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Abstract 

 This chapter presents the theoretical and practical aspects of Gaussian mixture models 
method. The introduction section describes the motivation for using the Gaussian mixture 
model. Next, the historical development, concepts, parameters and equations about Gaussian 
mixture model are presented. Following, a case study on fault classification in electric 
motors using Gaussian mixture model is described. Finally, the conclusion section ends the 
chapter. 

Keywords: Gaussian mixture model; fault; electric motors; artificial intelligence; vibration; 
structural health monitoring. 

 

1 Introduction 

Clustering is a useful technique for finding structure in a dataset. From the statistical point of 
view, clustering methods may be divided into probability model-based approaches and 
nonparametric approaches. The probability model-based approach assumes that the data set 
follows a mixture model of probability (Yang et al., 2012). 

So, any model that represents a dataset with a mix of two or more probability distributions is 
known as a mixture model. Mixture models aid in cluster identification by fitting a finite 
number of probability distributions to the data and repeatedly adjusting the parameters of those 
distributions until they best match the underlying data. Mixture models also aid in describing 
the presence of subpopulations within an aggregate population that do not require an observed 
data set to identify the subpopulation to which an individual observation belongs (known as 
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unsupervised learning in machine learning). In SHM, mixture models help to identify whether 
there is more than one failure mode in the data. 

In real applications, many datasets may be described by Gaussian distributions. As a result, it 
is reasonable and straightforward to infer that the clusters are derived from various Gaussian 
distributions. In other words, the dataset is attempted to be modeled as a blend of various 
Gaussian distributions. Therefore, Gaussian mixture modeling, which fits Gaussian (or normal) 
distributions to data, is the most frequent type of mixture modeling. 

By the end of this chapter, we hope you’ll have an understanding of how the Gaussian mixture 
model works. We will also present an example of how to apply the GMM to a real case to help 
the reader to understand how to use mixture model for clustering problems. 

2 Gaussian Mixture Model 

Gaussian mixture models (GMMs) are statistical models that fit data to a set of stochastic 
models. These models, as GMMs, fit Gaussian distributions to a collection of data in order to 
split the data into discrete clusters. One of the benefits of mixed model clustering is that it is a 
soft clustering strategy (Rhys, 2020). Because it is a soft method, the likelihood of each 
example belonging to a cluster may be quantified. As a result, more information may be 
obtained to make better judgments. For example, if certain data has 49 percent of belonging to 
cluster A and 51 percent of belonging to cluster B, how confident can we declare that it belongs 
to cluster A or B? As a result, each Gaussian in the mixture model represents a possible cluster. 
Once our Gaussian mixture best matches the data, we can compute the likelihood of each case 
belonging to each cluster and allocate instances to the most likely cluster. 

2.1 Historical Development 

The first instance of Gaussian mixture models being used is usually attributed to Karl Pearson 
(1894). Pearson noted non-normal patterns of forehead to body length ratios in female shore 
crab populations. Therefore, the author used not only one normal to model the data, but two. 
This decision was motivated by the suspicion that asymmetries in the histograms of these length 
ratio could indicate an evolutionary divergence. By adjusting the mixture’s parameters, Pearson 
could make a model that is able to identify two distinct species of shore crab. Despite being 
successful, the mathematical formulation for the period was an extremely difficult challenge, 
making the method not widely used. 

Subsequently, Wolfe (1963,1965,1970) put a lot of effort into developing Gaussian mixture 
models for clustering. In his work, Wolfe developed an interactive scheme to estimate the 
parameters of Gaussians, something innovative for the period. As the main challenge of mixing 
models is to estimate the parameters of the Gaussians, this step was extremely important for 
the development of the method. 

Finally, the mixture model methods were popularized by Duda and Hard (1973). The authors 
in their work introduced the maximum likelihood estimation (MLE) technique. The MLE uses 
an observed data to estimate the parameters of a probability distribution (Myung, 2003). With 
this technique allied to the beginning of modern computing, it was possible to develop the 
mixture models. 
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2.2 Parameters of Gaussian Mixture Models 

To define a one-dimensional Gaussian distribution, two parameters (mean and variance) are 
required. Before beginning the process, it is required to define the number of clusters that are 
expected to be identified within the dataset; if this number is unknown, it is feasible to 
approximate it using various approaches that will be detailed in section 2.5. 

