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Abstract

In some situations, the need for multiple evaluations of a computational model
is not feasible due to the large cost in terms of budget or time required. The domi-
nant practice consists in the creation of statistical approximations for the response of
the model and performing additional analysis on the meta-model. The present con-
tribution discusses some classic alternatives for the establishment of experimental
designs. Next, the Least-Squares and Kernel methods are outlined as alternatives to
approximate models. Subsequently, characteristics of the Parallel, Sequential, and
Multi-level ensembling methods are presented. The current work is concluded with
considerations on the goodness-of-fit assessment.

Keywords: Surrogate modeling, Metamodeling, Design of Experiments, Machine Learning.

1 Introduction

Contemporary projects in the field of structural analysis have to deal with a lot of data. The need to
translate raw numbers into intelligence that drives real-world projects requires the ability to clas-
sify and organize information that arises from multiple and sometimes conflicting requirements.

In this context, how to break down and structure complex problems and data sets is of par-
amount importance. Design of Experiments (DoE) is concerned with designing tasks capable of
describing and explaining the variation of information under specific hypothesized conditions. It
is associated with experiments in which the design introduces conditions that directly affect the
variation/response.

Inferring the system’s behavior from a reduced set of data can contribute to reducing the
computational budget of a project and increase the probability of identifying unforeseen scenar-
ios. In the present contribution, classical and contemporary techniques are presented and their
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suitability for structural analysis is discussed. It starts with the concepts of Design of Experi-
ments, Metamodeling and Surrogate alternatives for the establishment of experimental designs.
Next, the Least-Squares and Kernel methods are outlined as alternatives of approximate models.
Subsequently, characteristics of the Parallel, Sequential and Multi-level ensembling methods are
presented. Considerations on the goodness-of-fit appraisal will concludes the present contribution.

2 Design of Experiments, Metamodeling and Surrogates

In certain circumstances, it is not feasible or practical to calculate exact values for the func-
tions F ({X}), Gj({X}) and Hk({X}) pertaining to the optimization problem formulation seen
in chapters “An overview of Linear and Non-linear Programming methods for Structural Opti-
mization” (Choze et al. [2022b]) and “Overview of Traditional and Recent Heuristic Optimization
Methods” (Choze et al. [2022a]). One such possibility is whenever the computational cost is too
burdensome, and even the specialized structural synthesis approximations (Choze et al. [2022b])
cannot provide an adequate solution. Another situation, in itself or combined with excessive com-
putational cost, is when the calculation engines responsible for providing the values of the many
quantities involved belong to computational domains that are disparate enough to jeopardize a
direct integration, and hence a common frame of reference has to be obtained to reconcile them.

In either case, it is mainstream practice to create statistical approximations of these quantities,
henceforth denoted as F̂ ({X}), Ĝj({X}) and Ĥk({X}), with the “ˆ ” notation used to highlight
their non-exact nature. As approximated entities, there are mechanisms to drive the computational
burden down and, both as closed-form equations or represented through standardized database
functions, their computational compatibility can be assured to the extent that they are operated
together within the same optimization procedure. The overall procedure for obtaining these ap-
proximations is explained after its introduction in Table 1 (Chihara and Hesterberg [2018]).

From left to right, the first step consists of observing enough values of decision variables
combinations ({X}) and the corresponding objective/constraint values that they yield. Explicitly,
the yielded values, which are collectively denoted as {Y }, are dependent upon {X} which, in
statistical nomenclature, are the independent variables (within reason, freely chosen to map the
decision space). Depending on the specific purposes of each study, one or more suitable design
of experiments (first column in Table 1) will determine specifically which setups of independent
variables are observed to form a matrix where, in a given layout, each row corresponds to an ob-
servation (as determined by the applicable/available experimental design) and each column maps
into the corresponding element of the vector of decision variables {X}. A statistical surrogate will
map an approximation to describe the underlying relationship between independent and dependent
variables, pairing each row in [X] (now in plain matrix notation) with the corresponding one in
{Y } (still in vector notation, focusing on a single response at a time). One or more such methods
are chosen from the second column in Table 1. Although the number of choice possibilities is
potentially high, reflecting a myriad of different approaches, the fundamental operating principles
underpinning all of them are common, relating to the optimization of a goodness-of-fit metric. Fi-
nally, and most importantly, even though a suitable goodness of fit may be reached once executing
of steps 2 and 3 within Table 1 (with strictly training data, as more usual, or with a mix of training
and validation data), additional appraisal, corresponding to step 4, is strongly advised for a final
and complete performance assessment of the surrogate’s capabilities.

Specific techniques and additional comments relative to the steps outlined above are presented
in the subsequent sections. Several of these instances are supplemented with their corresponding
computer codes implemented with the R statistical programming platform (R Core Team [2020]),
indicated as “Code”. For this purpose, the command install.packages is the main tool to
add new packages to the R software. It takes a vector of names and a destination library, downloads
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Table 1: Standardized steps sequence for building statistical approximations, also
known as meta-models or surrogates.

Experimental
Design

Model Choice Model Fitting Quality
Verification

(Fractional)
Factorial

Polynomial Least Squares
Regression

Response
Surface

Analysis of
Residuals

Central
Composite

Weighted
Least Squares
Regression

ANOVA

Box-Behnken
...

Alphabet-
Optimal

Splines Best Linear
Unbiased Pre-
dictor

Bayesian
Models

Orthogonal Frequency Do-
main

Best Linear
Predictor

Plackett-
Burman

Kernel
Smooth-
ing

Hexagon Radial Basis
Functions

Hybrid

Latin
Hypercube

Enumerative Neural
Networks

Back-
Propagation

Neural
Networks

Residual Error

Rule based or
Decision Tree

Entropy Inductive
Learning

Random

the packages from the repositories (from a local folder or remote web server) and installs them in
the R environment. To install the packages needed to run the codes in this chapter, for example,
enter the following:
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install.packages(’FrF2’,’rsm’,’lhs’,’glmnet’,’DiceKriging’,
’RSNNS’,’randomForest’)

Help is available at the command prompt via ?install.packages command.

3 Experimental Design

From a statistical theory perspective, a more exhaustive list of possible experimental design ap-
proaches is richly documented in the literature, such as in references Myers et al. [2016], Box
et al. [2005], and Khuri and Cornell [2019]. The following sections are extracts of this broader
picture that more closely correspond to the state-of-the-art and practice for computer analysis
and optimization of structural systems. Nevertheless, active research is ongoing in the direction
of broadening the scope and possibilities within the field, and the interested reader is referred to
Garud and Kraft [2017a], Garud and Kraft [2017b], Bhosekar and Ierapetritou [2018], Boukouvala
and Floudas [2017], and Pronzato and Müller [2012].

3.1 Full and fractional factorial designs

Initial exploration and understanding of decision spaces in m variables tends to be undertaken
by screening experimental designs, whose purpose is to filter out variables that do not influence
the outcome(s). Among the various options for screening designs, the simplest ones are factorial
designs at two levels, which serve to identify linear relationships between inputs and outputs. For
m = 5 and variable ranges codified between −1 for lower bound and +1 for upper bound, the
resulting combination would be as appears on Table 2.

The 32 total combinations arise from 2m, for two levels (at the lower and upper bounds for
each variable) over m = 5 variables, and define an hypercube (each edge corresponding to one
dimension or variable) with the experimental points at the vertices. The exponential growth with
respect to m indicates that, in practice, this may even be a simple approach, but is only feasible
for screening purposes with moderate values of m and/or low cost for performing each individual
run. This limitation may be better perceived if one considers m = 10 variables yielding 1024 total
runs just for screening on a linear relationship basis. For completeness of this discussion, consider
also the inclusion of simple curvature with base 3 would result in 310 = 59049 runs, proving
the point that straight factorial combination may only work in very particular cases and may lead
to experimental inefficiencies in exchange for its simplicity. For the purposes of computational
coverage, creation of full factorial designs in R (R Core Team [2020]) is illustrated in Code 1 for
3 factors (A, B and C).

As an initial step to trade-off complexity and efficiency, the introduction of fractional factorial
designs leverages the idea of incurring into the partial cost of factorial designs while reducing the
clarity of the conclusions to be obtained. The multiple trade-off points within this balancing act
are measured by different resolutions, which become an attribute of the experimental design sim-
ilarly to its base and number of variables. In formal terms, resolution is defined as the minimum
word length in the defining relation, excluding 1. Whereas Myers et al. [2016] and Box et al.
[2005] present complete theoretical discussions about the defining relations of different experi-
mental designs and, consequently, their resolutions, the practical aspect to be emphasized is that
higher resolutions are desired, with the following recommendations: a minimum of 3 (typically
noted as III) for variable screening, a minimum of 4 (typically noted as IV) for model fitting and,
finally, a minimum of 5 (typically noted as V) for optimization.

