysis in structural dynamics require the resolution of a series of sets of
linear algebraic equations, each one corresponding to a discrete value of frequency.

In addition to the calculation of the primary unknowns of the FE model, by the resolution of
the equations mentioned above, further computations are required to determine other quantities
derived from those unknowns. As an example, in linear elasticity problems, most often the primary
unknowns are the nodal displacements. In these cases, strain distributions must be determined
by applying the appropriate differential operators to the displacement distributions at element
level, according to the strain-displacement relations. Then, stress distributions are computed by
making recourse to the stress-strain relations at element level, which involve the matrix of elastic
parameters. These additional computations are most-often referred to as post-processing of the
primary solution of the underlying problem.

At this point it is important to point-out that the efficiency of the FE method highly depends
on the efficiency of the numerical algorithms used for the resolution of the different types of
mathematical equations mentioned above. This is due to the fact that, to provide the necessary
accuracy, complex finite element models must use highly refined discretization meshes, which leads
to large numbers of DOFs and numbers of equations to be solved simultaneously (of the order of 10°
to 107). In addition, in the majority of applications of practical interest (model updating based on
experimental data, structural optimization, uncertainty propagation, etc.) the numerical resolution
of the mathematical equations must be made multiple times. As a result, computational burden
tend to be typically high and must be properly managed to render the computations feasible for the
computer resources available. Besides the search for increasingly efficient numerical methods, the
alleviation of computation cost can be achieved by employing techniques of model condensation
and metamodeling [Zu-Qing, 2004, Gratiet et al., 2017, Sargsyan, 2017, Chen and Schwab, 2017].
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2 Modeling of Problems in Solid Mechanics (Variational Approach)

The application and formulation of the FEM for problems in Solid Mechanics can be carried out
using various strategies, as briefly explained in the previous section. Here, the variational approach
is adopted, due to its versatility and relatively simple background requirements. While previous
knowledge on Variational Calculus should not be required to follow the developments presented
next, the reader can consult other material available on the matter if he/she has desire to do so
[Weinstock, 1975, Lanczos, 1986].

Additionally, one assumes the reader to be reasonably familiar with Solid Mechanics. Various
concepts invoked in the sequence can be found in more specific literature, e.g. [Fung et al., 2017].

Within the framework of the variational formulation of the FEM, one seeks to make a functional
stationary. In the case of structural dynamics problems, such functional is directly related to the
Lagrangian, £, given by the difference between kinetic K and potential U/ energies:

L=K-U. 3)

Both contributions arise due to the motion of a solid body. Referring to Fig. 4, let us denote the
velocities of an arbitrary point by u(x, y, z, 1), V(x, y, z,t) and w(x, y, z, t) along the three Cartesian
coordinate directions, where (') = d( )/dt. The kinetic energy of the solid body can therefore be
obtained by:

K(r) = /// %p(x, v,2) [uz(x, v, 2,1) + V2 (x, v, 2, 1) + W2 (x, v, 2, t)] dx dydz, ()
Q,

where p denotes the mass density, and €, the volume occupied by the body at time ¢. In essence,
the previous equation is the continuum counterpart of that one related to a collection of discrete
particles; it can be interpreted as the (Riemann) sum of half the mass times the square of the
velocity magnitude of each continuum (differential) particle.

Figure 4: Snapshot of a solid body during its motion, at time #, with volume Q; and
boundary 09Q;.

With regards to the potential energy, it can encompass various contributions (due to elasticity,
gravity, ...), but all being related to conservative loads, i.e. those whose mechanical work do not
depend on the load-path. Considering that the theory of elasticity holds (i.e. small/infinitesimal
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displacements and strains are assumed), U can be obtained using:
1
U(r) = 3 ///Q [axex + Oy €y + O € + Ty Yoy + TuzVaz + Tyzyyz] dxdydz — Wi, (5)

where 0 = 0y(x,y,z,t) and 7;; = 7;;(x, y,2,1) (i, j € {x,y, z}) stand for the Cartesian components
of the engineering stress tensor; and €; = €;(x,y,z,1) andy;; = 2¢;; = v;j(x,y,2,1) (i, j € {x,y,2})
represent the Cartesian components of the infinitesimal strain tensor and shear angles, respectively.
Additionally, ‘W, represents the work done by conservative external forces. It can be calculated,
in general, according to:

Wexe (1) = //Qt [u(x,y, o) fp(x,y,2,1) +v(x,y,2, t)fby (x,y,2,1)
+w(x,y,2,0) fF (x,y,2.1)] dedydz
+//ﬁg [u(x, y, 2,0 £ (6,3, 2, 1) +v(x, ¥, 2,0 f7 (6, y, 2, 1)
| +w(x,y,z,0) fE(x,y,2,1)] dS, (6)

where f, fby and f; represent body forces (forces per unit volume, such as the one due to gravity)
and £, f; and f¥ correspond to surface forces (forces per unit area, e.g. tractions, pressures,
concentrated loads). The boundary of the body, on which surface forces can be applied, is denoted
0Q;, and dS represents a differential area/surface element.

Additional equations need to be taken into account to allow for specification of the solid’s
material behavior. These equations are known as constitutive equations. If the solid behavior
is in accordance with linear elasticity, and its properties are the same in every direction (i.e. the
material is isotropic), then its constitutive equations correspond to Hooke’s law. In the case of
three-dimensional elasticity, it reads:

Ox = (lJrv)l(YTZV) [(1 —V)€x — VEy — sz] : 7a)
Ty = may [ve (1= v)ey —ver s o)
72 = Ty [ver e+ (- vel: (7¢)
Txy = Gyxy; .
Txz = Gz e
Tyz = G'}’yz, (7f)

with E, v and G = E/[2(1 + v)] corresponding to the material’s Young’s modulus, Poisson’s ratio
and shear modulus, respectively. Of course, more general constitutive relations can be considered,
depending on the material one wants to model.

Other important equations which need to be recalled relate strains to the displacements expe-
rienced by the solid body during its motion. From the theory of linear elasticity, the following
holds:

_au‘ _av. ow ou v ou Jow ov B_w

- .. - 4. =7 xy = o a0 Xz = S P = 38
o T gy ST Yo Tgtay YT tax Wittty ®

€x
where dependencies have been omitted for conciseness.

As discussed in section 1 of this chapter, within the context of the FEM, the continuum solid
body is replaced by a mesh, formed by finite elements and their respective nodes. In this process,
the unknown displacement fields u, v and w have their spatial dependency become expressed in
terms of nodal DOFs. In this sense, inside the domain of a given finite element, the displacement
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fields are interpolated (approximated) based on the nodal DOFs. Mathematically, for a generic
element e of the mesh, we have, akin to Egs. (2), for example:

n(©

u' (x,y,2,1) = Zk:l N (x,,2)¢\” (1) = N (x, 7, 2)4'9 (1); (9a)
n(e

v y,z0= > NGy, 09 (0 =N (x, 7,20 (0); (9b)
(@

WO (e y.zn) = Y Ny, 9al (1) = NE (3.4 0. %)

where the vector q'¢) (1) € R™ ! collects the element nodal DOFs, in a total of n(¢). These could
comprise, for instance, the displacements of the nodes. Matrices such as N ,(f) (x,¥,2), Née) (x,¥,2)
and N‘(,e) (x,y,z), of size 1 x n'®), contain the so-called interpolation functions or shape functions
of the finite element. They enable us to compute the displacements of any point within the finite
element domain in terms of its nodal DOFs, after these have been obtained.

An important note in this regard is that each type of finite element has its own particular set
of interpolation functions. Hence, the choice of a finite element to be used in a particular analysis
directly translates to which interpolation functions are used. This is important to be recognized
because the interpolation functions can hinder its corresponding finite element from adequately
representing certain behaviors. This is another reason for which it is of utmost significance for one
to become aware of the formulation of the FEM, as well as of documentation and/or manuals of
various commercial finite element packages.

Traditionally, in the formulation of finite elements, interpolation functions are chosen to be
polynomials, although this is not the only option, nor necessarily the better. For instance, non-
uniform rational B-splines (NURBS) can be used, as considered in the so-called isogeometric finite
element analysis [Cottrell et al., 2009].

In the following, instead of presenting the mathematical formulation of a finite element method
for three-dimensional elasticity, we favor the case of two-dimensional elasticity. A finite element
for the more complicated case can be obtained following similar steps to those outlined next.

2.1 Quadrilateral finite element for two-dimensional elasticity problems

2.1.1 Element geometry and interpolation of field variables

The two-dimensional elasticity finite element we consider here has four nodes, and its geometry is
quadrilateral, cf. Fig. 5.

y
/ (_17 1) (17 1)
/ us 4 3
(x3,53) 7=
&
o "
// 2/(x2,y—2)——n:—l 1 2
/ (-1,-1) (1,-1)
/ // X

Figure 5: Geometry of a quadrilateral finite element with four nodes, and its corre-
sponding representation in the natural coordinate space (£, 7).
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The degrees of freedom of the element are chosen to correspond to the displacements at the
nodes. In this way, we have:

g9 ={ur () vi(r) u(t) va(t) ws(t) v3(t) ua(t) v4(t)}T, (10)

in which u;(z), v;(t) correspond to the displacements of node i along the x and y directions,
respectively. At this stage, we drop the superscript (¢) to avoid clutter — it will be used again later
when needed to avoid possible confusion.