For now, let's suppose the dataset contains only two distinct clusters (k and j). The GMM begins 
by picking random values for the mean and variance of the two Gaussian distributions. The 
likelihood of belonging to one of the two clusters is then estimated. The Bayes' theorem is the 
most often used method for performing this computation (Rhys, 2020). Using Bayes' theorem, 
we get (Kolmogorov & Bharucha-Reid, 2018): 

 
(1) 

 

In this case, p(k|x) represents the probability of case x belonging to Gaussian k; p(x|k) represents 
the probability of observing case x if you sampled from Gaussian k; p(k) represents the 
probability of a randomly selected case belonging to Gaussian k; and p(x) represents the 
probability of drawing case x if you sampled from the entire mixture model as a whole. The 
evidence, p(x), is thus the probability of pulling case x from either Gaussian distribution. 

However, in the case study we need to calculate the probability of belonging to either cluster. 
therefore, we need to add to the formula the probability of each event occurring independently. 
thus, Equation 1 can be rewritten for the case of two cluster (k and j), as shown in Equation 2 
and 3 (Rhys, 2020): 

 
(2) 

 

 
(3) 

 

All that remains now is to compute the likelihood and prior. The Likelihood function of the 
Gaussian distribution shows us the relative likelihood of drawing a case with a certain value 
from a Gaussian distribution with a specific mean and variance combination. Equation 4 
depicts the probability density function for the Gaussian distribution k: 

 

(4) 

 

Where, 𝜇௞ and are the man and variance of the k Gaussian. 

At the start of the process, the prior probabilities, like the Gaussian means and variances, are 
generated at random. However, for subsequent calculations, the iterative procedure of this 
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method must be followed. Expectation Maximization is used for this. Figure 1 shows the 
convergence process of a one-dimensional GMM. 

 

 

Figure 1 – Convergence process of a one-dimensional Gaussian mixture model  
(adapted from Rhys, 2020).  

2.3 Expectation-maximization 

Maximum likelihood estimation is a method of estimating a dataset’s density by exploring 
across probability distributions and their parameters. When there are variables that interact with 
those in the dataset but are hidden or not observed, maximum likelihood becomes intractable 
(Murphy, 2012). These variables are also called latent variables. 

The expectation-maximization algorithm is a method for calculating maximum likelihood 
when latent variables are present. This is accomplished by first estimating the values of the 
latent variables (E-step), then optimizing the model (M-step), and finally repeating these two 
stages until convergence is achieved. It is a powerful and versatile method that is often used in 
density estimation with missing data, such as clustering algorithms like the Gaussian mixture 
model (Hastie et al., 2009). 

The EM method may be characterized by the following equations given a set of observable 
data (U), a set of latent data (J), and a vector of unknown parameters (θ), along with likelihood 
function L(θ, U, J) = p(U, J | θ) (Moon, 1996; Dellaert, 2002). 

Expectation step (E step) 

 
(5) 
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Maximization step (M step) 

 
(6) 

 

The algorithm's iterative procedure begins with a random value of θ. The probability of each 
potential value of J is then computed, given θ. The new θ parameters are estimated using these 
values. The procedure is repeated until the algorithm achieves convergence. A maximum 
number of iterations or a stopping condition is typically employed to determine an algorithm's 
convergence. There are various alternatives for the halting criterion. The most common is to 
halt the algorithm due to a lack of progress in the likelihood function (Mc Nicholas, 2016), 
which means to stop the process when: 

 (7) 
 

Where l is the likelihood function value, and k denotes the number of the iteration. The value 
of ε is defined for the sake of the problem under consideration. 

2.4 Multivariate clustering problems 

All the development in the previous sections has been with a one-dimensional GMM in mind. 
However, most of the time, we will come across datasets with multiple variables. Therefore, 
there is a version of GMM for multiple variables. One-dimensional GMMs are defined by two 
parameters: mean and variance. Multivariate GMM is defined by two new parameters: the 
centroid and the covariance matrix. 

In a nutshell, the centroid is a vector of means that represents an average for each dimension 
in the dataset. The covariance matrix is a square matrix whose elements are the covariance 
between the dataset's variables. The covariance matrix is often a non-standardized number. 
However, you may normalize this matrix by dividing the value by the product of the standard 
deviations of the variables. 