To illustrate these concepts, consider alternatives for fractional designs that can be derived
from Table 2, utilizing only part of the 5 total factors and confounding the remaining k ones, that
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Table 2: Full factorial experimental design at two-levels with m = 5 independent /
input variables, whose ranges are codified between−1 (lower bound) and +1 (upper
bound).

Run Variable 1 Variable 2 Variable 3 Variable 4 Variable 5
1 -1 -1 -1 -1 -1
2 -1 -1 -1 -1 1
3 -1 -1 -1 1 -1
4 -1 -1 -1 1 1
5 -1 -1 1 -1 -1
6 -1 -1 1 -1 1
7 -1 -1 1 1 -1
8 -1 -1 1 1 1
9 -1 1 -1 -1 -1

10 -1 1 -1 -1 1
11 -1 1 -1 1 -1
12 -1 1 -1 1 1
13 -1 1 1 -1 -1
14 -1 1 1 -1 1
15 -1 1 1 1 -1
16 -1 1 1 1 1
17 1 -1 -1 -1 -1
18 1 -1 -1 -1 1
19 1 -1 -1 1 -1
20 1 -1 -1 1 1
21 1 -1 1 -1 -1
22 1 -1 1 -1 1
23 1 -1 1 1 -1
24 1 -1 1 1 1
25 1 1 -1 -1 -1
26 1 1 -1 -1 1
27 1 1 -1 1 -1
28 1 1 -1 1 1
29 1 1 1 -1 -1
30 1 1 1 -1 1
31 1 1 1 1 -1
32 1 1 1 1 1

is, 25−k. The resulting possibilities are detailed in Table 3, which is generalized for a large number
of variables/fractions/resolutions of practical applicability in NIS.
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Code 1: Full Factorial Design for 3 factors (A B and C)

expand.grid(A = c("-1", "+1"), B = c("-1", "+1"),
C = c("-1", "+1"))
A B C
1 -1 -1 -1
2 1 -1 -1
3 -1 1 -1
4 1 1 -1
5 -1 -1 1
6 1 -1 1
7 -1 1 1
8 1 1 1

Code 2 brings the R counterpart of the k = 1, 25−1R=V design also listed in Table 3. Please
note the difference in notation, where the factors are alluded to as capital letters A, B, C, D and E
instead of numbers, both versions being prevalent (and conceptually equivalent) in the literature.

Code 2: Regular Fractional Factorial 2-level design

FrF2(16,5, generators=’ABCD’)
A B C D E

1 1 -1 1 -1 1
2 -1 1 -1 -1 -1
3 -1 -1 1 1 1
4 1 1 1 -1 -1
5 1 -1 1 1 -1
6 1 1 1 1 1
7 1 -1 -1 1 1
8 1 1 -1 -1 1
9 -1 1 1 1 -1
10 1 1 -1 1 -1
11 -1 1 -1 1 1
12 -1 -1 -1 1 -1
13 -1 -1 1 -1 -1
14 -1 1 1 -1 1
15 -1 -1 -1 -1 1
16 1 -1 -1 -1 -1
class=design, type= FrF2.generators

Even with the introduction of the fractional strategies and the consequent reduction in the
number of runs, some situations result in non-affordable experimental effort. This is often the
case when non-linearity prevail and/or the experimental investigation actually targets some level
of prediction, beyond pure screening.

Such situations require alternative approaches, and the most popular ones for computational
experiments, especially when dealing with structural mechanics, are described in the next two
subsections.

Santos, Rogerio R., et al. (2022) Classic Surrogates and Metamodeling in Structural Analysis pp. 54-88

In Jorge, Ariosto B., et al. (Eds.) Uncertainty Modeling: Fundamental Concepts and Models, Vol. 3, UnB 60



Table 3: Fractional factorial experimental design options with various resolutions
out of the m = 5 independent/input variables listed in Table 2. ∗ confounded vari-
able/Factor.

Fraction
(k) and
naming

Runs Reso-
lution

Confounding Structure

k = 1,
25−1R=V

Run F1 F2 F3 F4 F5∗

1 -1 -1 -1 -1 1
2 -1 -1 -1 1 -1
3 -1 -1 1 -1 -1
4 -1 -1 1 1 1
5 -1 1 -1 -1 -1
6 -1 1 -1 1 1
7 -1 1 1 -1 1
8 -1 1 1 1 -1
9 1 -1 -1 -1 -1

10 1 -1 -1 1 1
11 1 -1 1 -1 1
12 1 -1 1 1 -1
13 1 1 -1 -1 1
14 1 1 -1 1 -1
15 1 1 1 -1 -1
16 1 1 1 1 1

V

DEFINING RELATION:
I = 12345

CONFOUNDED
VARIABLE(S):
F5 = F1× F2× F3× F4

CONFOUNDING
STRUCTURE:
F1 = F1 + F2345
F2 = F2 + F1345
F3 = F3 + F1245
F4 = F4 + F1235
F5 = F5 + F1234

Note: each variable/Factor con-
founded with interactions of or-
der 4, which are negligible.

k = 2,
25−2R=III

Run F1 F2 F3 F4∗ F5∗

1 -1 -1 -1 1 1
2 -1 -1 1 1 1
3 -1 1 -1 -1 1
4 -1 1 1 -1 -1
5 1 -1 -1 -1 -1
6 1 -1 1 -1 1
7 1 1 -1 1 -1
8 1 1 1 1 1

III

DEFINING RELATION:
I = 124 = 135 = 2345

CONFOUNDED
VARIABLE(S):
F4 = F1× F2
F5 = F1× F3

CONFOUNDING
STRUCTURE:
F1 = F1+F24+F35+F12345
F2 = F2+F14+F345+F1235
F3 = F3+F15+F245+F1234
F4 = F4+F12+F235+F1345
F5 = F5+F13+F234+F1245

Note: each variable/Factor con-
founded with interactions of or-
der 4, which are negligible.
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3.2 Central composite designs

Central Composite designs are suitable for situations of moderate dimensionality (when some
form of fractional or even full factorial design fits the experimental budget) but it is important to
consider non-linear effects that will certainly not be captured via two-level combinations. In this
context, consider the initial scenario with 3 independent variables and the fractional form 23−1

resulting in 4 total linear experimental runs, in the portion denoted as “cube” (signifying edges
with equal lengths). Adding a total of 5 additional runs (one at the “center”, and the remaining at
the far edges of a “star”) would cover the non-linear effects as represented schematically in Figure
1, which is mirrored in Table 4.

Figure 1: Diagram of a Central Composite Design with linear and non-linear por-
tions represented in two-dimensions.

Table 4: Central Composite Design corresponding to Figure 1, with 2 factors covered
at 5 total levels.

Run # F1 F2
1 (“cube”) -1 -1
2 (“cube”) -1 1
3 (“cube”) 1 -1
4 (“cube”) 1 1

5 (“center”) 0 0
6 (“star”) −α 0
7 (“star”) +α 0
8 (“star”) 0 −α
9 (“star”) 0 +α

The square vertices are the factorial points spanning the range between the linear lower bound
(-1) and the linear upper bound (+1), and the qualifier “linear” is deliberate to indicate that the
overall ranges have to be examined and equalized so that no experimental points are configured
outside of any feasible experimental range. The reason, which also appears on Figure 1, is that the
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non-linear effects are captured by the rhombuses α units afar from the center (square icon), which
usually assume absolute values larger than unity. Determination of the values of α depend upon a
number of factors, both formal/mathematical and also practical:

• α for rotation: ensures that the resulting design yields predictive variances (i.e., uncertain-
ties) that, at any point x, depend only on the distance of x from the design center point. A
design with this desirable property can be rotated around its center point without changing
the prediction variance at x, hence its nomenclature;

• α for orthogonality: guarantees that the effect of one factor or interaction can be estimated
separately from the effect of any other factor or interaction in the model, which counters
the factor confusion arising from fractional factorial designs and their associated (lower)
resolution;

• Special cases and arbitrary values of α: practical constraints may limit the choice of values
for α in such a way that neither rotation or orthogonality is obtained, requiring additional
and more careful assessment of goodness-of-fit prior to utilizing the model resulting from
the experiment. One possibility is that, due to lack of experimental bandwidth, the values or
α are not allowed to go beyond the linear range [-1, +1], in which case the resulting designs
are called face centered composite designs.