Having this at hand, we must select an interpolation scheme for evaluating the displacement
fields inside the element domain. For this purpose, we choose the following polynomials:

aoo(t)
aio(t)
ao1 (1)
ayi(t)

boo(t)

e t) = boo(0) + bio D+ bor Oy +bu@xy = [1x y w] {00 i)

b11(1)

for any (x,y) € Qt(e) . The time-dependent weights a;;, b;; (i, j € {0,1}) can be determined by
enforcing the value of the displacement fields at the element nodes, i.e.,

u(x,y, 1) = ago(t) + aro(Nx +ao (y +an(®xy=[1 x y xy] ; (11a)

ui (1) u(xy,yi, 1) 1 x1 yi xiyi] (aoo(?)
up ()| _ Julx,y2,0) [ _ |1 x2 y2 x2y2f Jaio() -
us (1) u(x3,ys, 1) 1 x3 y3 x3y3| |aoi(t)
us (1) u(X4,y4,1) 1 x4 ya xaya] (an(t)
] -
aoo(t) L x1 y1 xiy ui (1)
ao(t) L x2 y2 x2y2 u(t)
= = 5 12a
aoi (1) I x3 y3 x3y3 us (1) (122)
ain(t)) (1 x4 ya Xxaya us (1)
vi(?) v(x1,y1,1) I x1 yi xiyi] (boo(?)
va(O)| _ v,y | (1 x2 yo xayaf Jbio(0) |
v3(1) v(x3,y3,1) 1 x3 y3 x3y3| |boi(?)
va(t) Vv(X4,y4,1) 1 x4 y4 xaysa]| \b1i(2)
i -
boo (1) I x1 y1 xiy vi(t)
b1o(1) 1 x2 y2 xo¥2 va(t)
= . (12b
bo1 (1) I x3 y3 x3ys v3(1) (120)
bii(t)) |1 xa Y4 Xaya vy(t)
Combining these results with Eq. (11), we obtain:
i 4=l
aoo(t) I x1 y1 xiy up
alo(l) 1 x Y2 X2y2 uz
ulx,y,t) =1 x X =11 x X
(x3.0) = | y ) ao (1) [ y ] 1 x3 y3 x3y3 u3
ay () (1 x4 ya xays| \ug
= N1(x, y)ui(t) + Nao(x, y)ua(t) + N3(x, y)uz(t) + Na(x, y)us(t); (13a)
i 4-1
boo (1) I x1 y1 xiy1 Vi
b1o(t) 1 x2 y2 x2y2 1)
vix,y,t) =1 x X =1 x X
(x3.0) = | y ) bo1 (1) [ y ] I x3 y3 x3y3 V3
b11(1) |1 x4 ya xays| (va
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= Ni(x, y)vi(2) + Na(x, y)va(1) + N3 (x, y)v3(2) + Na(x, y)va(2), (13b)

from which the expressions for N;(x, y) (i € {1,2,3,4}) can be identified. While the expressions
for these shape functions can be established analytically (using symbolic algebra software, for
example), they result relatively complicated and long, being for this reason omitted here.

It is sometimes more convenient in the formulation of finite elements to adopt a different
strategy, which relies on the use of a natural coordinate system (&, 7), instead of the Cartesian
(x, y) one. In this setting, the positions of the nodes of a finite element assume normalized values,
as can be seen in Fig. 5. Using the natural coordinate system, we can write:

1 &a m am] (n@)

B I & m & uz (1)
wénn=[1 & n & 1 & m3 & u3(1)
1 & ma Eama) \ua(2)

= N1(&mui(2) + Na(&, muz (1) + N3 (&, m)us (1) + Na(&, m)ua(1); (14a)

& m am] (vi@)

~ L & m &m va(1)
vémnn=[1 & n &n] 1 & n3 &m v3(1)
|1 &4 ma &amal  \va(t)

= Ni(&mvi(1) + No (&, mva (1) + N3(£,m)v3 (1) + Na(&,m)va(1), (14b)

where now it is easy to express N;(£,n) (i € {1,2,3,4}):
NiEm=710-8U=-m:  MNEn=301+60-1n);

N3 =51+ (1 +m); Na&m=3(1=-&(A+m). (15

We should note, at this stage, that the position of an arbitrary point on the domain of a given
finite element (of the considered type) can be obtained using the same interpolation functions
presented above, i.e.

x(&,m) = N1(&,m)x1 + N2(€,m)x2 + N3(&€,1m)x3 + Na(€,1)x45 (16a)
y(&n) = Ni(€,m)y1 + Na(€,m)y2 + N3(&,1m)y3 + Na(&,1)ys. (16b)

Finite elements for which the same functions are used to interpolate the coordinates of a point on
the element domain and unknown field variables (such as # and v in our presentation) are known
as isoparametric finite elements [Bathe, 2014, Zienkiewicz et al., 2013].

As will be shown in developments which will follow soon, functions which depend on N; (x, y),
as well as on their spatial derivatives, will need to be integrated on the domain of a finite element
— so that relevant structural matrices can be obtained. Since one has favored the use of a natural
coordinate system, we must be able to perform coordinate transformation between (x, y) and (¢, 7).
By employing the chain-rule of differentiation:

B)) qox ) (30)
{x=x<§,n> _ e | _|oe oel] o

y =y(&n) aC) | |ox dy||aC)
on on 0Jn ay
a()) [ax ay] ()
ox | |0 0§ o0&
and 90 = 6_x ﬁ_y o[ (17)
ay on 0Jn on
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based on which we define the Jacobian matrix related to an element:

ox oy

|06 0¢

J‘a_x ay| (18)
on on

whose entries, from Egs. (15) and (16), can be obtained as:

Ji = Z_;C :—‘1—1(1—n)x1+%(1—n)x2+%(l+n)x3—}L(l+n)x4; (19a)
Ja= P =y Ummye g Gmmye e (e = (enys (9
Joy = Z—; =—% (l—f)xl—%(l+§)x2+%(l+§)x3+i(l—f)x4; (19¢)
Jp= g ===y -1 (400 + 1 (U+O0+7 (=0 (19)

Having in mind the expression put forward for q‘¢) (¢), cf. Eq. (10), we can see that:

u@ (€m0 =N (&ma' (1)

= [Ni(&,m) 0 Na(&m) O Ni(Em) 0 Na(é,m) 0]q@(); (20a)
v (&m0 =N (&g 1)
=[0 Ni(&m) 0 NaEp) O N3 O Na(é,m)] @9 (1). (20b)

2.1.2 Formulation at element level

Having established the interpolation of the field variables of the problem at hand, now one aims
toward obtaining expressions for the Lagrangian of an element, directly involving its nodal DOFs.
After the Lagrangian is obtained, it can established the dynamic equilibrium equations which one
seeks here, based on the stationarity of the relevant functional.

For this, firstly, interpolation relations for the relevant strains are derived. By combining
Egs. (8) and (20), it is possible to arrive at:

(e) (e)
e =2 = ED o) - B g (1) a1
(e a <e> _ NV (& c
e (Enn == af g (1) = B (. (0): (21b)
a @ v _ Ny INL® )
ey = 2 2 INDUE) 1, INTED 0 ) ) g0
y

21c)

By invoking Eq. (17), explicit expressions can be established for the strain interpolation matrices,
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if so desired:

[(I=n)y2— (€ -nys—(1-&ya]
0
(I =my1 +(1+&)y3 = (£+n)ys
e _ 1 0 .
B = S0 @ | -y - (4 &)y + (Lbmya | (222)
0
(I=Oy1+(E+n)y2— (1+m)y3
0 ]
0 ST
—(I=mxa+ (E=mx3+ (1 —&)xq
0
e 1 (I=mx1 = (A +Ex3+ (E+m)xg |
B = Saarm 0 ’ =
—(E=-mx1+ (1 +&Ex2— (1+n)xy
0
= (1 =&)x1 = (E+m)xz + (1 +1m)x3 ]
—(1 =2+ (€ —mxz + (1 - E)xg]
(I=my2=(-nys— (1 =)y
(1T =m)x; = (1 +&E)x3+ (6 +1)x4
@__ L |=(=myi+A+8&y3 - (£+m)yq (220)
gdetJ© [—(E-mpxi+ (1+8)x — (1 +n)xa|
E=-my1 =1 +Ey2+ (1 +m)ys
(I =&)x1 = (E+mxx + (1 +n)x3
L (1 =&yr1+(E+n)y2—(1+7n)y3 |

(e) — yle) y(e) _ y(e) y(e)
where det J —__J11 J5 ) I .le - . o .
Now, to facilitate manipulations, it is more convenient to arrange the strains in a single vector,
as follows:

& nn|  [BY & n)
e n =16 n =B En] a9 =B ENg ). (23)
y&Enn)  |BY @& n

Next, having a way to evaluate strains inside the finite element domain, one aims to establish
how stresses can be interpolated as functions of the element nodal DOFs. For an isotropic material,
one can recourse to Hooke’s law, which has been given in Eq. (7) for three-dimensional problems.
Since two-dimensional elasticity is being considered, Hooke’s law can be simplified, in order to
address the two available possibilities:

(i) Plane stress In this case, o\ = 79 = T)(,? = 0. The remaining stresses can be evaluated
using:
o (€m1) 1y (a”@nn
om0 = U%e))(f, mt) =10 v 1 1Ov ey((e))(f,n,t)
e — e
Txy (é:’ U,T) 00 2 Yxy (f’ nat)
=D e (£.n,1) =D'BC (£.mq" ) (1). (242)

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 632



Sales, Thiago P., et al. (2022) Finite Element Method for Structural Integrity Problems pp. 618-665

Matrix D© can be directly identified in the previous equation. While there is no stress on
the plane whose normal is directed along z, a normal strain arises, due to the Poisson effect:

e 4 e e
&G = % | Enn + ol G| (24b)

The geometry of the solid is such that one of its characteristic dimensions (along z) is much
smaller than the others, i.e. the solid is essentially a sheet, flat and thin. Applied loads are
assumed to be distributed uniformly along the thickness.

(ii) Plane strain In this case, ez(e) = %(cez) = )/;ez) = 0. The stresses can be obtained from:
oy (€m.1) 1-v v 0 ][a”Enn
ol (& 1) = a%e;@, mO( = Ty | Y 1=y 0 eyf)(an,r)
Ty (€,1,1) 0 0 == [y (Eno
=D e (£, n.0) = DB (£.1)q' (1), (252)
and:
vE

o9& n,1) = e (&1 +e & nn]. (25b)

(1+v)(1-2v)

Matrix D) can once again be determined for this case by inspecting the relations just
presented. The case of plane strain is associated to solids which have one characteristic
dimension (along z) much larger than the others, i.e. they correspond to right prisms. Applied
loads are assumed to be distributed uniformly along the length (z-dimension) of the solid.

As can be seen, irrespective of the considered case, the relevant stresses can be obtained using
a relationship of the type o(¢) (&, 7,1) = D(©) e ) (&, 1, 1), with the constitutive matrix D¢ taking
distinct forms to accommodate for the possible scenarios.