Therefore, the equations change to the multivariate case. In general, what happens is a 
generalization of the one-dimensional case to more dimensions. Equations 8 to 10 describe the 
calculation of the centroid, covariance matrix and likelihood for the multivariate case (Rhys, 
2020). Figure 2 shows the GMM algorithm for a bivariate case. 

 

(8) 

 

 

(9) 

 

 
(10) 
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Figure 2 – Gaussian mixture model algorithm for a bivariate case (adapted from Rhys, 2020). 

2.5 Number of components in Gaussian Mixture Model 

Choosing the number of components simply selects the number of Gaussians for your model. 
However, when you have no prior knowledge of your dataset, it is necessary to use techniques 
to assist in this choice, i.e., model selection. In short, a fitting process is performed with several 
models on a given dataset, and one is chosen among all the others. It is worth mentioning that 
this is an alternative when there is no information about the dataset. If you know that there are 
three different types of clusters and the model selection indicates a different number, it is 
recommended that you use the three and not the one given by the model. There are several 
ways to choose the number of components in a GMM; even the trial-and-error method can be 
used. However, there are more optimized methods for this task. In this section, the main 
methods used for model selection will be discussed. 

2.5.1 Akaike Information Criterion  

Hirotugu Akaike created the Akaike information criterion (AIC) in 1971 (Akaike, 1974). AIC 
is a statistical estimator that helps in the selection of the optimal model for a given dataset. The 
lower the AIC score for a dataset, the better the fit for the data (Profillidis & Botzoris, 2018). 
Because it is a comparative method, it can only compare the score value for the same dataset. 
The AIC formula is defined by Equation 11 (Hastie et al., 2009). 
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(11) 

 

Where N is the number of examples in the training dataset, LL is the log-likelihood of the 
model on the training dataset, and k is the number of parameters in the model. 

2.5.2 Bayesian Information Criterion 
The Bayesian information criterion (BIC) was developed by Gideon Schwarz in 1978 
(Schwarz, 1978). Like the AIC, the BIC is a statistical estimator for selecting a model that best 
fits the dataset. The main difference between BIC and AIC is that BIC penalizes more complex 
models more sharply. This makes simpler models tend to have a lower score, making them 
more likely to be chosen. BIC is mathematically defined by Equation 12 (Hastie et al., 2009). 

 

 
(12) 

 

Where log( ) has the base-e called the natural logarithm, LL is the log-likelihood of the model, 
N is the number of examples in the training dataset, and k is the number of parameters in the 
model. 

2.5.3 Minimum description length 
The Minimum description length (MDL) concept is a strong inductive inference approach that 
serves as the foundation for statistical modeling, pattern recognition, and machine learning. 
The MDL idea was first suggested in 1978 by Rissanen (Rissanen, 1978). The notion is that 
with the assistance of a model, every data set can be suitably encoded, and that the more we 
compress the data by eliminating redundancy from it, the more we find underlying regularities 
in the data. As a result, code length is directly connected to the model's generalization 
capabilities, and the model that gives the shortest description of the data should be chosen 
(Myung, 2001). Like the other two models, the lowest score is chosen. MDL is calculated as 
Equation 13 (Hastie et al., 2009). 

 

 (13) 
 

Where log( ) has the base-e called the natural logarithm, θ is the model parameters, y is the 
target values. 

  

2.5.4 Silhouette Coefficient 
Silhouette coefficient is a method to estimate distance between cluster, proposed by Peter 
Rousseeuw in 1987 (Rousseeuw, 1987). The silhouette coefficient compares the similarity of 
an object to its own cluster (cohesion) to other clusters (separation). The silhouette has a value 
between -1 and +1, with a high value indicating that the object is well fitted to its own cluster 
and a low value indicating that the object is poorly adapted to surrounding clusters. The 
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clustering setup is useful if the majority of the items have a high value. If a large number of 
points have a low or negative value, the clustering configuration may have too many or too few 
clusters. The coefficient is defined for each sample and is defined by Equation 14. 

 

 
(14) 

 

where a is the mean distance between a sample and all other points in the same class and b is 
the mean distance between a sample and all other points in the next nearest cluster. 