Once again, the R code counterpart is offered in Code 3, highlighting configuration parameters
necessary for the creation of a Central Composite Design.
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Code 3: Central Composite Design example

library(rsm)
n_var = 3
n_center_points_cube = 4
n_center_points_star = 6
ccd(n_var, n0 = c(n_center_points_cube,
n_center_points_star),
alpha = "orthogonal")

run.order std.order x1.as.is x2.as.is x3.as.is Block
1 1 5 -1 -1 1 1
2 2 9 0 0 0 1
3 3 2 1 -1 -1 1
4 4 3 -1 1 -1 1
5 5 11 0 0 0 1
6 6 4 1 1 -1 1
7 7 8 1 1 1 1
8 8 1 -1 -1 -1 1
9 9 6 1 -1 1 1
10 10 12 0 0 0 1
11 11 10 0 0 0 1
12 12 7 -1 1 1 1
13 1 10 0 0 0 2
14 2 7 0 0 0 2
15 3 9 0 0 0 2
16 4 2 2 0 0 2
17 5 8 0 0 0 2
18 6 3 0 -2 0 2
19 7 4 0 2 0 2
20 8 5 0 0 -2 2
21 9 1 -2 0 0 2
22 10 12 0 0 0 2
23 11 11 0 0 0 2
24 12 6 0 0 2 2

3.3 Latin Hypercube (computational) designs

Since their inception in the seminal paper by Sacks et al, 1989, computer experimental designs
have gained popularity due to their inherent suitability regarding phenomena that are immune to
experimental variation. In this sense, any of the experimental setups discussed in sections 3.1
and 3.2 above would in principle require replications at each point whenever feasible, if they are
undertaken in the actual physical world. In computers however, barring minor differences due to
platforms (chipset, operating systems, etc.), such replicates would yield the same results at any
given experimental run.

At any measure, with or without replications, application scenarios with relatively high di-
mensionality and any degree of non-linearity may push beyond experimental budget feasibility
even for Central Composite Designs. In such scenarios, the ideal combination of attributes for the
experimental design would encompass:
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1. Low, and ideally fixed/predetermined experimental cost (total number of runs);

2. Ability to explore various levels and capture non-linearity;

3. Ability to execute item 2 minimizing redundancy of information aggregated by each indi-
vidual experimental run.

Whereas a random sample with N points over m dimensions would comply with these 3 require-
ments, it would offer low to no control over coverage of the space, with the enduring possibility
that some areas are over-sampled at the expense of voids in other locations (Figure 2a). On the
other hand, a true space filling experimental design would look like Figure 2b and, as implied by
the name, experimental samples would be distributed as to satisfy the uniform filling of the avail-
able space, such as minimizing the maximum distance or, conversely, maximizing the minimum
distance between any 2 given points in m dimensional space.

(a) Random. (b) Optimal Latin Hyper Cube.

Figure 2: Random vs. Space filling Design with 60 points over 2 dimensions between
0 and 1. Generated in R with random seed = 1 for Figure (2a) and function opti-
mumLHS for Figure (2b).

Code 4 contains the necessary R syntax to create designs such as that of Figure 2b.
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Code 4: Optimum Latin Hypercube sample

library(lhs)
n_var = 3
n_samples = 16
optimumLHS(n = n_samples, k = n_var)

[,1] [,2] [,3]
[1,] 0.77986305 0.25962784 0.98113240
[2,] 0.73374286 0.89983958 0.65652518
[3,] 0.08106826 0.38917024 0.80616234
[4,] 0.67524880 0.03049537 0.36286886
[5,] 0.34750631 0.78054941 0.84859144
[6,] 0.12511944 0.17081607 0.10528484
[7,] 0.52469292 0.60694614 0.04280036
[8,] 0.41165871 0.54098857 0.50797994
[9,] 0.98482138 0.36344077 0.73544520
[10,] 0.84308190 0.18906118 0.20958842
[11,] 0.02456373 0.64927328 0.25217138
[12,] 0.61763298 0.46786939 0.89379079
[13,] 0.47930504 0.98500063 0.15556912
[14,] 0.22676730 0.86768002 0.48733852
[15,] 0.26289577 0.06276729 0.58312047
[16,] 0.92962543 0.69242589 0.43707276

The ability to cover multidimensional spaces more uniformly than pure random numbers and
the amount of control relative to overall experimental cost have converted Latin Hypercube Sam-
pling (LHS) designs into the de facto standard of computational design and analysis of experi-
ments.

4 Choice and Fitting of Approximate Models

4.1 Least-Square based regression methods

The most fundamental method of empirical surrogates building is the Ordinary Least Squares
(OLS for brevity) regression, an average filter that creates an approximation linear in the coeffi-
cients that assumes a form along the lines of the one depicted in Equation 1:

ŷ = a0 + a1x1 + a2x2 + · · ·+ anxn

+b1x
2
1 + b2x

2
2 + · · ·+ bnx

2
n (1)

c1x1x2 + · · ·+ cmxn−1xn

which can also be represented through the compact linear combination/dot product form in Equa-
tion 2, of coefficients β over t model terms x, each one bearing its respective degree of non-
linearity at the exponent:

ŷ =

t∑
i=1

βixi (2)

Specific for the historically usual case of a quadratic response surface with interactions (Barthelemy
and Haftka [1993], Kaufman et al. [1996], Sobieszczanski-Sobieski and Haftka [1997]), the true
response y (the function that yields all of the observations {Y }) is approximated by ŷ accounting

Santos, Rogerio R., et al. (2022) Classic Surrogates and Metamodeling in Structural Analysis pp. 54-88

In Jorge, Ariosto B., et al. (Eds.) Uncertainty Modeling: Fundamental Concepts and Models, Vol. 3, UnB 66



for all of the independent variables belonging to the n-dimensional vector {X} in their pure linear
forms (weighted by the coefficients ai, i = 1, . . . , n), their quadratic forms, as the simplest possi-
ble representation of potential curvature/non-linearity (pondered by bi, i = 1, . . . , n) and also the
interactions, in which all pairwise multiplications of the terms in {X} are exhausted and pondered
by ci, i = 1, . . . ,m with m = Cn,2 (combination of the n terms within {X}, two at-a-time).
Optionally, the model also contains a free term or intercept, which approximates the average of
the data generating process responsible for creating all possible values of y.

Collecting all the 2n+m+1 coefficients into the vector of coefficients {β}, the OLS regression
method applies the deterministic linear algebra set of operations described in Equation 3, which
satisfy the least-squares criterion in Equation 4, in which the sum of residuals (between true and
estimated response values) squared is minimized:

{β} = ([X]T · [X])−1 · [X]T · {Y } (3)

{β} = argminL({β}) = argmin
1

2N

∑
N

({β} · [X]− {Y })2 (4)

Noticing that the OLS criterion is indeed an optimization problem in itself (minimizing the
loss function L({β}), with the objective function being a slightly modified version of the sum of
squares of residuals, exhibiting the following convenient features:

• Its quadratic nature is amenable to optimization methods;

• Once derived, as part of the optimization procedure, the number 2 in both the exponent and
the denominator are mutually canceled;

• The whole expression is normalized by the number of available samples N , avoiding artifi-
cial inflation of the sum of squares of residuals for larger sample sizes.

The computational counterpart of Equations 3 and 4 in the R environment is shown in Code 5.

Code 5: Least-square regression

library(stats)

x = data.frame(matrix(rnorm(200), nrow=100, ncol=2))
colnames(x) = c(’x1’, ’x2’)
noise = rnorm(100)
y = 2*x[,1] + (0.01*x[,2])ˆ2 + 0.5*noise

model1 = lm(y ˜ x1 + x2, data = data.frame(x,y))

z = data.frame(matrix(c(1,1), nrow=1, ncol=2))
colnames(z) = c(’x1’, ’x2’)
fc1 = predict(model1, z)

cat(’R2: ’, summary(model1)\$r.squared,
’\nPrediction: ’, fc1)

R2: 0.942392
Prediction: 1.896089
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Equation 4, which makes the underlying optimization procedure explicit, offers important
levers for improving the quality of the model, specifically with respect to model/term selection.
Based on the principle of parsimony, the effective number of terms in the model will be nar-
rowed down to only the most significance, which improve the bias-variance trade-off in the fashion
schematically represented in Figure 3.