We can now plug developed expressions in Egs. (4) and (5) to evaluate the kinetic and potential
energies related to the finite element under consideration. With regards to the first, we have:

= ///me) AR {[”‘(e) ez + [V(e)(x,y,z,t)]z} dxdydz
) /oLZ dz[: [11 %p(e) (&) {[”‘(6) (5”“)]2 + [ (f,n,t)]z} det J©) de dyy

L ) [a@Th O TN w () 4 a(@)TR© TN ae) (e)
=L L [q N, Na +4 N7 Ny7°¢q ]detJ d¢ dn

1 Lol T T
= 5q<e>T(t) {LZ / 1 /1 pt [Nif) N + N Nie)]detJ<e>dgdn} q‘“ (1)
L @T M@ @
=54 (M q*“ (1), (26)

T
where we note, for instance, that 1(¢) = N,(f)q(e) = q<e>TN§f) , since 1(¢) is a scalar quantity; and

T

this implies that (u<e>)2 can be evaluate through q<e>TN ("N g© . Similar remarks hold for the
other terms which contribute to the kinetic energy expression. One also should point out that L,
corresponds to the thickness of the finite element. From the last two lines of the previous equation,

1 1 T T
M =L, [ o [N NN et d @7)
-1 J-1

which is recognized as the finite element mass matrix. It is symmetric, positive definite, and can
be evaluated analytically, with the aid of symbolic algebra software; or using numerical integration
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techniques, such as Gauss-Legendre quadrature (as is done in codes which are made available
with this material). This latter option is interesting because the integration of polynomials can be
performed exactly, while demanding a low computational cost. While not directly related to the
formulation which is being considered here, numerical integration of finite element matrices or load
vectors can also be resorted to: (i) for avoiding issues related to locking-phenomena (which depends
on the finite element formulation), by performing reduced integration of relevant quantities; and/or
(ii) for enabling nonlinear analyzes, in which system matrices and/or load vectors change with
respect to the system configuration [Bathe, 2014, de Borst et al., 2012].
With regards to the potential energy contribution due to externally applied forces, we have:

W = /// [ (. y.0) v (x,y.0)] {f § Ex, ” 2} drdy dz

e e [ p,0)
”//()[u()(xyt) (@ (x, y’t)]{fv(x y,t)} ds

_ 4@ (e) (& m, f)} (e)
L// (&m0 v (fn,t)]{fb(g” det J**) d¢ dn

(e (e) fs( 17790} ay
+LZ[1[ J(=1,m,1) vO(=1,n,1)] {fs( 1) + an dn

1
(e () (1, U,f)} 5)’
+LZ[1 [u )(1,n,t) v (1,77,1)] {fs Y (1. 1) + (’)77 dn

1
() (e _ ) (e _ 1€ -1, t)} ( ) (ay)
+LZ[1 [u@ (&, -1,0) vO(&-1,1)] {fs (e —1.1) o dé

n=-1

1
e e [ 1) dy
+LZ[1 [M( )(f,l,t) V( )(59171‘)] {fs (é: 1 t)} ( ) (6 ) df

n=1

_q@T!L N©T (e) fp (€., } (e) }
=4 { // &m Ny (én)]{fb(m)deﬂ dg dn

1 1,17, 0
+q(8)T L, '/_1 [N,(f)T(—l,U) Nl(»E)T(_l’n)] {?yg 1 77,2} ( ) +(8;) o

1 1 , 0
+Lz[1 NG N {}EEI 22} ( )+(5§) dn

LT T fX(&,-1,1) ax\> (dy)*
e [, nen weeo (e (3 *
n=—

1 1, 0
one [ e el (56 o) (2]

n=1
= q(e)T(t)Ql(:) (1) +4“ (0Q (1), (28)

where we considered dS = dzd/, with d/ corresponding to a differential length on the boundary
of the finite element. The sides of the element (which in our case are straight lines) can be
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described by the parametrizations (x(77), y(7)) for f = +1 or (x(&),y(&)) for np = %1, such that

on o0&
previous expressions for d/ are necessary to take into account the parametrization adopted for the
boundary curves. It is also worth noticing that, for evaluating the load vector Q‘Ee) (1), the finite
element boundary is split — contributions due to the each side of the finite element are treated
separately, for convenience.
In order to evaluate both Ql(f) (1) and Q' (¢), it is useful to consider that:

- ff(f’”’”}:{ffé‘@’mgﬂﬂ}:’fmn) 0 ‘{gz;m} 6l 0
b {fby(f,n,t) fy € mgy (1) 0o 2eEn|lao (& me, (1)

— dx 2 dy 2 _ Ix 2 3)’
dl = an) 1\, dnordl = =)+ df respectively. The square-root terms in the

(29a)

[ _ {f;‘@,n,n}: {Jix(f,n)gé‘(t)}:ﬂx(f,n) 0 | {g;f(z)

s . _ =1 el ).
enn|  \ReEngdo 0 fen] g?(r)} (& mes (1)

(29b)

Furthermore, we assume that the surface loads can vary linearly between the finite element’s nodes:

& -1 1Y) 1} 1— {plz 2} 1 1 )

2 = ; (30a)
{fgy(§,—1)} {Pul s(1-&€+ P, 2( +&) a

YRIEN)) D3, 2} {pza 3} 1 1 .

> = ; (30b)
{fsy(l,n)} {p232 533 2( )

FX(&,1 1 1
{ffy(f )} {p3“3}5(1+§)+{p§44}5(1—§); (300)
fED P33 P34
f_sx (_1, 77) p41 4
fsy(—l,ﬂ) p414
in which pf‘] i ply] ; represent loads per unit area applied on node i along the finite element side

between nodes i and j.
Based on the previous developments, we can see that:

(1+n)+{ ;‘“}%(1—77), (30d)

Py

N =

Q=1 { / / NG NO e | n)detJ(e)dfdn} g, (1) 3D
¢ e e e 0
w=td Y [ Nen NEn]|BEn (an) +(a§)
£e{-1,1} £=&
5 [ ol BT e
ﬁE{Z_m[l[ en Nen|BOEn |5 + 5 N
(32)

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 635



Sales, Thiago P., et al. (2022) Finite Element Method for Structural Integrity Problems pp. 618-665

Having established Eq. (28), we consider Eq. (5) in order to obtain:
1
e = 5 //‘/S;(E) [O';Ee)fj(ce) " 0_y(e)%e) " T)S;)%(C;)] dx dy dz — Wy

1 1
5L [ [ o Enne € nn det® aan - 49" Q) (0 + Q1 1)
-1 J-1

1 (e)T

1 1
= 34 {Lz [, [ B OB ey dgdn} 190 -q" Q1+ Q1]

= 200K g0 0 - 40 [Q) (1) + Q0] (3

where Eqgs. (24a), (25a) were used, together with the fact that D© isa symmetric matrix. We see
that:

1 1
K®© = L, / / B(e)TD(e)B(e) det J© d¢ dn, (34)
-1 .J-1

which is known as the finite element stiffness matrix — which is symmetric, and positive semi-
definite.
By considering the earlier developments, the Lagrangian becomes:

14 M4 0 - Ja 0K 0 -0 [0l i + e ]| 9)

£ =

Now, according to the Variational Principles of Mechanics, to make the relevant action func-
tional stationary, the Lagrangian must be such that it complies with the Euler-Lagrange equations
[Lanczos, 1986]:

(e) (e)
2(8.[: )_813 PN (36)

dt\aq@ ) oaqler 7

where Qr(li) collects the non-conservative generalized loads. (These can be obtained by calculating
the virtual work of the non-conservative actions.) The derivatives of the scalar function £(¢)
with respect to the vectors q'¢) and q‘®) produce vectors, whose components are given by the
derivative of £©) with respect to the components of q'¢) and ¢‘®), respectively. By substituting
the Lagrangian expression given in Eq. (35), we are finally able to obtain the equations of motion
for the finite element:

M@ G (1) +K9q (1) = Qi (1) + QL (1) + Q) (1), 37)

which correspond to the input-output relationship one has sought during this subsection. This set
of coupled, second-order, linear ordinary differential equations relate the nodal DOFs to loads that
are ultimately applied at the element nodes. For instance, conservative distributed loads have been
replaced by equivalent nodal contributions when one has put forward Egs. (31) and (32).

2.1.3 Formulation at global level

The previous developments have addressed the mathematical formulation related to a single finite
element of the considered type. In a practical application, various elements are combined in a
mesh, to better represent the geometry of the continuum body or structure; and also to enable a good
approximation of the exact response for the underlying model equations (being them differential
or algebraic, cf. our discussion along section 1). In this sense, we have to remind ourselves
that interpolation functions have been proposed to represent the field variables inside the element
domain. Typically, the adopted interpolation schemes are not adequate to represent the response
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of the structure or continuum body over its entire domain, i.e. the interpolation functions which
are used are able to approximate responses only locally.

To assemble a finite element mesh, two basic conditions need to be fulfilled at every node of
the mesh: (i) compatibility of field variables; and (ii) in the case of structural analyses, dynamic
equilibrium of loads. It is important to realize that these conditions are fulfilled only at the nodes
of the mesh. Hence, there is not guarantee that dynamic equilibrium is assured across boundaries
of finite elements (unless at shared nodes).

For the purpose of abiding by these requirements, we initially attribute the required DOFs to
each node of the complete finite element mesh, to make a global list of DOFs, which are collected
in a vector q‘¢). From this list, for a particular finite element e of the mesh, we can identify the
relevant DOFs, which are those related to its nodes. Mathematically, this can be accomplished by
constructing a Boolean “localization” matrix L(¢), such that:

q(e) - L(e)q(g)‘ (38)

If our finite element mesh has n(8) DOFs, and each element of the mesh has four nodes with two
DOFs per node, then L(¢) has size 8 x n(8).