3 Case study: Motor Fault Classification 

In this section we will present a practical case where the Gaussian mixture model was used to 
cluster, identify, and diagnose six different failures in electric motor. We hope that this example 
will help to better understand the usefulness of the GMM. 

3.1 Experimental Setup 

All tests were carried out at PS Soluções in Itajuba (Brazil). The test bench (Figure 1) employed 
a 0.5 HP induction motor that was directly linked to the SpectraQuest machine failure simulator 
(Ribeiro Junior et al., 2020). Accelerometer 1 detects vibration in the y direction, whereas 
accelerometer 2 detects vibration in the x direction. Table 1 also illustrates the motor's basic 
characteristics at 60 and 50 Hz. 

 

Figure 3. Experimental setup (adapted from Ribeiro Junior et al., 2022). 
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Table 1. Marathon motor nameplate (adapted from Ribeiro Junior et al., 2022). 

Parameter 60 Hz 50 Hz 

Power (HP) 0.50 0.33 

Rotation (RPM) 3450 2850 

Voltage (V) 208-230/460 190/380 

Amperage (A) 2.1-2.2/1.1 2.0/1.0 

Service Factor 1.15 1.15 

 

The experimental bench is made up of five electric motors that may test up to seven operational 
conditions. These conditions include normal, bent shaft, broken bar, misalignment, mechanical 
looseness, bearing problem, and imbalanced (Figure 4). 

 Normal condition is the electric motor in a healthy state, without any fault. 
 Bent shaft refers to the motor whose shaft is slightly bent (approximately 4 mm), 

inducing a scratch between the rotor and the stator as shown in Figure 4(a). This fault 
mainly occurs due to overloads and coupling conditions. 

 Broken bar refers to the motor whose squirrel cage rotor bar is broken. This fault is 
more common on bigger electric motors. As shown in Figure 4(b) this fault is simulated 
by drilling 6 holes with 2 mm diameter in the rotor.  

 Misalignment refers to the motor whose shaft is misaligned. This fault occurs due to 
bad installation or overloads. Figure 4(c) shows how this defect is induced. On the 
bench, it is possible to generate up to 3 mm of misalignment 

 Mechanical looseness refers to the motor whose screws are loosening. This fault 
commonly occurs due to bad installation but high vibration may cause this fault. Figure 
4(d) shows which screws are loosened. 

 Bearing fault refers to the motor whose bearing is damaged. This is the most common 
fault in electric motors. Figure 4(e) shows the bearing fault in the outer race. The 
bearing used is SKF-6203. 

 Unbalanced refers to the motor whose load is unbalanced. This fault is very common 
in electric motors, being the reason for other faults. Figure 4(f) shows how this fault is 
induced. 

These conditions cover the most frequent electric motor failures. Several investigations 
confirm that the selected failures are the most frequently defects in electric motors (Randal, 
2011; Plante et al., 2016; Zarei et al, 2014; Choudhary et al., 2019; ABRAMAN, 2011).  

In all, four rounds of tests with all operational conditions were done, gathering 28 signals from 
each accelerometer. To properly analyze the faults, the defects were removed and installed in 
different motors for each run. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 4. Fault types: (a) Bent shaft, (b) Broken bar, (c) Misalignment, (d) Mechanical looseness, (e) 

Bearing fault, (f) Unbalanced (adapted from Ribeiro Junior et al., 2022). 

3.2 Vibration signal acquisition 

The IMI uniaxial accelerometer records the two vibration signals. The accelerometer has a 
frequency range of ±3 dB, a measuring range of ±50 g, a sensitivity of 100 mV/g, and resonance 
at a frequency of 25 kHz. Because the frequency of the recorded signals is low and the engine 
mass is significantly more than the mass of the accelerometer, these facts make the sensor 
suitable for vibration measurement. A threaded base links the first accelerometer to the motor. 
The second is also kept in place by a threaded base that is put into the bearing housing. Araldite 
was used to bind all threaded bases. The acquisition system (Preditor®) gathers 262144 sample 
points at a sampling frequency of 11718.5 Hz and an acquisition window of 22.37 seconds. 
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3.3 Procedures of the Proposed Method 