Figure 3: Schematic representation of the bias-variance trade-off for model selec-
tion.

Mathematically, the optimal trade-off illustrated in Figure 3 comes out of an extension of
Equation 4, also known as regularized regression

min{L(β) + λ [α‖{β}‖1 + (1− α)‖{β}‖2]} (5)

where the minimization of the loss-funtion in {β} becomes a constrained procedure via penaliza-
tion, which is mediated by the regularization parameter λ and, in its most general form, is applied
onto two components, the first || · ||1 and second || · ||2 norms of the vector of coefficients.

Both || · ||1 and || · ||2 are minimized when the coefficients with smaller values vanish, which
inherently leads to model/term selection. When α equals 1, the penalization is maximized, since
the first norm summing up all the terms of {β} (both the significant ones and those tending to zero)
is added to the objective function. When α equals 0, on the other hand, the penalization is not as
severe, with the overall summation of coefficients yielding a smaller number, since those with
values tending to zero become even smaller once they are squared. These two particular cases of
Equation 5 correspond to LASSO and Ridge Regression, respectively, with the acronym LASSO
(Least Absolute Shrinkage and Selection Operator) reflecting the most severe penalization case. In
practice, it is most usual that 0 ≤ α ≤ 1, and the flexibility to pick the best possible value within
the unit interval is reflected by the model taking the name of “Elastic Net”. The presence λ and
α introduce the possibility of regularization (i.e., inherent model selection by dropping the less
significant terms) at the expense of increased complexity for the loss function to be minimized,
now dependent on these two additional parameters.

Reflecting the enhancement/generalization of Equation 6 over the formulation in Equations
3-4, Code 6 contains the R implementation of the regularized regression approach, with the family
of Generalized Linear Models.
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Code 6: Generalized linear model with “elasticnet” regularization

library(glmnet)

x = matrix(rnorm(200), nrow=100, ncol=2)
noise = rnorm(100)
y = 2*x[,1] + (0.01*x[,2])ˆ2 + 0.5*noise

model2 = glmnet(x, y, beta=’elnet’)

z = matrix(c(1,1), nrow=1, ncol=2)
fc2 = predict(model2, z)
cat(’R2: ’, tail(model2\$dev.ratio, 1),

’\nPrediction: ’, tail(fc2[1,], 1))

R2: 0.9405139
Prediction: 1.989429

Up to this point, improvements in the model performance is sought quantitatively, that is, de-
ciding how many terms remain in the model. For models of polynomial form, such as those con-
sidered far, each term is then a monomial, whose limited flexibility resides mostly on its degree of
non-linearity (i.e., exponent) and, even so, typically at the expense of demanding significant ad-
ditional data. The fundamental limitations of monomials, however, is their stiffness, as illustrated
by the Runge phenomenon in Figure 4.

Figure 4: Illustration of the Runge phenomenon, whereby monomial stiffness leads
to oscillations when model order is increased in an attempt to capture underlying
non-linearity driven by the outlier at 0.

The Runge phenomenon is illustrated by the Runge function described in Equation 6, with the
outlier in 0 causing local inflation of the sum of squares of residuals and peripheral oscillations,
hence severely limiting the accuracy of a monomial based model which operates as an average
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filter (recall that the outlier strongly deviates from that average), not prone to be improved by
regularization or, at least, by regularization alone.

R(x) =
1

1 + 25x2
(6)

Several efforts of applied and theoretical nature have been implemented to circumvent these
limitations associated with monomial stiffness within the realm of fundamental regression, and the
interested reader is encouraged to pursue non-linear regression (Frank [1995]), robust regression
(in the sense of immunity to outliers, as detailed in Andersen [2008]) and Generalized Additive
models (Hastie [2017]).

However, setting the stage of methods that would become collectively known (and quite suc-
cessful) as Machine Learning approximations (Hastie et al. [2009]), there is an operating principle
that replaces monomials by kernels. Therefore, they are also known as kernel methods, which
display the following salient features:

• Parametrization, which result in flexibility (through configuration/optimization of the pa-
rameters values) that counters the monomial’s inherent stiffness;

• Combination of linear approach (dot product) and non-linear representation (the kernel
function);

• In the extreme case, monomials are the simplest possible configuration, where the kernels
are just the variables themselves.

4.2 Kernel methods

In its simplest, yet widely used forms, the kernels belong to the family of Radial Basis functions,
and is applied for modeling purposes as follows:

1. Collect a sample of sizeN , comprised of independent variables [X] and dependent variables
{Y }, using the same notation applied for regression methods in Equations 1 to 6;

2. As in Equation 7, calculate the D, which is symmetric and square of order N , containing
the Euclidean distances (second norms) between all possible pairwise combinations of in-
dependent variables within the sample matrix [X] collected in Step 1. It is important to
highlight that the terms in the main diagonal all default to 0 (distances between each point
in the sample and themselves) and that, by way of this step, the term-based logic for the
model is replaced by a location-based logic, with locations mapped in terms of the distances
and, moreover, the distances themselves default to simple scalars irrespective of the original
dimensionality of the problem (number of input or independent variables);

D =


‖[x]1,N , [X]1,N‖ ‖[x]2,N , [X]1,N‖ · · · ‖[x]N,1, [X]1,N‖
‖[x]1,N , [X]2,N‖ ‖[x]2,N , [X]2,N‖ · · · ‖[x]N,2, [X]2,N‖

...
...

. . .
...

‖[x]1,N , [X]N,N‖ ‖[x]2,N , [X]N,N‖ · · · ‖[x]N,N , [X]N,N‖

 (7)

3. Transform the distances matrix D by calculating the radial-basis function value for each
of its terms Di,j . These radial-basis functions, as suggested by their name, assign weight-
s/penalizations to each distance as they depart radially from the points where samples are
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available. A number of usual radial-basis functions is listed in Equations 8-13:

frb(Di,j) = Di,j (8)

frb(Di,j) = (Di,j)
3 (9)

frb(Di,j) = (Di,j)
2 · ln(Di,j) (10)

frb(σ,Di,j) = exp

[
−(Di,j)

2

2σ2

]
(11)

frb(σ,Di,j) =
√
r2 + σ2 (12)

frb(σ,Di,j) = 1/
√
r2 + σ2 (13)

In the order in which they are listed, the radial basis functions in Equations 8 to 13 are the
kernels with linear, cubic, spline, gaussian, multi-quadric and inverse multi-quadric shapes,
corresponding to different penalization strategies as a function of location distance. For
nomenclature purposes, this step is also known as the “kernelization” of the distances in the
input space;

4. This step is involved with estimation of the response value at a new point {Xnew} not
belonging to the sample [X] collected in Step 1. Since the method is distance based, a
total of N Euclidean distances are to be calculated, each of them turned into a scalar that
captures a distance which is represented within a space with the same dimensionality of
the functional relationship between inputs and output. Equation 14 represents this idea
mathematically:

DXnew =


‖{X}1, {X}new‖
‖{X}2, {X}new‖

...
‖{X}N , {X}new‖

 (14)

5. “Kernelize” the distances vector determined in Equation 14, analogously to the application
of Step 2 over the matrix in Equation 7;

6. Pre-multiply the “kernelized” distances matrix emerging out of Step 2 by the vector of sam-
pled outputs (dependent variable) {Y }, observing that they both possess the same number
of rows N . This operation yields the so-called weights of the model;

7. Perform the dot product (or linear combination) between the vector of weights obtained
in Step 6 and the “kernelized” vector of distances between the inference and the sample
points, obtained in Step 5. At this point, because of the linear combination operator applied
over “kernelized” entities (in this case, distances within the input space), the philosophies of
linear combination (proper of the regression methods discussed between Equations 1 and 6
and kernels are merged together, resulting in a model with a general form that is still linear
in its parameters, but flexible to any arbitrary non-linear kernel within each component, as
opposed to the stiff nature of the monomials. This combination of advantages has resulted
in wide and successful adoption of these models within the realm of Machine Learning, and
is summarized by Equation 15 below:

Y =
∑
N

wi · frb(D) (15)

Please note that despite Equation 15 representing an inference (i.e., an estimated value), the
notation Y is used instead of Ŷ to indicate that, in its original form, the family of radial basis
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function methods is interpolative, with perfect recall of the response values Y at theN points used
training (a condition to be relaxed at advanced variations of the approach to be discussed in the
sequence).