For each finite element of the mesh, we can write Eq. (35). To obtain the Lagrangian of the
complete structure, we can simply sum the contributions of all finite elements of the mesh:

AL Z:l q@ (HM©@q@ (1) —Znelj 5a' {(HK@q) (1)
+ 3 q @0 Q) (1 + Q)]
o 1 <g)T(t)L<e)TM<e)L<e)q(g> - >
3 q @) [LOTQL (10 + 1 1)

= _q<g> () [Z”ele L<e>TM<e>L<€>] q® () - _q(g> (1) [Z:l L(e)TK<e>L<e>] q® ()
+q® () 3 [LOTQ) (0 + LW ()]

= 249 OMO4® (1) - 2q @ OK DG (1) +9() [Q@ 0+Q¥0]. (39

q(g)T(,)L(e)TK(e>L<e>q<g) (1)

in which:
M® = Z"ele L(e)TM(e)L(e) and K® = Z”ele L(e)TK(e)L(e) (40)
3_ e_

are the global mass and stiffness matrices, respectively. For the considered case, these are symmet-
ric. Also, due to how the global matrices are assembled, they are frequently sparse and banded,
specially when the complete finite element model possess a large number of nodes/DOFs. These
facts can be exploited by solution algorithms to speed up computations and/or alleviate computer
memory availability requirements. Regarding conservative body and surface loads, we see from
the previous developments that their global form can be obtained from:

Q¥ =""LOQ(n ad Q¥n=)""LOQYw. @

Having established Eq. (39), the Euler-Lagrange equations, applied to the global Lagrangian,
then lead to the global equations of motion:

M@ §® (1) + K®q@ (1) = Q¥ (1) + Q¥ (1) + Q¥ (1). (42)
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Since we are considering linear structural behavior, we have obtained a set of linear, second-
order, ordinary differential equations to model the motion of a continuum solid body under plane-
stress or plane-strain conditions. In essence, the finite element method was used to spatially
discretize the partial differential equations (of infinite dimension in space and time) which apply
under the same underlying assumptions. The resulting system of ordinary differential equations
can be analyzed in various forms, as discussed in section 3 with examples.

2.2 Rectangular Kirchhoff-Love plate, equivalent single layer laminate finite ele-
ment

2.2.1 Kinematics

To provide another example of the formulation of a finite element, we now address the case of a
plate which is subjected to bending motion, whose kinematic behavior can be described by the
Kirchhoff-Love plate theory. In this setting, some assumptions should hold: (i) straight lines
normal to the mid-surface remain straight and normal to the mid-surface after deformation; and (ii)
the thickness of the plate does not change during its motion. This theory is more adequate for plates
of small thickness. Referring to Fig. 6, due to the previous hypotheses, and also taking into account
that displacements are small (infinitesimal), we can see that the rotation and the displacement fields
can be expressed according to:

Owo(x,y,1) Owo(x,y,t)
ay ox
u(x,y,z,1) =uo(x,y,1) +z0y(x, y,1);  v(x,y,2,1) =vo(x,y,1) — 20x(x,y,1), (43)

w(x,y,2,t) = wolx, y,1); Ox(x,y,1) = Oy(x,y,t) ==

where the transversal displacement w is assumed to be independent of z.
The strains can then be evaluated with the help of Eq. (8) as:

. = Auo(x, y,1) ?wo(x, y,1) . = vo(x, y,1) *wo(x, y,1)
o dx o ’ v dy : ay? -
d 1) 0 t 9* t
_ Quo(x,y,0)  Ovolx,y.1) , 9"wolx,y.1) €=y =y = 0. (44)

Yy ady 0x ST oxa y

|

- L~ g

_—

wo(x,y,1) ==

Fq:'_fz,ﬁz,k J v,

¥z
X _.Z]

' 1o (x, y, 1)

Figure 6: Plate (laminate) kinematic behavior along x-z plane according to Kirchhoff-
Love theory.
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2.2.2 Element geometry and interpolation of field variables

The finite element we consider here to model plate bending is but one of several which are available
for this problem. If more detailed literature is consulted, the reader should see that conforming
and non-conforming plate elements exist [Bathe, 2014, Reddy, 2019]. The one presented by us
here is of the latter type, which means it does not guarantee continuity of the normal slope across
the boundaries of finite elements which are neighbors. This issue results due to the formulation of
the finite element itself (i.e. it is related to the interpolation functions which are adopted and the
number of nodes of the element). Being it a non-conforming finite element, convergence of results
can become problematic, especially if coarse meshes are employed.

Fig. 7 shows the geometry of the plate element. It is rectangular (not an arbitrary quadrilateral),
with only four nodes. The nodal DOFs directly related to bending are woe) (1) = w(()e) (xi, ¥i, 1),

Qiel) () = 0)(66) (x;, i, t) and G;fg(t) = 9§e) (x;, yi, 1), fori € {1,2,3,4}. The other DOFs, related

to in-plane motions, are u(()el.) (1) = u(()e) (xi, yi, 1) and v(()ei) (1) = v(()e) (xi,yi,1). Interpolation of the
latter two can be performed according to Eqs. (13)—(15). For the remaining fields, we adopt [Junior
et al., 2009]:

(e) 2 2 .3 .2 2 .3

[lxyx xyyxxyxyyx3yxy3]><

T
x{aop a0 ao1 ax an aw ax axn ap ap ay aiz} =Px,y)ar);
(45a)

(')w(()e) (x,y,1)

(e)
g'¢ =
. Ox

:[O 1 0 2x y 0 3x% 2xy y> 0 3x%y y3]><

T OP
x{aow aw ao ax an aw ax ay app iz az; a3} =a—y(x,y)a(t);
(45b)

(e _ aw(e) (x,y,1)
Oy

3 [O 01 0 x 2y 0 x* 2xy 3y x3 3xy2]><
y

T oP
x{aop aiw ao ax an aw ax ax app 4z az;  ai} =—a(x,y)a(t),
(45¢)

where P is arow-matrix containing polynomials, and the column vector a comprises time-dependent

(e) w(©

0,1 ,(e) 0.4 ()

0') 1¢ "-gy(I) 9(3)%_ 0()

1 ! (e e
x@ -{-"-Vo,l —————————— Vo4

227 s

Figure 7: Non-conforming, rectangular plate (laminate) finite element with four
nodes.
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weights. The latter can be expressed in terms of the element nodal DOFs by enforcing:

W((fl)(f) [ P(x1,y1) |
00 || Zxiy)
0 | |- (a1 y)
w0 | | Pl y2)
9)(20) % (x2,2)
:
a0 =120 L TEED ) e o an=atd@0. @
w3 (1) P(x3,y3)
00| | By
9;%(0 — 28 (x3,3)
wea (0| | Plxa,ya)
000 || FCxaya)
050 | =58 (xava))

Combining this last result with Egs. (45), we are able to obtain the FE interpolation function
matrices for the relevant displacement fields:

W (3,0 = N (6,039 (1) = (P AT 3 (0 (“72)
0 (x,y.0) = N (6,0 (1) = (Fx, AT 3 0 (47b)
0y (x,3,1) = N (6,939 (1) = (-2 (6, A7) 3 (0. (47¢)

The previous interpolations can be combined with those presented earlier in Eq. (13), permitting
us to write:

(e)

uy, (x,y,1)

v(()e) oy t) Nil 0z Noln Oax3 N3lo Oz Nalz 023 qge)(f)

Yo Tl [0k ijﬁ 01x2 Nif’)z 01x2 Nif’é 012 NE:L (Iée)(t) 48)
wy (y. 1) = < (e) < (e) S(e) g () @[’

() 0o Ny’ 0o N7y 00 N7y 0o Np7ylfa;(9)

Oy (x,y,1) 0 NG N o N o N© (e)
9;6)()6’)”) 3x2 Ng 1 O Ny'n O Ng7g Oa Ny y] 14y (1)

T
where qfe) (1) = {u((fl.) (1) v(()el. (1) w(()ei)(t) Hiel) (1) Q;fg(t)} collects the DOFs related to node

i,fori € {1,2,3,4}; N; = N;(x, y) correspond to the interpolation functions introduced in Eq. (13);
and N(e) N N stand for 1 x 3 sub-matrices of fo ), N(Gi), N(;i)’ respectively, related to

W7 S Ox,i0 Oy, ‘
degrees of freedom of node i. For example, Nif) = [Nif)l NS)z Nif)3 Nif)4 . Equation (48)

can be rewritten as:

ug (y | [N Gy ©

Oy | INE ) q}é) (1)
WOyt = NO@n|a@@,  win g9 ={2 P
00y | NGy % ()

6 (x.y.0) | NG ()] % ()
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and N9, N9 N Ngi), N(Hi) corresponding to the rows of the interpolation matrix seen in
Eq. (48). u
2.2.3 Formulation at element level

The strains which are not identically equal to zero can be interpolated inside the domain of the FE
now considered according to the relations:

e e e e L) 2N (€) e

e (v 20) = B () + B (x| a9 () = | B - 220 | 09 0 (502)
e e . (e) NOT (o

el (v 2.1) = B () + 2B (v, 0@ (1) = | B - 2204 019 (0 (50b)

P oz = [BUy(r )+ B )| a9 (1) = [ B+ B~ 288 g0, (500)

which can be derived by combining Egs. (49) and (44).

To showcase a situation in which the material of the plate does not exhibit linear isotropic
behavior, here we consider the plate corresponds to a laminate, i.e. a collection of plies made of
fibers, which are laid-up on top of one another, bonded with the aid of some resin, to produce a
composite material. At this point, an important warning must be made by us, the authors: the
adopted formulation, known as classical laminated plate theory, which copes with the Kirchhoff-
Love plate theory, is the simplest available for performing analyzes of such structures. Hence,
various results which might be derived (such as stresses and strains on individual plies) do not
necessarily model reality with high fidelity. Other more advanced models do exist, such as
equivalent single-layer theories that take into account shear deformations, and three-dimensional
elasticity theories that model the laminate layers independently of one-another, while taking into
account displacement compatibility between them (known as layerwise theories) [Reddy, 2003].