The primary step is to gather all vibration signals from various operational circumstances. For 
each operational state, we gathered four signals, 75 percent for training and 25 percent for 
testing. Following that, the signals are divided into smaller sizes, each with 512 sample points. 
Finally, we employ RMS and Skewness statistics to extract features from vibration signals in 
order to improve classification results. The RSM and Skewness measures were chosen because 
of their significance and capacity to aggregate information, as proved by Ribeiro Junior et al 
(2020). Other statistics employed were Kurtosis, SRA, Peak-to-Peak, Crest factor, and Shape 
factor. However, none of them performed as well as the duo of RMS and Skewness. The main 
parameter of GMM is the covariance matrix, being possible to choose 4 different types: 

● Full: each component has its own general covariance matrix 
● Tied: all components share the same general covariance matrix 
● Diag: each component has its own diagonal covariance matrix 
● Spherical: each component has its own single variance 

Because each data set can have a best-fitting parameter, the optimal form of covariance will be 
picked. The average of two random variables' degrees of dependency or linear numerical 
interrelationship is their covariance or variance. Choosing the best covariance type for your 
dataset can help the GMM model perform better. 

Another method is to begin the process supervised, that is, with the mean of each distribution 
as the initial weight. This reduces the number of iterations required for optimizers to converge 
while also avoiding incorrect convergence. Because the model was begun supervised, the 
number of mixing components will be limited to two (healthy and a faulty motor). The number 
of iterations was limited to 10,000 with a10–6 convergence criterion. 

The Mahalanobis distance is then computed. The Mahalanobis distance is the distance between 
two points in multivariate space. Variables in a normal Euclidean space are represented by axes 
drawn at right angles to each other. To measure the distance between two points, use a ruler. 
For uncorrelated data, the Euclidean distance equals the Mahalanobis distance. When two or 
more variables are connected, the axes are no longer at right angles, prohibiting ruler 
measurements. Figure 5 shows a comparison between the Mahalanobis distance and the 
Euclidian distance in a two-dimensional space. The elongated cluster's Euclidean distance to 
its centroid is greater than that of the round cluster. The Mahalanobis distance to the centroid 
of an elongated cluster, on the other hand, is lower than that of a spherical one. Furthermore, if 
you have more than three variables, you will be unable to plot them at all in normal 3D space. 
The Mahalanobis distance, which quantifies distances between points, including correlated 
points, solves this measurement difficulty. The Mahalanobis distance is a measure of distance 
relative to the centroid, which may be thought of as the overall mean for the Mahalanobis 
distance is a measure of distance relative to the centroid, which is the general mean for 
multivariate data. The centroid in multivariate space is the point at which all meanings from all 
variables coincide. The bigger the Mahalanobis distance, the greater the distance between the 
data point and the centroid. The formula version utilized is described by Equation 15 (Hamil 
et.al, 2016): 
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 (15) 

Where 𝒙𝒊 is the observation point, 𝒙ഥ is the mean of the reference cluster (normal condition) and 

𝑪ି𝟏 is the inverse covarian matrix of independent variables. 

 

Figure 5. Comparison between Mahalanobis distance and Euclidian distance (adapted from Woźniak et 

al., 2019). 

All of the features in the proposed method were created in Python using the Scikit-learn library. 

Figure 6 depicts the overall flowchart of the approach followed in this study. 

 

 

 

(Intentionally left blank) 
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Figure 6. General flowchart of the motor operation condition clustering using GMM (adapted from 

Ribeiro Junior, 2022). 

3.4 Results and Discussion 

In this section, we will discuss and exhibit the primary and most important findings from the 
vibration signal analysis in seven distinct operating conditions (six faults) in electric motors. 
Figure 7 compares the time domain vibration signals for the six fault scenarios to the 
accelerometer 1 normal signal. Figure 8 shows the same findings when accelerometer 2 is used. 
In certain ways, it is obvious that the signal varies under fault circumstances, each with its own 
distinct pattern. This is especially true for accelerometer 1 and operating circumstances 
characterized by bearing failure and a lack of mechanical looseness. As a result, only 
accelerometer signal 1 will be used as a GMM input. Figure 9 also provides the scatter plot 
data for the accelerometer signal. Except for the mechanical loss working state (Figure 9(d)), 
when probable nonlinearities are present, a dot pattern is found in all conditions. 
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Figure 7. Vibrations signal for the six different fault conditions considering the vibration accelerometer 