Specifically, Equations 12 to 13 correspond to functional forms that depend on additional pa-
rameters (namely, σ), whose value(s) are determined either by deterministic linear algebra type
of operations (Steps 1 to 7 detailed above), or through an optimization method aimed at minimiz-
ing a loss function associated with model accuracy. The latter is the logic underpinning the two
methods to be discussed next (Kriging and Gaussian Processes), that derive as enhancements of
the fundamental kernel idea.

Hence, introducing a more sophisticated version of the gaussian kernel of Equation 12, a full
covariance map is established as a function of a “nugget” (or “jitter”) C0, a “sill” C0 + C1 and
a “range” a. The terms between double quotes reflect the nomenclature of the Variogram based
Kriging (also known as Variographic method), in which the smoothness of the input space is
mapped according to:

• A discontinuity around each known point (C0), to account for the possibility of noisy data
records. Even in the case of computer experiments, which are deterministic by nature, the
introduction of a minor noise level may be beneficial (and in extreme cases, necessary) to
reduce the stiffness of matrix inversion operations to be introduced in the sequence;

• A limit for the variance at infinity (C0 + C1), whereby prediction bounds that measure
estimate uncertainties will not grow indefinitely even in the case of extrapolation beyond
the input ranges used to train the model. This is a fundamental difference with respect to
least-squares based regression and, whereas extrapolation should always be practiced with
caution, there is a level of robustness inherent to Kriging;

• A distance (a) beyond which the variance stabilizes as described in the item above

C(D) =

{
C0 + C1 if |D| = 0

C1 · exp
(−3D

a

)
if |D| > 0

(16)

Procedurally, the Variographic Kriging method applies as follows:

1. The variographic kernel of Equation 16 is applied over the distance matrix D, generating
its “kernelized” version analogously to Step 2 of the Radial Basis approach discussed ear-
lier. The “kernelized” distance matrix is the covariance matrix itself, in which geometrical
distances are converted into statistical distances, speaking for the smoothness of the input
space. Smoothness is an important consideration because, among the fundamental assump-
tions of the method, it is considered that points that are statistically close in the input space
give rise to points that will also be statistically close in the output space;

2. Involving prediction, this step requires calculation of the input space distance vector be-
tween a point whose output is to be predicted, with respect to all known points (the sample
used to train the model). This is equivalent to Step 4 of the Radial Basis procedure;

3. Analogously to Step 5 in the Radial Basis discussion, “kernelize” the distance vector ob-
tained in the previous step, converting it into the covariance vector between training and
prediction points;

4. Invert the covariance matrix obtained in Step 1. Numerical difficulties in this inversion step
may be circumvented by adding a small random noise, which is the “nugget” or “jitter”
term of the variographic kernel introduced in Equation 16;
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5. Calculate a weights vector by pre-multiplying the inverse covariance matrix obtained in
Step 4 by the covariance vector between training and prediction points, calculated in Step
3;

6. Obtain the mean (in the average sense) predictions by multiplying the weights vector by the
vector of known outputs from the training sample and summing over the components. This
means that the mean predicted value is some form of a linear combination (dot product) of
the known outputs, mediated by their respective covariance-driven weights;

7. Repeat Step 6, replacing the vector of known outputs by the covariance vector between
training and prediction points obtained in Step 3, to obtain the predictive variance. This is a
distinctive feature of the Kriging method in terms of uncertainty quantification. Uncertainty
will be higher in regions of the input space with sparse sampling, but will be bounded to a
finite value as per the discussion of the “sill” and “range” terms in Equation 16.

Application of Steps 1 to 7 as described indicates two distinctive features that are worth high-
lighting:

a) while the final estimation step (for both predictive mean and predictive variance) is a linear
combination, the kernel is flexible enough to capture a wide gamut of non-linear behaviors,
similarly to the discussed via Equation 14 for the Radial Basis approach;

b) a linear algebra based procedure but, given the additional parameters C0, C1 and a, their
values should be simultaneously optimized to satisfy criteria pertinent to the context, as for
example (and very usually) reducing predictive variance.

As far as the optimization of aspect “b” above goes, re-framing the Kriging formulation in
terms of its counterpart method known as Gaussian Process (GP) offers additional options in terms
of flexibility and performance. Regardless, given the similarity between Kriging and GP, they are
often used and named interchangeably, and the following formulation may allude to both:

C(D) = σ2f · exp

(
− D

2l̇2

)
+ σ2n · δ(D) (17)

where the covariance structure depends on a functional variance σ2f and a noise term σ2n, the
variance parameters of two multi-variate gaussian distributions (hence the name of the method)
that represent the estimates and the error, respectively. The additional parameter l is the length
scale and, overall, the presence of the negative exponent that defaults to 1.0 for distances equal
to zero carries over from Equation 12. Lastly, the δ operator introduces the noise term σ2n only
outside of the main diagonal of the resulting covariance matrix, obtained with the use of Equation
17 to “kernelize” the geometric distance matrix D, indicating that the method interpolates exactly
over the points known from the training sample.

With the above considerations, the task of fitting the model (i.e., identifying the values of
the parameters σ2f , σ

2
n and l) morphs into finding the multivariate gaussian distributions whose

variances should be equal to σ2f and σ2n. In classical statistical practice, the determination of
probability distributions that best fit to data is known as Maximum Likelihood Estimation (MLE
for short), expressing the procedure of finding the probability distribution(s) that most likely give
rise to the observed data (Millar [2011]). For this purpose, a new procedural combination of matrix
algebra and parameter optimization ensues as follows:

1. Calculate the covariance matrix by “kernelizing” the geometrical distance matrixD accord-
ing to Equation 17;
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2. Invert the covariance matrix obtained in Step 1;

3. Again involving prediction, use Equation 17 to “kernelize” the vector(s) of distances be-
tween known training points and unknown one(s), converting it into the covariance vector
between training and prediction points;

4. To obtain the weights, pre-multiply the covariance vector between training and prediction
points (obtained in Step 3) by the inverse covariance matrix from Step 2;

5. To obtain the predictive mean, perform the dot product between the weights arising from
Step 4 and the output training vector;

6. Multiply the covariance vector between training and prediction points obtained in Step 3
by its transpose (equivalent to the dot product of this vector by itself, hence resulting in a
scalar);

7. Subtract the value obtained in Step 6 from any of the equal values that belong to the main
diagonal of the covariance matrix obtained in Step 1. The variances go along this main
diagonal, and this subtraction is an adjustment that leads into the predictive variance at the
inference point.

Once again, matrix algebra operations provide both the predictive mean and variance, that is,
an estimate and the associated uncertainty. However, since the entire procedure is influenced by
the values of σ2f , σ

2
n and l, they need to be estimated in the MLE sense via Equation 18:

max (log (P (y|x, {θ}))) = −1

2
{y}T [C]−1{y} − 1

2
log(|C|)− N

2
log(2π) (18)

which indicates that the negative log-likelihood of observing outputs y given inputs x and model
parameters θ = {σ2f , σ2n, l2} is maximum for values within θ that influence the 3 terms in the
right-hand side of the equation, which depend only on the known training outputs y, the covariance
matrix C (where the parameters θ = {σ2f , σ2n, l2} matter) and the sample size N .

Code 7 implements the rather equivalent Kriging/Gaussian Process approaches in R.

Code 7: Kriging model

library(’DiceKriging’)

x = data.frame(matrix(rnorm(200), nrow=100, ncol=2))
colnames(x) = c(’x1’, ’x2’)
noise = rnorm(100)
y = 2*x[,1] + (0.01*x[,2])ˆ2 + 0.5*noise

model3 = km(design = x, response = y)

z = data.frame(matrix(c(1,1), nrow=1, ncol=2))
colnames(z) = c(’x1’, ’x2’)
fc = predict.km(object = model3, newdata = z, type = ’SK’)
cat(’Prediction: ’, fc\$mean)

Prediction: 1.118517
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Further exploration of the idea of kernels, with model fitting procedures that combine linear
algebra matrix manipulations with parameter optimization, allows the opportunity to consider
yet another method: neural networks. Although there are numerous variations of the fundamental
concept, and significant recent expansion within the specialized application field of Deep Learning
(Goodfellow et al. [2016]), the focus on the aforementioned operating principles pivots towards
many, and typically simpler kernels, combined with minimization of the predictive error via a
mechanism known as back-propagation. Providing materiality to these concepts, consider the
(shallow) neural network topology in Figure 5.

Figure 5: Shallow neural network topology, with input and output layers surround-
ing one, and only one hidden layer (hence, shallow), all of them containing 2 neurons
(kernels) each.