Having said this, the classical laminate theory can be used for simpler assessments. For the
k-th lamina, stresses can be obtained using [Reddy, 2003]:

® - -k )
oy’ Qu Qiz Qis W (e )

ot =[0n 0n O el e 09=QWe, forz <7< zpa1, (51)
7)5;) Q6 Q2 Qo6 yffy)

where the superscript (¥} appended to the vectors and matrix is used to indicate their entries are
related to the k-th lamina of the laminate. The Q_l(]k) components (i, j € {1,2,6}) correspond
to plane-stress reduced stiffnesses related to the material of the lamina, expressed in the global
coordinate frame. They can be retrieved after performing a coordinate transformation of the
material properties of the lamina, that is:

0 = 0t +2 (0 +201)) 2% + 05t (520)
0 = (ff + 08 —40) 2t + 01f (st + b)) (52b)

54 = 05t +2 (0 +20) 2%+ 0k (520)
0 = (01 - 0 =20} such + (0 - 0 4201 sheo (52d)
0~ (01 - 0 =20} shea+ (0 - Q(k)+2Q(k))sac3, (526)
0 = (0140 2019 - 201} 2% + 00 (st 4.4 (526)
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In these, 54 = sina® and ¢, := cosa®, with %) denoting the angle between the x principal
direction of the k-th lamina with respect to the global x axis, cf. Fig. 8. The stiffnesses Qg.{) can
be obtained from the engineering constants of the lamina, whose elastic behavior is assumed to be
orthotropic:

(k) (k) (k) (k) (k) (k)
(k) _ E (k) _ vin B _ i E (k) _ E, Q(k) G(k) (53)
11— (k) (k) > 12 = (1\) (k) - (k) (k)> 22 = (k) (k)> 12 °
1=y vy, L=y vy 1=y vy 1=y vy

AW

Figure 8: Principal coordinate system x¥)y®)z (k) related to an uni-directional ply
of a laminate, whose orientation with respect to the global reference frame xyz is
given by o),

With the previous expressions at hand, we can obtain the kinetic and potential energies nec-

essary for establishing the finite element matrices, when the variational formulation approach is
used. For the kinetic energy, we have:

1 2 2 2
x(© = ///( ) Ep(e) {[u(e)(x,y,z,t)] + [fz(e) (x,y,z,t)] + [W(e)(x,y,z,t)] }dxdy dz
QE
Naers ZZ+1
e e

2 2
+ [\)(e)(x,y,z, t)] + [w(e)(x,y,z, t)] } dxdydz

Nldym /ZZ“ / / L@ { (T (N“) N zN(e)) (N<e> N ZN<e>)

T
q(e) (N‘(}e) _ZNi)i)) (N(E) ZN(e)) (e) +q(e)TN(€) N(e) (e)} dx dy dz

l (e)T [ZNhyers/ / / (g){ N(e) +ZN(6‘)) (N(e) + N(e))

+ (NG - zN(;>) (NI = 2N )+ N Nﬁ?} dx dy dz} q

ZNlayem/ZZ+]/ / (e) N(e) N(e) (N(e) N(E) N(e) N(e))

+ NG NG NENE) - 2 (NG NG+ NGNS

1 (e)T

T T
+z2N§f> Ny + NI NG} dredy dz| ¢

= 29T [ MO ™ ¢ (1) = 4@ Mg 1), (54)
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where:

b a
T T T
MY = =) [ (NN NN NN vy
-b J-a
1 bopa T T T T
+5 (4 - 4) / ) / P (NGNE + NETN) - NGNS - NETNGY) dedy
b !

2

1 b a X T T

+§(zi+1—zi)/ / P (NN NN drdy (55
-b J-a - x x

corresponds to the mass matrix contribution owed to the k-th layer of the laminate. The total
mass matrix of the plate/laminate finite element is obtained by summing the contributions of all

its laminas: N "
M@ = Zk: Mm@ (56)

With regards to the contribution due to elastic deformation of the structure towards the finite
element potential energy, it can be obtained from:

Uu'e = (e) (e) (e) (e) (@), ()
U, = —[‘//(e) [ +Tyy ¥Vx ]dxdy dz

Na ers
s / / [ o e oy dvaya:
(e)T( ) [ZNlayers/zZ+l/ / B(e) +ZB(€)) Q(k) (B(e) +ZB(3)) dxdy dZ] (e) (t)

<e>T(,) [ZN'W <e><’<>] q'9 (1) = <e>T(t)K<e> @ (p), (57)

where K(e)( ) is the stiffness matrix contribution due to the k-th layer of the laminate, whose

expression is given by:

b a
k T -
KO = (240 - Zk)/ / B((Je) Q(k)B(()e)dXdy
-b J-a

1/, N [ (@ TamR©@ , m@TaERE)
+—(zk+1—zk) , (B1 Q"VB, +B," Q'"B, )dxdy
- -a

2

Lis 3\ [" [“aTamp©

+3 (chor - 2) / / B QOB dxdy. (58)
-b J-a

In the previous developments, we have made use of matrices B(()e) and Bie) , which are employed

for interpolating the strain vector €' inside the finite element domain. They can be evaluated
using:

B(e) B(e)l
X,
B\ = B;fg and B[ = | B |, (59)
B(e) B(e)
xy,O xyl

with entries being implicitly defined in Eq. (50). The complete finite element stiffness matrix can

then be obtained via: N @
(e) _ layers (e)
K© = Zk:l K", (60)
As for conservative external loads which can be applied to the finite element, their contribution
can be obtained following similar steps to those which have led to Eq. (28) in the previous section.
Here, we simply consider that:
W =00y () +a' 0 (Q (v), (61)

ext
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without going into details, or providing expressions that result for the element body and surface
forces, Qée) (t) and Q§F) (1), respectively.

At this point, we are able to evaluate the finite element Lagrangian, which takes the same
form seen in Eq. (35), albeit expressions for the element mass and stiffness matrices, as well as
conservative load vectors resulted different. The equations of motion for the plate/laminate finite
element can also be established, and look exactly like what has been presented in Eq. (37) — but
with M(©) and K(®) given by Egs. (56) and (60), for example.

Finally, the procedure outlined in the previous section for obtaining global matrices for a finite
element mesh can be easily generalized to account for finite elements with any number of DOFs.
Henceforth, it can be readily used to establish global matrices related to a mesh assembled using
plate/laminate elements, such as the one just presented.

3 Examples

In order to showcase the use of the finite elements whose mathematical formulation has been
discussed previously in section 2, in this section we consider two relatively simple examples.
The first one makes use of the quadrilateral two-dimensional elasticity finite element presented in
section 2.1, whilst the second example concerns itself with the rectangular laminate finite element
introduced in section 2.2. Numerical codes used to perform computations have been implemented
in MATLAB ® by the authors, and are made publicly available through this link.

3.1 Static analysis of an H-shaped material sheet

Problem: Consider a H-shaped sheet, clamped at its left edge and subjected to a distributed load
q(x) at its top-right portion, as illustrated in Fig. 9. The structure is made up of an isotropic
metallic material and its physical and geometric properties are listed in Tab. 1. By employing
quadrilateral two-dimensional elasticity finite elements, let us estimate the stress and strain fields
distribution in the sheet domain.

q(x)

[T

<

Figure 9: H-shaped sheet clamped at its left edge and subjected to a vertical dis-
tributed load on part of its boundary.
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Table 1: H-shaped sheet dimensions and material properties.

Variable Description Value Units
l; Total length 1 m
[ Length of first and third sections 04 m
l; Length of intermediate section 02 m
h Total height 04 m
h; Height of the intermediate cutout 60 mm
L, Thickness along z 5 mm
E Young’s modulus 69 GPa
v Poisson’s ratio 0.3
P Mass density 27 gm™

Solution: Considering that the thickness of the solid medium is negligible in comparison to its
other dimensions, and that stresses are confined to the sheet plane, only, the Solid Mechanics
problem at hand consists of a plane stress one.

As previously mentioned in section 2.1.2, for plane stress problems, the nonzero stresses are
O, 0y and Ty, if the solid sheet is located on the x-y plane. For this scenario, considering linear,
isotropic elasticity, Hooke’s law, stated in Egs. (7), can be duly modified, to provide a reduced set
of constitutive relations, cf. Egs. (24).

The first step which must be made to obtain the desired stress distributions using the FEM
is to define the mesh for the domain of the considered sheet. For this purpose, we make use
of the quadrilateral two-dimensional continuum elasticity finite element presented in section 2.1.
One recalls that, for this element, the nodal DOFs comprise displacements, only, and that its
interpolation functions are linear for displacements.

In order to better organize the mesh, the domain of the H-shaped sheet is divided in seven
rectangular sub-regions, as illustrated in Fig. 10. This makes it more straightforward to establish
the number of finite elements and the location of nodes, in such a way that rectangular elements
are used to make a mapped mesh for the whole domain.

Y

Figure 10: Division of the H-shaped sheet into seven rectangular sub-domains.

One then has to ensure that edges shared by neighbour rectangular sub-domains have the same
amount of nodes. Besides simplifying the generation of a mapped mesh, this reasoning facilitates
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adequately coupling the motion of sub-domains which are neighbors, for which meshes are initially
generated independently of one another. This coupling can be made by enforcing the same nodal
DOFs for distinct nodes, which is essentially the same as merging the coincident nodes, at this
setting. More complicated coupling of sub-domains is also possible, taking into account constraint
equations, which can be enforced via Lagrange multipliers or penalty methods [Bathe, 2014]. For
the example at hand, for the correct link between nodes of the rectangular sub-domains, one must
abide by the following pattern for the number of elements for the edges of the rectangular partitions:

» Edges parallel to the x direction of rectangles 1, 2 and 3 must have the same number of
elements;

» Edges parallel to the y direction of rectangles 2, 4 and 6 must have the same number of
elements;

» Edges parallel to the x direction of rectangles 5, 6 and 7 must have the same number of
elements.

Given the above, one must now choose the number of finite elements (and consequently, nodes)
that will compose the mesh. In general terms, the accuracy of the result tends to improve as the
mesh gets refined, because the interpolation of field variables inside the domain of a finite element
becomes more and more representative of the actual solution. On the other hand, as consequence
of reducing the size of elements, the cost of computational simulations, in terms of resources and
time, increases as well. In these terms, sometimes it becomes necessary to adopt a compromise
solution, since the computational cost to perform various simulations with a mesh comprising
a large number of elements can be prohibitive. Several authors, e.g. [Zienkiewicz et al., 2013],
propose performing convergence analysis of the mesh, based on the results which are sought, in
order to find a reasonable cost-benefit ratio for the mesh employed for numerical simulations; or to
assure that results are independent of the mesh, i.e. that they have converged to the actual solution
of the problem at hand.