#1 (adapted from Ribeiro Junior, 2022). 
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Figure 8. Vibrations signal for the six different fault conditions considering the vibration accelerometer 

#2 (adapted from Ribeiro Junior, 2022). 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 9. Scatter vibration signal for the six different fault conditions considering the vibration 

considering both the accelerometers #1 and #2 (adapted from Ribeiro Junior, 2022). 
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The second step of machine learning was carried out after an exploration phase of vibration 
data in various operating situations (caused failures). An unsupervised learning method was 
required during this step. Because it is a flexible approach characterized as "soft clustering," a 
Gaussian mixing model (GMM) was employed. In other terms, a GMM is a probabilistic model 
in which all data points are created by a finite number of Gaussian distributions with unknown 
parameters. 

Figures 10–15 illustrate the training results for the GMM algorithm under all operational 
circumstances. All covariance matrix parameters are displayed in the findings (full, tied, diag, 
and spherical). For all figures, the ∙ represents training data and the X represents test data. 

Some clustering results are more segregated (distant) than others. The clusters are closer 
together in the case of misalignment. The groups of bent and broken bars are far enough apart 
yet share a border. In the other cases, the generated groupings are more separated. Because 
GMM is a soft algorithm, its usage is justified at this stage. When the various forms of 
covariance matrix are analyzed, the full or diagonal covariance matrix settings are the best for 
the dataset, with the full option slightly better. This setup has an accuracy of more than 90% 
for all defects assessed. The findings are comparable to earlier researches (Wang et al., 2009; 
Yan et al., 2017; Hong et al., 2019; Pani et al., 2020). 

 

Figure 10. Gaussian mixture model results (RSM vs. Skewness) for the Bent and Normal conditions 

(adapted from Ribeiro Junior, 2022). 
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Figure 11. Gaussian mixture model results (RSM vs. Skewness) for the Broken bar and Normal 

conditions (adapted from Ribeiro Junior, 2022). 

 

Figure 12. Gaussian mixture model results (RSM vs. Skewness) for the Misalignment and Normal 

conditions (adapted from Ribeiro Junior, 2022). 
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Figure 13. Gaussian mixture model results (RSM vs. Skewness) for the Mechanical looseness and Normal 

conditions (adapted from Ribeiro Junior, 2022). 

 

 

Figure 14. Gaussian mixture model results (RSM vs. Skewness) for the Bearing and Normal conditions 

(adapted from Ribeiro Junior, 2022). 
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Figure 15. Gaussian mixture model results (RSM vs. Skewness) for the Unbalanced and Normal 

conditions (adapted from Ribeiro Junior, 2022). 

The Mahalanobis distance measure was used to determine how far apart the clusters are. The 
Mahalanobis distances of the Gaussian distributions adapted to the usual operating state are 
shown in Figure 16. It was discovered that the mechanical looseness situation produced a 
certain pattern of distances. Figure 17 organizes all of the distances. It should be noted that 
mechanical looseness and bearing faults are the most extreme operation condition. This 
suggests that these are the most easily identified defects. Furthermore, the Mahalanobis 
distance pattern may be used to distinguish one fault from another, i.e., identify which fault it 
is. This is not achievable with GMM alone since it simply detects the presence of a fault. Figure 
17 shows that each defect has a pattern and various distance value ranges. As a result of 
integrating the GMM with the Mahalanobis distance, it is able to not only identify but also 
discriminate between faults. 
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(a) bent (b) broken bar 

  

(c) misalignment (d) mechanical looseness 

  

(e) bearing fault (f) unbalanced 

 

Figure 16. Mahalanobis distance for the different induced operational conditions (adapted from Ribeiro 

Junior, 2022). 
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Figure 17. Mahalanobis distance for all the evaluated and induced operational condition (adapted from Ribeiro Junior, 2022).
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4 Chapter Conclusion 

In this chapter we present the theory of the Gaussian mixture model as well as its 
effectiveness in clustering and classifying data. In addition, the GMM theory was applied 
to a real problem. By applying the GMM to a real case, it was possible to demonstrate 
and discuss the strength of the applied method, as well as the challenges in using it. Also, 
as it is an unsupervised learning algorithm, this method does not need human support to 
carry out the identification of faults. Finally, we believe that with this chapter the readers 
have understood how the GMM works as well as ways to apply the method to other 
engineering problems. 
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