The two input kernels/neurons I1 and I2 receive the values from the input variables, so that
there are as many neurons in the input variables as the dimensionality of the predictive problem
itself. The inputs are then transmitted into the hidden layer(s), whereas a single one is capable to
map relationships between inputs and outputs at any arbitrary degree of non-linearity.

This transmission step occurs over weighted channels w1, w2, w3 and w4 such that, in the
general case, the actual number of channels corresponds to the number of neurons in the input
layer (i.e., the number of input variables) multiplied by the number of neurons in the hidden layer
(arbitrarily chosen by the modeler, aiming at balancing bias and variance type of errors).

Over the course of this transmission, an optional bias term b1 can be added to offset the linear
combination of the input values and the transmission weights, as indicated in Equation 19:

H1input = w1I1 + w3I2 + b1 (19)

H2input = w2I1 + w4I2 + b1

Differently than in the input layer, the neurons/kernels in the hidden layer process their inputs
before transmitting them forward, utilizing some non-linear activation function mostly intended
to saturate a potentially wide range of variation of the input values into a narrow and normalized
(between 0 and 1, or -1 and 1) band. A prevalent choice for this role is the sigmoid function re-
called by Equation 20. At this point, the kernel principle whereby a linear combination undergoes
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a non-linear transformation is repeated.

H1output = K(H1input) =
1

1 + exp(−H1input)
(20)

H2output = K(H2input) =
1

1 + exp(−H2input)

After this non-linear transformation via the kernel K, the same process taking place between
the input and the hidden layer takes place between the hidden layer and the output one, with gen-
eration of the corresponding input via Equation 19, but utilizing weights and bias w5, w6, w7, w8

and bias b2 as indicated in Figure 5, and output via Equation 20.
The final output thus produced is compared to the true output values y1 and y2 at the 2 arbi-

trarily chosen neurons/kernels at the output layer, generating an error signal that triggers the core
of the neural networks model building: the backpropagation method. The naming is owed to the
fact that the error is back-propagated into the previous layers, in reverse order, and their respec-
tive weights and biases are re-adjusted so that in the next forward pass (again involving Equations
19 and 20 across all layers, as described above), the final error is reduced. The process repeats
until convergence, and the following detailed backpropagation steps apply for a network with the
topology as in Figure 5 and a neuron/kernel activation function as in Equation 20:

1. Calculate the total error in the differentiable form of the quadratic loss function in Equation
21, accumulating over the i neurons in the output layer:

Etotal =
1

2

∑
i

(yi −Ooutput,i)
2 (21)

2. Express the sensitivity of the total error calculated in Equation 21 with respect to the weights
of the output layer, applying the chain rule of derivation as in Equation 22,

∂Etotal

∂w
=

∂Etotal

∂Ooutput
· ∂Ooutput

∂K
· ∂K
∂w

(22)

where, in this specific sequence: the total error depends on the outcome of the output layer,
which depends on the kernel transformation at the same layer, which depends on the input
it received based on the application of the weights from the previous (hidden) layer.

3. Calculate the 3 derivative terms of the chain rule in Equation 22 which, for a sigmoid
activation/kernel function as in Equation 20, results in Equations 23-25 below:

∂Etotal

∂Ooutput
= −(yi −Ooutput,i) (23)

∂Ooutput

∂K
= Ooutput,i · (1−Ooutput,i) (24)

∂K

∂w
= Houtput,i (25)

4. Multiply the 3 terms of the chain derivative expressed in Equations 23-25 to calculate the
expression stated in Step 1;

5. Update the weights by using any of the optimization methods discussed in chapter “An
overview of Linear and Non-linear Programming methods for Structural Optimization”
(Choze et al. [2022b]), given the availability of its total amount (Equation 21, as calcu-
lated in Step 1) and its sensitivities in analytical form (Equations 23-25, corresponding to
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Step 3). Although any optimization method can be used, the simplest line search in the
direction of the gradient with step size/learning rate α, as expressed in Equation 26,

∆w = −α∂Etotal

∂w
(26)

is the most usual, given the convenience of the derivatives availability (some implementa-
tions will make the value of α adaptive for efficient convergence). On the other end of the
spectrum, Boltzmann Machines is the usual nomenclature for neural network models fitted
when genetic algorithms are used to perform this step.

6. Run the backpropagation of errors one further layer backwards, that is, repeat the procedure
between Equations 21 and 26 for the connection between the input and the hidden layer.
Because the total error actually carries over from the output layer, an extra implicit deriva-
tive must be accounted for, and the term corresponding to Equation 23 is further unpacked
as shown in Equation 27, for every neuron j in the hidden layer and i in the output layer:

∂Etotal

∂Houtput,j
=
∑
j

∂Eoutput,i

∂Houtput,j
(27)

and each term in the summation is a repetition of Equation 20, implicit within its first term
(Equation 23). The two remaining terms are calculated as before, per Equations 24 and 25,
giving rise to the sensitivity of the total error with respect to the weights;

7. Repeat Step 5 with the sensitivity of error versus weights obtained in Step 6, finalizing the
backward pass and getting ready to initiate the next forward pass (Equations 19 and 20) if
the method is to proceed for an additional iteration.

Requirements for the amount of training data and number of iterations until successful con-
vergence vary on a case-dependent basis, but tend to be high as compared to other methods. Nev-
ertheless, the wall clock time for training neural networks is reduced due to the simplicity of each
of the individual operations.

As a concluding comment about neural networks, the arbitrary number of neurons in the hid-
den layer is equivalent to the number of terms in polynomial least-squares regression models
(Equations 1 to 5), and hence should be chosen to balance between over-fitting (excessive num-
ber of terms leading to increased variance driven predictive errors) and under-fitting (insufficient
number of terms leading to bias driven predictive errors). The practitioner is especially cautioned
relative to a natural tendency for over-fitting, barring extreme low number of hidden neurons, and
appropriate metrics to gauge this phenomenon are offered in the next section about goodness-of-fit.
Many variations of the basic Neural Network method are available in the R statistical computing
platform, with one of them illustrated in Code 8.
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Code 8: Radial Basis Function (RBF) network

library(RSNNS)

x = matrix(rnorm(200), nrow=100, ncol=2)
noise = rnorm(100)
y = 2*x[,1] + (0.01*x[,2])ˆ2 + 0.5*noise

model4 = rbf(x, y, size=40, maxit=1000)

z = matrix(c(1,1), nrow=1, ncol=2)
predict(model4, z)

1.864962

5 Ensemble Methods

Whereas each one of the modeling approaches described in section 4.1-4.2 individually possess
their benefits and drawbacks, the practice of building model ensembles assumes that any individual
models are “weak predictors”, which can be enhanced by some combination strategy capable of
collectively downplay the shortcomings and amplify the strengths.

Operationalization of models ensembling strongly relies upon the theory of statistical resam-
pling (Chihara and Hesterberg [2018]) whose primary techniques, the jackknife (deterministic sub
setting, performed without replacement) and the bootstrap (random sub setting, performed with
replacement) both leverage the most fundamental topic of sampling distributions (Devire [2015]).
In particular, bootstrapping is the preferred method for mainstream model ensembling due to its
ability to balance sample size (recalling that shortage of data is more likely than not), introduc-
tion of variability for model diversity (otherwise the very purpose of ensembling is defeated) and,
depending upon specific circumstances, independence of the sub-samples. Within this construct,
ensemble modeling techniques fall within the following categories.

5.1 Parallel ensembling

The main steps are:

1. Perform the bootstrapping, extracting S sub-samples out of N total available points;

2. Fit S independent (weak) learners, utilizing each of the individual subsets obtained in Step
1;

3. Summarize the S independent (weak) learners into a combination, which is typically and
average for predictive models whose output is a continuous random variable and either an
average (soft combination) or a majority vote (hard combination) if the output is categorical.

When performing Step 1, the goal is to generate as many subsets as possible, provided that
each one is still large enough to allow for reasonable individual models to be produced, and at the
same time minimizing the correlation (i.e., repetition of data that gets resampled with replacement)
across samples. Certainly, satisfactory fulfillment of all these conflicting requirements depends
upon a large enough N to start with.
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For Step 2, it is usual to choose each independent learner to be of the same type before they are
“bootstrap aggregated” or “bagged” in Step 3. This homogeneity does not mean that the intended
diversity of the ensembling is compromised, not only because each individual learner arises from
a different (and ideally independent) data set, but also due to parameter choices that can add to
achievement of this goal. For example, it is common to balance individual learners that overfit
(residing at the right hand end of the spectrum in Figure 3) and underfit (residing at the left hand
end of the spectrum in Figure 3) so that the resulting ensemble best balances the bias-variance
trade-off. Moreover, it is also common practice to fit the individual weak learners with different
feature sets (i.e., different versions of the matrix of independent variables [X]) so that additional
diversity is obtained.