In order to highlight the importance of a suitable specification for a finite element mesh, the
example one is considering has been resolved for two different meshes, made of elements with
distinct sizes:

* Case 1: the element size (Iength and height) is 5% of the largest dimension (50 mm, for this
problem).

* Case 2: the element size (Iength and height) is 1% of the largest dimension (10 mm, for this
problem).

Accordingly, the number of divisions used for the edges of each rectangular sub-domain,
along the x and y directions, ngje, and ne., respectively, is presented in Tab. 2. Additionally,
Tab. 3 shows some statistics of the resulting meshes, such as the total number of elements, nodes
and DOFs. The meshes associated with Cases 1 and 2 are presented in Figs. 11(a) and 11(b),
respectively, by means of the location occupied by nodes. By comparing both figures, it is clear
that reducing the finite element size by 5 times (Case 1 to Case 2) implies in a much denser mesh.

As explained in section 2.1.1, the quadrilateral finite element used for this problem has four
nodes, and two DOFs per node (displacements « and v along the x and y directions, respectively).
Accordingly, the total number of DOFs related to the mesh associated with Case 2 increases
significantly in comparison to the one observed for Case 1. Furthermore, the time spent to
perform computations increases substantially, as well, as can be seen from the last row presented
in Tab. 3. One should clarify that the reported times have been measured for a laptop computer,
running Microsoft Windows 10 operating system, equipped with an Intel® Core™ i7-6500U
central processing unit, and 8 GB of RAM memory.
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Table 2: Number of elements along x and y directions adopted for each of the
rectangular sub-domains identified in Fig. 10.

Rectangle number Case 1 Case 2

Nele, neley Nele, neley

1 8 2 40 7
2 8 6 40 28
3 8 2 40 7
4 4 6 20 28
5 8 5 40 7
6 8 6 40 28
7 8 7 40 7

Table 3: Statistics related to the meshes obtained for the H-shaped sheet considered
in this example.

Statistic Case 1 Case 2

Total number of elements 184 3920 .
Total number of nodes 269 (219)f 4299 (4077)T

Total number of DOFs 538 (438) 8598 (8154)'
Elapsed time [s] 9.1 433.1

" Values reported between parentheses are related to the number of
nodes and DOFs after coincident entities were merged.

It is important to note that, after the initial mesh has been generated individually for each
rectangular sub-domain, some overlapping nodes could be found. “Duplicated” and “triplicated”
nodes were then eliminated, to ensure the continuity of the finite element mesh. Underlying data
of the finite element mesh model also need to be taken care of during this process. For example,
various information are encoded in matrices used in finite element codes, related to properties of
elements and nodes, and are therefore affected when nodes and DOFs get merged together. In this
regard, in our code, some prominent matrices are:

¢ the “node matrix”, which stores information about which nodes are related to each element;
* the “node position matrix”, which caches the location initially occupied by nodes;

* the “connectivity matrix”, which stores which DOFs are related to each element.

Hence, after coincident nodes are dealt with, these matrices are properly adjusted. One should
remark that, to facilitate further operations, such as assembling global matrices, nodes and DOFs
can be renumbered, if desired.

After nodes and DOFs have been updated, one has to input what are the boundary conditions.
For this purpose, the nodes which are located on the boundary of the H-shaped sheet are identified.
The DOFs related to those nodes at the left must be enforced to be zero. (A mathematical
procedure which can be used for this purpose is presented in our next example, in section 3.2.)
With regards to those elements at the top of rectangle 7, one has to impose a distributed pressure
load, g(x) = 500kPa, to their appropriate boundary/edge, cf. Eq. (32). All other segments that
compose the boundary of the structure are free. In Figs. 12(a) and 12(b), it is possible to visualize
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Figure 11: Location of nodes that compose the meshes of the H-shaped sheet of this
example.

which nodes are related to each type of boundary condition just described, i.e. those which are
totally blocked/restrained, related to the distributed pressure load, and/or free to move, without
externally applied loads.

With boundary conditions defined, element level matrices can be computed (cf. Egs. (27) and
(34)) and global level matrices assembled (cf. Eq. (40)). The external distributed, surface load
contribution can be evaluated by resorting to Egs. (32) and (41). Having calculated global matrices
and vectors, one can resolve a linear system of equations to determine the nodal DOFs of the mesh.
This corresponds to a static analysis of the considered structure. The equations which needs to be
solved come directly from Eq. (42) — one only needs to disregard the inertia/mass contribution
term on its left-hand side to arrive at the appropriate global level input-output relationship for the
analyzed system.

Figures 13(a) and 13(b) show how nodes get displaced when the H-shaped sheet is solicited by
the external pressure load, for the two different meshes which we are considering. For Case 1, the
largest displacement value occurs for the node at the top-right vertex of the sheet (with coordinates
x = 1 m, y = 0.4m), being its value equal to 0.199 27 mm. For Case 2, the maximum displacement
is 0.205 449 mm, occurring at the same location observed for the previous case. To make for a
better visualization of the displacement results, in Figs. 13(a) and 13(b) one has used amplification
factors, whose values have been automatically computed, based on a characteristic dimension of
the sheet and the maximum node displacement.
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Figure 12: Boundary conditions implemented for analyzing the H-shaped sheet
considered in this example.
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Figure 13: Node displacements resulting for the H-shaped sheet considered in this
example.

With the complete nodal DOFs’ vector being calculated, stress and strain results can be
established via post-processing, for each element of the mesh. The displacements related to the
nodes of an element can be initially obtained by considering the element DOFs’ localization matrix,
cf. (38). The strains can then be evaluated with the help of the element strain-displacement matrix
B(©), cf. Eq. (23). Stresses can then be retrieved by recalling the material constitutive relations,
cf. Eq. (24) in the present case. Taking into account that strains and stresses vary linearly inside
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the domain of each finite element of the mesh, due to the element formulation, one can establish
the plots shown in Figs. 14 and 15 for Cases 1 and 2, respectively.
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Figure 14: Distributions of strains and stresses in the H-shaped sheet considered in
this example, using the coarser mesh of Case 1.

Regarding the maximum and minimum values observed for stresses and strains, o, reaches
its maximum at the left internal corner of the top cutout, precisely at coordinates x = 0.4 m,
y = 0.34m. The minimum value of o occurs at the equivalent place of the bottom cutout, at
x =0.4m, y = 0.06 m, as expected for this configuration. The behavior of the normal strain €, is
very similar, which is in accordance with the constitutive relation (24). For the normal stress and
strain along the y direction (o7, €,), maximum and minimum values are seen at the same locations.
With regards to the out-of-plane strain €,, it takes extrema values in the same cutouts, but in this
case the maximum is seen to happen in the bottom location, whilst the minimum e, strain happens
at the left internal corner of the top cutout. The stress o, is always zero, in accordance with the
hypothesis if plane stress behavior.
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Figure 15: Distributions of strains and stresses in the H-shaped sheet considered in
this example, using the finer mesh of Case 2.

Table 4: Comparison of the results obtained for the H-shaped sheet using the two
generated meshes, in terms of the calculated maximum stresses.

Case 1 Case 2
Omax [MPa] ()C >y ) [m]  omax [MPa] (x >y ) [m]

Oy 7.6902 (0.40,0.34) 13.7456  (0.40,0.34)
oy 2.6720 (0.40,0.34) 7.5453 (0.40,0.34)
Txy 0.9190 (0.60,0.06) 1.7960 (0.60,0.06)
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Table 5: Comparison of the results obtained for the H-shaped sheet using the two
generated meshes, in terms of the calculated minimum stresses.

Case 1 Case 2
Omin [MPa] (X >y ) [m]  Omin [MPa] ()C » Y ) [m]

Ox -7.6465  (0.40,0.06) —13.7084  (0.40,0.06)
oy -2.6692  (0.40,0.06) -7.5453  (0.40,0.06)
Ty —2.8987  (0.40,0.34)  -5.4430  (0.40,0.34)

From the results obtained for the maximum and minimum stresses, which are reported in Tabs. 4
and 5, respectively, it becomes clear that the values for the stresses obtained with the coarser (Case
1) and finer (Case 2) meshes are quite different between themselves. This is specially true because
the analyzed structure has cutouts with right angle corners, which act as stress risers. For this,
if one wants to obtain a better convergence of stress results using the four-nodes, quadrilateral,
two-dimensional elasticity finite elements, it is necessary to develop a more complex mesh, using
finer discretization, specially at the locations where stress concentration is expected to occur.

X x10°

(a) Case 1

oy x107

¥ (m) 00

(b) Case 2

Figure 16: Three-dimensional visualization of the o stress field for Cases 1 and 2
related to the H-shaped sheet considered in this example.
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To help enlighten this remark, three-dimensional views are presented in Fig. 16 for the o
normal stress field, for both considered meshes. In Fig. 16(a), it is possible to see that the shown
stress result has various discontinuities between adjacent finite elements, even at shared nodes.
This is a clear indication that the considered stress result has not converged to the true solution
of the problem, indicating that further mesh refinement should be considered; or that another
type of finite element should be used, to provide better interpolation capability. When the three-
dimensional visualization shown in Fig. 16(b) is considered, then fewer discontinuities are seen,
and those which are related to significant jumps in value are confined exclusively to right angle
corners at the cutouts and at the clamped region. If Saint-Venant’s principle is invoked [Fung
et al., 2017], then the computed results are reasonably representative of the actual solution of the
Solid Mechanics problem at hand, except at the stress concentration regions just identified. Similar
observations can be made if one analyzes the three-dimensional plots depicted in Fig. 17 for €.

y x10°
25

y (m) 0 0 X (m)

(a) Case 1

€y X107

x107*

(b) Case 2

Figure 17: Three-dimensional visualization of the €, strain field for Cases 1 and 2
related to the H-shaped sheet considered in this example.
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3.2 Dynamic analysis of a rectangular laminate

As a second example, now we consider a rectangular laminate, as illustrated in Fig. 18. It has
dimensions a = 287 mm and b = 287 mm, being composed of four layers with individual thickness
h® =0.184 mm, for k € {1,2,3,4}. The orientation of the layers is such that ¥} = (=1)k45°,
Additionally, each layer is made of HexPly® M21/IM7, for which E; = 160 GPa, E; = 8.6 GPa,
vip = 031, G = 4.7GPa, p = 1580kg m~3 [Pereira et al., 2020]. The laminate is clamped on
one of its sides, located at x = 0, as shown.

Based on the global level equations of motion for the considered system, which read:

M(g)("](g)(t) + K(g)q(g) (1) = Q(g)(t), (62)

different types of dynamic analyzes can be made. Here, Q¢ corresponds to a vector of arbitrary

external forces. Furthermore, depending on the dynamic analysis which is of interest, initial

conditions must be provided, in the form of initial displacements q(() and initial velocities q(g ),
To take into account the clamp boundary condition, or other ones, which can be explicitly

written in terms of the global nodal DOFs vector q‘&) (), we partition it in unconstrained (free)

and constrained subsets, such that:
(8)
q© (1) = {9u ) (63)
{ (g) (l)

For the considered case, all DOFs related to nodes located on the clamped edge are included in
(g ) (1), for which q(g ) () = 0. The remaining DOFs pertain to q (t) Then, to ensure constraints
are enforced, we can write the global equations of motion in partitioned form:

M M| @S o] | K K| e o] _ Qo) 64
ME M2 6@ o[ " [KE k2| a®0f ¥ o[

From the first block of equations, we see that:
MEd® (0 +KEq® (1) = Q¥ (1) -MEFq® (1) - K ¢! (1), (65)

which is a set of hnear second-order, ordinary differential equations for q(g)(t) If qig)(t) is
prescnbed then ¢ q (t) is also known. The loads applied on the unconstrained DOFs, collected in

u (t), are also provided as an input, if one is dealing with a direct dynamic problem (i.e. if one
wants to find the motion which results due to applied loads).

%

Figure 18: Laminate with four layers, clamped on one of its edges, considered in this
section.

b

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 654



Sales, Thiago P., et al. (2022) Finite Element Method for Structural Integrity Problems pp. 618-665

Once q,(f) (r) is known, then the second block of equations in (64) can be used to assess the

reaction loads, which are required to constrain the DOFs in qg.g ) (1) accordingly:

Q¥ (1) = ME & (1) + M (1) + K& a0l (1) + K g (1), (66)

For the clamp boundary condition, the previous equations simplify considerably, to provide:
M aE (1) + Kl 4 () = QI (); (67)
Q¥ (1 = ME & (1) + K 0 (0). (68)

Modal analysis The first type of dynamic analysis one might be interested in relates to the
determination of natural frequencies and corresponding vibration mode shapes. These
dynamic properties of a structural system fully characterize its behavior in the absence of
externally applied loads. For obtaining them, one admits Q,(f) (t) = 0, and that ql(lg)(t) =
(Al,(lg) e’’, with s an undetermined scalar, and §(®) a vector of amplitudes. Substituting this
ansatz on the equations of motion, we obtain:

SME) +KE 6 =0, (69)

which admits a non-trivial solution (i.e. for which qf,g ) % 0) only if det [sQM,(ﬁ? + K,(ﬁd) =0.
The previous equation, in fact, corresponds to an eigenvalue problem, with eigenvalues
s = jw and eigenvectors (]L(,g), with j = V-1 the imaginary unit. The natural frequencies are
given by w, whereas vibration mode shapes are proportional to (A],(Ag). Depending on future
analyzes which might be performed, and that rely on the so-called modal superposition
technique, eigenmodes can be normalized, if desired.

Harmonic analysis In this case, one is interested in the steady-state response of the structure
when it is subjected to harmonically-varying loads. We then consider Q'¢’ (1) = Q&) e/,
with Q,(lg) representing amplitudes and Q the forcing frequency. If the system is linear,
as considered here, then steady-state responses must occur with the same frequency as the
one of the excitation, such that q,(lg) () = (],(Ag ) i , with (]L(,g) potentially being complex, to
account for phase differences between responses and excitation (if damping is considered,

for example). One then obtains:
~ -1
(-oMP +kF)aP =@ = @ =(-eME +KE) Q. a0

Transient analysis When arbitrary external loads are applied to the structure, or initial conditions
are given and the resulting motion is sought, then the ordinary differential equations of
motion need to be integrated in time. This corresponds to a transient analysis, which
can usually be performed by resorting to numerical integration algorithms, such as the
Newmark method, the Runge-Kutta methods, the Hilber-Hughes-Taylor (HHT) method, etc.
If the integration method is of first order, then the equations of motion (65) can be recast in

the form:
Az(t) +Bz(t) = u(z), (71)
with:
e omg] [k o | faPm),
- M(g) 0 > - 0 _M(g) ’ R PRC) >

(8) (8) = (8) (&) ~(8) (8) ()
u I_Muc c t_Cuc c t_Kuc c t
u(t):{Q (0 =ML 0 - G0 - Killa ()}’ )
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which take into account contributions related to viscous damping, through partitions of the
global damping matrix C#), seen in the expressions put forward for A and u.

Besides, as discussed in the introduction of this chapter, various strategies can be considered
to reduce computation time and/or alleviate memory allocation demanded by a transient
analysis. One of such strategies, which is known as modal superposition, consists in repre-
senting the unknown solution as a weighted sum of the structure mode shapes. Typically, the
number of wave modes adopted in this setting is much smaller than the original, complete
number of global DOFs of the finite element mesh. Because the number of unknowns gets
reduced, the equations of motion are also projected onto the vector space spanned by the
wave modes used to represent the response, aiming to reduce the error of the approximation.
If the wave modes used to represent the responses are grouped in a matrix T, then one can
write () = Tq,(f ) (7), with the size of 5(¢) much smaller than the size of q,(lg) (t). Variables
grouped in 57 are commonly named modal coordinates. In the modal superposition setting,
Eq. (71) remains valid, as long as quantities given in Eq. (72) are redefined according to:

_| e gt _|TRET 0 | _ [
~ [rTm @ ’ - _TTME T’ 2(1) = 1))’
TT™MS)'T 0 0 TT™MS)'T N
w(t) {TT Q¥ () -MP g (1) - €4 () - K g (r)]} 73
0

At this point, one note that the laminate considered in this example has been discretized using
a mesh with 15 X 15 elements. This mesh therefore comprises 256 nodes and 1280 DOFs (with
five DOFs per node, cf. the finite element formulation discussed in section 2.2), prior to enforcing
the clamp constraint. The number of unconstrained DOFs equals 1200.

By performing a modal analysis, one obtained the first 10 natural frequencies of the considered
laminate, which are reported in Tab. 6. The corresponding vibration mode shapes can be visualized
in Fig. 19. Notice that, for all modes, the edge of the laminate at x = 0 does not move, in accordance
with the specified boundary condition.

Table 6: Natural frequencies of the laminate considered in this section.

n 1 2 3 4 5 6 7 8 9 10

ﬁwn [Hz] 6.85 249 39.7 656 81.6 123.8 1373 1543 170.1 241.0

A harmonic analysis is also carried out. The external load is a force acting along z, with unit
magnitude, F=1k [N], on the node located at x = a, y = b. It is duly incorporated into the
adequate row of Qag ). The response is obtained at the same node, corresponding to its transverse
displacement DOF. The forcing frequency is varied from 0 to 200 Hz, in 800 increments. The
harmonic response is shown in Fig. 20, in the form of a Bode plot.
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Figure 19: Vibration mode shapes (eigenvectors) of the laminate considered in this

section.
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Finally, a result related to a transient analysis is also reported. For this investigation, it has
been assumed that a force F = F (t)l; was applied at the node located at x = a, y = 0, with the
magnitude F(¢) corresponding to a triangular pulse with amplitude 1 N and duration of 20 ms, as
shown in Fig. 21. The initial conditions were assumed to be null. Also, the mode superposition
approach was considered for integrating the equations of motion. The first 30 mode shapes were
used to approximate the unknowns. The largest natural frequency of the former is roughly equal
to 746.4 Hz. It is usually recommended for one to include all modes bellow at least twice the
maximum frequency of interest in the transformation matrix T used in the modal superposition
approach [Craig and Kurdila, 2006]. Based on this premise, obtained responses should be relatively
accurate for as long as the frequency content of the excitation load remains below, say, 373 Hz.
The spectrum of F(t) illustrated in Fig. 21 indicates that this is not entirely true — so obtained
results may not be completely correct.

For computing the transient response, a discrete viscous damper was also included in the
model. It was placed between the node at x = 8a/15 = 153.07 mm, y = 8b/15 = 153.07 mm
(close to the center of the laminate) and the ground. Also, the damper was assumed to dissipate
energy based on the transverse motion of the corresponding node of the mesh, based on a viscous
damping coefficient equal to 0.5Nsm~'. The damping matrix C&) therefore is almost entirely
zero, except for the diagonal entry related to the transverse displacement w DOF of the node to
which the damper is attached.

A single response of the laminate due to the transient excitation load is depicted here, in Fig. 22.
It corresponds to the transverse displacement of the node located at x = a, y = b. As one can see,
some vibration induced by the external load gets mitigated by the damper. The laminate continues
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Figure 20: Harmonic response (transverse displacement DOF) at the driving point
X = a,y = b of the laminate considered in this section.
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Figure 21: Time history (left) and spectrum (right) of the force amplitude F adopted
for the transient analysis of the laminate considered in this section.
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to vibrate somewhat, however, due to the damper not being able to adequately attenuate motion
related to particular wave modes of the structure. A low decay rate can still be seen, even for such
condition. We remark that the time integration algorithm used to obtain the result shown in Fig. 22
should not be responsible for the observed damping.
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Figure 22: Transverse displacement of the point at x = a, y = b of the laminate
considered in this section, when it is subjected to the transverse force given in Fig. 21
atx =a,y =0.

4 Parameterization of FE models for model updating and damage identification

Most often, the finite element modeling of complex engineering systems involves uncertainties
affecting some physical or geometrical parameters (material parameters, geometrical dimensions,
etc.). Other sources of uncertainties are boundary conditions and internal joints, the properties of
which, due to the presence of contact, are difficult to characterize.