Last but not least, the most important aspect of Step 3 is finding the optimal weighting strategy
for each individual weak learner, which is possible by applying variations of Equations 4 and 5
when regularization is or is not considered, respectively. In either case, the weights are decision
variables for minimizing a suitable loss function, ideally out of an independent data set used ex-
clusively for testing purposes (additional details on candidate metrics presented in section 6 about
goodness-of-fit appraisal).

5.2 Sequential ensembling

Steps 1 and 2 for sequential ensembling occur as in the parallel methods, and the fundamental
difference in Step 3 is that, instead of solving a single instance of weights optimization, many of
them are resolved in sequence as in Equation 28:

EMi = EMi−1 + wi ·WMi (28)

where the ensemble model EM at the i-th iteration is updated from the previous one by adding
a weighted contribution of one of the possible weak learners WM , such that the loss function is
minimized. Because the addition of each further learner “boosts” the previous one(s), and this
is done adaptively at each iteration, this approach is often referred to as “adaptive boosting” or
“adaboost” for short, and can be generalized as in Equation 29 for a loss function L:

argminw,WM

(
N∑
i=1

L
[
Ŷ , EMi−1(X)

]
+ wi ·WMi

)
(29)

When the steepest descent (Vanderplaats [1998]) optimization method is applied to solving
Equation 29, relying solely on information about the gradient of the loss function from any it-
eration to the next, the so-called gradient boosting method (GBM, for short) is configured, and
Equation 30 represents it accordingly:

EMi = EMi−1 − wi · ∇Ei−1 (30)

where the weights wi function as the steps to be taken along the line search following the direction
of the gradient of the error E in the previous ensemble configuration. It is assumed that the loss
function is continuously differentiable and, when it incorporates regularization terms, along the
lines of Equation 5, the nomenclature xgboost (for “extreme” gradient boosting) is applied.

5.3 Multi-level ensembling

A common thread between parallel and sequential ensembling strategies is that 1) both processes
are guided through minimization of a loss function and 2) it is typical, although not mandatory,
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that models of the same type are combined together. Conversely, multi-level ensembling tech-
niques will 1) fit a meta-model, at another level (hence the nomenclature), combining all existing
learners to match given response values and 2) typically, although not mandatory, combine mod-
els of different types in the process. Equation 31 represents the idea in matrix notation, with the
solution of the system of k simultaneous equations yields the coefficients/weights w that combine
alternative weak learners to best match the ground truth {Y }.

w1 · Ŷ WM1
1 w2 · Ŷ WM2

1 · · · wk · Ŷ WMk
k

w1 · Ŷ WM1
2 w2 · Ŷ WM2

2 · · · wk · Ŷ WMk
k

...
...

. . .
...

w1 · Ŷ WM1
k w2 · Ŷ WM2

k · · · wk · Ŷ WMk
k

 =


Y1
Y2
...
Yk

 (31)

Reflecting the increased popularity of ensemble surrogates, the R statistical platform incorpo-
rates many of the methods, with Code 9 containing the Random Forest in particular:

Code 9: Random Forest algorithm

library(randomForest)

x = matrix(rnorm(200), nrow=100, ncol=2)
noise = rnorm(100)
y = 2*x[,1] + (0.01*x[,2])ˆ2 + 0.5*noise

model5 = randomForest(x, y, ntree = 500)

z = matrix(c(1,1), nrow=1, ncol=2)
predict(model5, z)

1.905261

6 Goodness-of-Fit Appraisal

Complete appraisal of goodness-of-fit depends on two complementary angles: model recall (its
ability to accurately estimate the outputs in training data) and generalization (its ability to accu-
rately estimate the outputs in independent test data, not utilized during training). Whereas general-
ization is evidently more important for a final determination of the model qualities, recall analysis
should be also considered as a tool for building understanding, helpful to improve the model over-
all. For this purpose, the foremost recall metric is the coefficient of multiple determination, shown
in Equation 32:

R2 =
SSR
SSY

= 1− SSE
SSY

(32)

It defines the percent ratio between the explained variance (by the model) and the total vari-
ance, and is calculated as follows:

1. Extract the difference between all known training output Y and their average. Square these
differences and add them together to obtain SSY ;

2. Repeat Step 1, but for the differences between actual and estimated (by the model) Y . These
model errors (E) are the residuals, and this step obtains their sum of squares;
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3. Using the principle of variance additivity, obtain the sum of squares of regression (R) by
subtracting the term in Step 2 from that in Step 1;

4. Possessing all terms in Equation 32, apply it to calculate the coefficient of multiple deter-
mination.

The adjusted coefficient of multiple determination, on its hand, places effort on recognizing the
principle of parsimony, and penalizes the metric in Equation 32 as the model acquires additional
terms (i.e., operates on higher dimension input space). Denoting the number of model terms as p,
it is possible to use this adjusted form of the coefficient of multiple determination to understand
how it balances with respect to the available number of training samples N :

R2
a = 1−

(
N − 1

N − p

)
·
(
1−R2

)
(33)

The structure of Equation 33 is such that the need to fit additional parameters from a fixed training
sample size is penalized, and the effect is similar to that from Equation 5 which regularizes the
regression by eliminating less or non-essential terms.

Supplementing Equations 32 and 33, the Analysis of Variance (ANOVA for short) offers an
additional way into the sources of error from random variation and also terms in the model/dimen-
sionality of input space, as shown in Table 5.

Table 5: Analysis of Variance (ANOVA) for measuring goodness-of-fit.

Source of
Variability

Statistical
degrees-of-
freedom (dof)

Sums of Squares (SS) Mean
Squares
(MS)

F-Statistic

Model p− 1 Step 3, R2 calculation
Residuals N − p Step 1, R2 calculation SS

dof
MSmodel

MSresidual

Total N − 1 Step 2, R2 calculation

It should be noted that Mean Squares are actually variances, and the F-Statistic, as a ratio
between variances, follows the Snedecor probability distribution and, in this context, measures the
probability that the model is only able to explain an amount of the total variance which is statisti-
cally equivalent to the residuals variance. In other words, the F-Statistic measures the probability
that the model can only explain as much of the data as the error itself, and is hence useless. With
this interpretation, adequate goodness-of-fit requires this number to be as low as possible, contrary
to the coefficient of multiple determination and its adjusted form.

The possibility of calculating model generalization metrics assumes that there are independent
observations, not consumed for the purposes of model training, that can be spared. This tends to
be a strong assumption, considering the considerations made in section 3 on experimental design
and the challenges of balancing data availability and model quality. For this reason, traditional
partitions such as sparing some percentage (typically 20% - 30%) of the overall data for testing
will only perform when there is abundance of data, usually not the case with high fidelity simula-
tions of structures. The solution then resides in Cross-validation, which operates according to the
following algorithm:

1. Create a fold, by sparing a small percentage of the available data for testing, the rest being
dedicated to training;

2. Train the model with the training data portion (majority) of the fold determined in Step 1;
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3. Test the model with the testing data portion (minority) of the fold determined in Step 1 and
calculate performance metrics;

4. Repeat Steps 2 and 3 until all possible folds are exhausted;

5. Analyze the distribution of the performance metrics calculated in Step 3 over the many
folds.

This approach assumes that there will be no replacement of the data across the folds and, at
the limit, the LOOCV (Leave-One-Out-Cross-Validation) will happen when only one data point
is retained for testing within each fold. This is the most time-consuming option, but the one that
yields the most complete possible version for the distribution of whatever performance metric is
chosen in Step 3. As for the metrics themselves, the RMSE (Root Mean Squared Error) is a typical
choice, and it is defined in Equation 34 as the square-root of the average quadratic error between
true values (Y ) and their model estimates (Ŷ ):

RMSE =

√√√√∑N

(
Ŷ − Y

)2
N

(34)

It should be noted that RMSE is not the only metric applicable to appraise model general-
ization, albeit it is by and large the most used one, more so in the context of cross-validation
described herein. Other alternatives consist of calculating variance explained type of metrics, sim-
ilar to those in Equations 32 and 33, but using data that was not directly used to build the model
in the first place. Hence, it is conceivable to calculate the sum of squares of test residuals (i.e.,
those arising from independent data) as inputs to such equations for estimating the portion of the
overall variance not explained by the model. Caution should be exercised though with the basis
for comparison, which should remain standardized so that such metrics are meaningful. One of
the approaches to address this concern is to use the “out-of-sample” (OOS) version of Equation
35, which is defined as follows:

R2
OOS = 1− RMSEm

RMSEb
(35)

and depends upon RMSEm, calculated for the model using Equation 34, and an ideal (possibly
arbitrarily set) benchmark RMSEb for a real or hypothetical model. It should be noted that,
contrary to the RMSE defined in Equation 34, −∞ ≤ R2

OOS ≤ 1 and a value of 0 represents a
tie between the model being appraised and the benchmark. Conversely, positive/negative values
signify that the model outperforms/underperforms the benchmark.