Hence, to reduce the errors involved in FE modeling, and obtain models sufficiently accurate
to ensure reliable predictions, one strategy consists in performing the so-called model updating of
an initial FE model. This can be achieved by performing experimental tests on the real structure
(when it is available) and then introducing corrections in the FE model in such a way to minimize,
as much as possible, the differences between a set of experimental responses and the corresponding
model predictions. For this goal, since it is not reasonable to adjust the properties of each element
of the mesh individually, it is convenient to assume the structure divided in a certain number of
regions (macro-elements), and assign correction factors to the stiffness and/or inertia of each of
these regions. Such an approach enables to consider modeling errors in terms of a reduced number
of parameters, associated to the regions assumed to concentrate the dominant modeling errors. The
model updating problem can thus be formulated as an optimization problem in which the objective
function represents the difference between experimental responses and model predictions, and the
design variables are the correction factors to be applied to the macro-elements of the model.

Considering problems in the field of structural dynamics, we recall the global equations of
motion in the form:

M@ & (1) + K& q® (1) = Qr(lég)(f) " Ql()g) (1) + Qgg)(t). (74)

Assuming the structure divided in p regions, the mass and stiffness correction matrices to be
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introduced in the updated FE model can be represented as follows:

Ry

AM(®) = U mM®), (752)
r=1
Ry

AK®) = U kKO, (75b)

r=1

where M) and K" are, respectively, the mass and stiffness contributions of region r to the
corresponding global matrices, m, and k, are the associated correction parameters, and symbol |
indicates the operation of matrix assembling. Also, R,, and Ry stand for the number of different
regions which are considered for correcting the mass and stiffness matrices, respectively.

A similar approach can be used for model-based damage identification, in which damage is
assumed to be represented by error indicators, assigned to the probable damaged regions of the
structure. The damage identification problem then consists in determining the set of damage
indicators which makes the FE model to reproduce the experimentally measured responses of the
damaged structure.

Different strategies for FE model updating and damage identification based on structural
dynamic responses have been developed [Friswell and Mottershead, 1995]. In the next section, a
classical approach, based on the sensitivity of eigenvalues and eigenvectors, is described.

5 Model updating based on the sensitivity of eigenvalues and eigenvectors

Neglecting damping, and assuming that S pairs of experimental eigensolutions — natural frequen-
cies and natural vibration modes, (W™ € R, X! € R¢, 5 = 1,...,S) — are available, the
approach starts by expressing the eigensolutions as linearized Taylor series expansions about the

2
corresponding ones obtained from the FE model (1™ = (™", X" s=1,...,9):
(m) (m)
(exp) _ o (m) R 04y Ri 04y _
Al - ¢ +Zr:1 o Amr+zr:1 I Ak, s=1,2,...,8, (76a)
(m) (m)
(exp) _ (m) Rm aXr Rk (9Xr _
x(eP) = x! +Zr=1 L +Zr=1 T s=1,2,....,8. (76b)

It should be explained that, in the equations above, XECXP) € R¢ fors =1,2,...,5, are sub-
eigenvectors formed only by the ¢ components identified during experimental tests (e.g. from
experimental modal analysis), while X§’” e R fors =1,2,...,S are the counterparts provided
by the FE model.

Since the parameters m,- and k, intervene nonlinearly in the eigensolutions, their determination
has to be done iteratively by solving Egs. (76) for the increments Am, and Ak, starting from initial
guessed values. In each iteration, the following linear system of equations has to be solved:

AL [ oA\ o™ oAl ™ ] A
! ami T Omg,, Ok Oke, i
oy g aal” oy
Adg .. s 0 s | Amg
_ 6m1 ﬁmRm 6k1 6kRk m (77)
AX X" ax"™  ax\™ X" Ak
1 om; " Omg,, 0k kg, 1
(m) (m) (m) (m)
AX XNs .00 K XKg s | ag
S | am; Mg ok, Fkr, Ry
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or
AL =S AP. (78)

As long as the number of equations (S(1+c¢)) is larger than the number of unknowns (R, + Ry)
and matrix S is full-rank, the system of equations has a unique least-square solution:

AP = (STS)_I STAL. (79)

Matrix S is formed by the sensitivities of the eigensolutions with respect to the correction
parameters. As stated in [Friswell and Mottershead, 1995], different methods have been devised
to compute those sensitivities.

Given the undamped eigenvalue problem associated to Eq. (74),

[K<g> - /lsM(g)] X, = 0, (80)

the derivation with respect to a given mass m, or stiffness correction parameter &, leads, respec-
tively, to

(K — 2, M) X _ _[ oM® 6

+—SM(g)}XS, s=1,2,...,8, (81a)

om, om,  dm,
X, OK®) 9
[K<g> —/lSM(g)] == [ =T M<g>] X, s=1.2.....5. (81b)

Assuming that the derivative of the s-th eigenvector can be projected on the basis formed by a
set of O eigenvectors, one writes:

0X; 0 ,
T = D X,Chys (82a)
aXS Q v
T~ g Xai (82b)

Associating Egs. (81) and (82), pre-multiplying both sides of the resulting equations by the
eigenvector Xy, which is assumed to be normalized to unit modal mass, one obtains the following
expressions for the sensitivity of the r-th eigenvalue with respect to the mass and stiffness correction
parameters, respectively:

aA OM(®)

oL = X[ ——X, = -LX{MTX,, (83a)
r r

oA AK®

ak“ = X! T X, = X'K"X,. (83b)
r r

Regarding Eqs. (83), it is worth pointing-out that the computation of the sensitivity of the s-th
eigenvalue is straightforward and depends on the s-th eigenvector, only.

The computation of the sensitivities of the eigenvectors is somewhat more involved. The
fundamental idea is to determine the expressions for the coefficients ¢, and dy, in Egs. (82).
This is done by first deriving the normalization equations for the eigenvectors with respect to the
correction parameters, as indicated next:

OM (& 0X.
XTM@X, = 1 = T X, +2XTM® =2 = 0, (84a)
6mr amr
K X, 04
XTK®X, =2 T X, +2XTK® =5 = 225 84b
K&K =2, = ok, TN Gk, T ok, (540
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Making use of Egs. (82) and (83) and the orthogonality relations of the eigenvectors, one gets:

1
= —EXZM(’)XS, (85a)

d’, =0. (85b)

The determination of the remaining coeflicients ¢, and dj¢ with r # s requires the use of

Egs. (81) in combination with Egs. (82) and, again, the orthogonality relations of the eigenvectors.
This procedure leads to the following expressions:

XITM(IX
Chy = Ag——, r#s, (86a)
Ty = A
XTK"X
. S—— : 86b
sq L= r#s (86b)

Regarding the method presented above, it is worth highlighting its following features:

a) it requires one-to-one pairing between the natural frequencies and natural vibration modes
obtained experimentally with those computed from the FE model. This can be a difficult
task, especially when the modeling errors are large enough so as to render direct comparison
ineffective for pairing. Hence, a number of numerical techniques have been devised to assist
the comparison between the two sets of eigensolutions, such as the Modal Assurance
Criterion (MAC) and the Coordinate Modal Assurance Criterion (COMAC) [e Silva and
Maia, 2012];

b) as the components of the experimental and FE eigenvectors are directly paired, the method
does not require the condensation of the FE model to ensure dimensional compatibility of
both sets of eigenvectors.

c) it follows a fully deterministic approach, which means that random noise affecting the
measured quantities or modeling errors are not considered. However, it is possible to
formulate the model updating in a stochastic framework, where various estimators, can be
used to deal with random uncertainties [Fonseca et al., 2005, Mares et al., 2006, Simoen
et al., 2013].

6 Final remarks

The finite element method is, undoubtedly, a very powerful method, which has been playing
a significant role in scientific and technological developments lately. However, in the authors’
opinion, users must be fully aware, not only of its capabilities, but also of its limitations. In fact,
it is widely recognized that modeling of complex systems is a combination of science and art,
meaning that it is never a fully automated procedure, requiring, from the user: a) knowledge of the
physics underlying the problem at hand, necessary to make adequate modeling choices and correct
interpretation of the results; b) knowledge of the various resources available in commercial packages
(in case these are used), necessary for the construction of representative, accurate and cost-effective
models for the problem at hand; c¢) expert judgement, obtained from previous experience gathered
in the modeling of similar problems.

It should be mentioned that, in many cases of scientific or industrial interest, FE models are
constructed for use in combination with other numerical analyses, in broader frameworks. As
relevant examples, one can cite:
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* Structural optimization: a finite element model of a given structure is coupled to numerical
optimization routines aiming at improving one or a set of desired responses or structural
characteristics. In this case, the degree to which the improvement is obtained is quantified
by one or various cost functions or objective functions, and the structural features to be
modified form a set of design variables. Most often, the optimization problem is subject
to the so-called constraints, which limit the range of possible solutions (design space).
Generally, optimization problems must be solved iteratively, the FE model being used to
compute the value of the objective and other necessary quantities at each iteration;

* Uncertainty quantification: a single FE model of a given structure is inherently, a deter-
ministic model. As the modeling of complex systems most frequently involve uncertainties
affecting external loads and physical and geometrical characteristics of the structure, it is
of utmost importance, in many situations, to assess how those uncertainties can influence
the responses predicted by the FE model. In a probabilistic scope, the immediate assess-
ment can be made by the Monte Carlo method, which consists in generating a typically
large number of samples of the assumed random variables and, for each sample, compute
a corresponding response sample. These later can then be used to compute statistics of the
structural responses, which, to have ensured statistical confidence, require a large number
of samples and, as a result, of FE response evaluations. Other relevant problems related to
uncertainty quantification are the assessment of structural reliability [Ditlevsen and Madsen,
1996] and robust optimization [Ben-Tal et al., 2009].

* Damage identification: this problem can be included in the more general scope of model-
based parameter identification problems. More specifically, it can be regarded as a dual
problem of model updating, described in section 5, as long as the correction coefficients are
interpreted as damage indicators [Friswell, 2007, Fan and Qiao, 2011].

* Sensitivity analysis: this type of numerical analysis aims at assessing the degrees to which
the structural responses of interest are influenced by variations of certain physical and/or
geometrical structural characteristics [Saltelli et al., 2008]. This analysis is highly useful
in structural design and also in other applications, such as structural optimization and
uncertainty propagation.
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