A totally different perspective, which is more solid but difficult to automate, counts on on
understanding the error structure of the models in detail rather than relying solely upon summary
metrics such as any of those offered in Equations 32 to 35 and Table 5. Models that have exhausted
all possible information contained in the data yield errors that behave as random numbers, ideally
centered around zero (indicating absence of bias) and with small spread (indicating absence of
variance). These two features allude to the error components depicted in Figure 3 and it expected
that one can only be improved at the expense of the other, forcing a trade-off. Nevertheless, the
two characteristics can be combined to some extent when the errors are Normally distributed (i.e.,
behave as random numbers that follow the Normal probability distribution with mean 0 and some
variance), and then the exercise of appraising goodness of fit defaults to measuring deviation/ad-
herence of the modeling errors with respect to the Normal reference.

Following this rationale, specific techniques may be more visual, such as those illustrated in
Figures 6, 7 and 8, or rather parametric (and easier to automate), such as the tests of Normality
summarized in Table 6.
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Figure 6 shows distinct scenarios in which the residuals distributions vary from closely ad-
hering to random (Figure 6a) to exhibiting multiple symptoms of Normality violation (Figure 6b).
In the former, uniformly scattered points representing the residuals spread symmetrically around
zero, without revealing any relevant pattern indicative of non-randomness. In the latter, on the
contrary, multiple patterns arise by way of repeated ascending/descending patterns, as well as lack
of symmetry and outliers, indicating that multiple processes are manifesting themselves in tan-
dem, rather than a single random distribution representative of a good model fit. The particular
case explored in Figure 6c represent the case in which the model lacks complexity to represent
a linear trend, and is hence under-fitted. Generalizations of this concept could show very visible
and identifiable patterns such as parabolas or other shapes, which would be associated with even
more severe under-fitting other than just missing a linear trend. Finally, the scenario depicted in
Figure 6d is the most subtle and potentially damaging one, because an apparently random resid-
ual distribution is actually strongly biased towards positive. Realistic applications will pose the
additional challenging of combining all these types of archetypal behaviors into a single residual
distribution, making it very complex to issue an appraisal about goodness of fit.

(a) (b)

(c) (d)

Figure 6: Different patterns of residuals for goodness of fit analysis.

Panels (6a) and (6b) in Figure 6 are in opposite ends of the spectrum with respect to residuals
that closely adhere to adequate versus poor goodness of fit, respectively. Since such verdicts are
seldom this binary, Figure 7 offers an additional appraisal instrument by plotting the residuals
versus lagged versions of themselves. With lag = 1 in these particular plots, it is possible to
confirm the absence of randomness in panel (7b), which corresponds to the same panel in Figure 6
and, at the same time, certain patterns arise in panel (7a), again homologous to the same in Figure
6. For Figure 7, the lagged plot is powerful enough to reveal that the data from Figure 7a is actually
a random draw from a Normal distribution with mean 0 and variance 1 (N(0, 1)) distribution with
only 50 points, which are still not sufficient to display full blown randomness as it would have
been the case with a much larger sample size, but still satisfactorily random/Normal on a relative
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scale.

(a) (b)

Figure 7: Plot of lagged residuals for goodness of fit analysis.

On a related note, the lagging period can be generalized to other values and, at the limit, their
collection at several values gives rise to auto-correlation and partial auto-correlation plots, which
are paramount in time-series analysis (Shumway and Stoffer [2017]) and, in the current context,
would reveal additional details about the residuals structure for the purposes of model appraisal.

Figure 8 again looks at the comparison between panels (a) and (b) from Figures 6 and 7,
however analyzing the very same data through a different instrument: the (Normal) probability
plot, which are generated as follows:

1. Sort the residuals in ascending order;

2. Estimate the probability of each residual value based on its rank order by dividing the
position in the sorted sequence by the total number of residuals N . Per this method, the
estimated rank order probability for the n-th residual in the sequence is n/N , and the last
value in the series results in 1 (100% of the residuals covered, producing an empirical
cumulative probability distribution);

3. Calculate the z-scores (distances from the mean normalized by the standard deviation) using
the probabilities obtained in Step 2 and the inverse cumulative version of the distribution of
reference. If the inverse Normal cumulative is chosen, the empirical Normal z-scores are
obtained;

4. Calculate the adherence of the cloud of z-scores obtained in Step 3 to the theoretical distri-
bution (Normal, in the current context) by fitting a straight line and measuring the goodness
of fit through the R2 (as in Equation 32).

Specifically, in Figure 8, panel (a) confirms a highly satisfactory adherence to normality (R2 near-
ing 100%), whereas the various violations of Normality observed in panel (b) in Figures 6 and 7
are confirmed by a very low R2.

The way of measuring adherence to Normality through a metric, like the R2 in Figure 8, is
extending the concept through formal Hypothesis testing, whereby a statistic is calculated and
compared to a critical value to determine if the “null hypothesis” (residual data follows the ref-
erence distribution, to be assumed as Normal) can be accepted and at which confidence level.
Several versions of this principle are summarized in Table 6, which lists the most commonly used
tests of Normality, applicable to the specific purpose of measuring goodness-of-fit through the
i = 1, . . . , N available values of residuals denoted as ε.
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(a) (b)

Figure 8: Normal Probability Plot, also known as quantiles plot, for goodness of fit
analysis.

In every case, F and C are the reference (i.e., standard Normal with zero mean and unit vari-
ance) and empirical (i.e., from the residual data itself) cumulative probability distribution functions
(again, their comparison relates to the procedure used to produce Figure 8).

To conclude this section on goodness-of-fit, residuals analysis is presented as the ultimate
ground truth in appraising if a model is or is not suited for a particular application. Even for model
types such as Kriging and Gaussian Processes, which possess inherent uncertainty quantification
features as displayed at their respective descriptions (Equations 16 to 18 and associated content),
the application of the metrics shown in this section, and more emphatically cross-validation and
residual analysis, are thoroughly recommended to the practitioner.
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Table 6: Collection of usual tests of hypothesis to assess goodness of fit through
Normality.

Anderson-Darling Can be specified to reference distributions other than Normal by
generalizing F :

A2 = −N − S

S =
N∑
i=1

(2i− 1)

N
· [lnF (εi) + ln (1− F (εN + 1− i))]

Liliefors Utilizes the supremum (sup) operator, which finds the lowest upper bound of
a set of values:

L = sup
ε
|F (ε)− C(ε)|

Kolmogorov-Smirnov Can be specified to reference distributions other than Normal by
generalizing F :

D = max
1≤i≤N

(
F (εi)−

i− 1

N
,
i

N
− F (εi)

)
Kulbach-Leibler Divergence In this formula, already particularized for the Normal
case, but also possible to be generalized depending on the density function chosen for
pre-multiplying the natural logarithm and appearing in its argument’s denominator. The
lower case c(ε) in the natural logarithm argument’s numerator is the empirical density:

Dk(P |N) =
∫ ∞
−∞

1

σ
√
2π
· e−

1
2(

ε−µ
σ )

2

· ln

[
c(ε) ·

{
1

σ
√
2π
· e−

1
2(

ε−µ
σ )

2
}−1]

dε

Jarque-Bera Strictly for Normality test, does not depend on a reference distribution,
but rather on the residuals skewness S and kurtosis k:

JB =
n

6

[
S2 +

1

4
(k − 3)2

]
Chi-Squared The observed (Oi) and expected (Ei) terms correspond to the number of
residuals counted within a certain bin or range i (expected are per the Normal distribution
for using residuals to appraise goodness of fit, but may also be generalized to other distri-
butions). The χ2 itself is a random variable arising from the sums of squares of Normals,
as implied by the formula:

χ2 =
N∑
i=1

(Oi − Ei)
2

Ei
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