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Abstract

Experiments are of fundamental importance both in academic sciences and the
industry. In many cases, performing experiments is an expensive task requiring re-
sources and time. Therefore, it is essential to design experiments as best as possible
to obtain the most information. However, in many cases, the optimal design of an
experiment is not obvious, being even counter-intuitive in some situations. The goal
of optimal experimental design is to formalize the statistical information obtained by
experiments as an objective function to be maximized using optimization methods.
Here, we focus on the Bayesian setting, using a discrepancy between the information
before and after an experiment as its quality. Specifically, we use the Shannon’s Ex-
pected Information Gain (SEIG), the mutual information between the experimental
observations and the parameters of interest, to measure the quality of experiments.

Keywords: Optimal Experimental Design; Expected Information Gain; Uncertainty Quantifica-
tion; Bayesian Inference; Monte Carlo Sampling

1 Introduction

Many fields of science heavily rely on information obtained by experiments. Statistics about
quantities of interest are inferred from data resulting from experiment observations. Hence, it is
important that experiments provide informative data. For example, in structural engineering, it is
useful to have statistical information about the material properties, such as the Young modulus,
Poisson modulus, yield stress, so that the engineer can take informative decisions. However, to
obtain statistically relevant data, experiments must have large enough samples. For example, if
a three-point flexural test is performed on concrete beams to evaluate the fracture toughness of
concrete, a significant number of beams must be built beforehand and let to cure for 28 days. Even
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if a hundred beams are built, cured, and tested, the standard error in the fracture toughness estimate
is still the standard deviation of one of the samples divided by ten. To reduce the standard error
of the mean by one digit requires increasing the sample size by a hundred times. A three-point
bending experiment for fracture toughness determination and its design parameters are presented
in Figure 1. Properly defining design parameters can reduce dispersion of the quantity of interest

P/2

P B

Figure 1: Example of fracture toughness testing. Source: Wikimedia commons
Commons [2011]

estimation or reduce the cost required to achieve the same precision.

Another example of practical interest is the one of verifying the quality of composite lami-
nates. Some composite materials can have improved mechanical properties in some directions by
alternating plies of orthotropic materials with some specific angles between them. One way of
testing these laminates is by electrical impedance tomography (EIT). However, the information
obtained depends heavily on the currents imposed on the electrodes, as can be seen in the results
obtained by Beck et al. [2018]. The set-up of an EIT experiment is presented in Figure 2, where
the electrodes are illustrated in black, the first ply in blue and the second ply in red. We optimize
the currents in an EIT experiment in Section ??.

E; First ply Second ply 9D\ UE;

Figure 2: Electrical impedance tomography example. Source: adapted from Beck
et al. [2018]

Given the difficulties and the costs involved in the experimental process, it might be interesting
to optimally tune experiments parameters to maximize their efficiency, which is the main concern
of optimal experimental design (OED). Thus, in OED, we seek the optimum design parameters
that maximize some measure of efficiency of an experiment.

The classical optimality criteria for experiments are known as the alphabetic optimality crite-
ria. However, they require the model to be linear with respect to the random parameters. The al-
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phabetic optimality criteria use the Fisher information matrix, a measure of information inversely
proportional to the covariance matrix, to qualify an experiment. The better known of these cri-
teria, D-optimality, consists in minimizing the determinant of the Fisher information matrix, as
presented in Chaloner and Verdinelli [1995].

In this chapter, we aim at presenting an OED framework that can optimize experiments with
nonlinear black-box forward models. Thus, we opt to measure the performance of an experiment
by its Shannon’s expected information gain (EIG) [Shannon, 1948]. The EIG is related to the
relative entropy of information and, in the OED context, is a measure on how much information
an experiment provides [Huan and Marzouk, 2013]. Lindley [1956] was the first to use EIG as
an utility function for OED. However, for a general experiment with nonlinear model, estimating
EIG is cumbersome.

Ryan [2003] develop an EIG estimator based on Monte Carlo integration (MCI), however,
his estimator requires the evaluation of two nested integrals. We refer to Ryan’s estimator as the
double-loop Monte Carlo (DLMC). The DLMC estimator has the disadvantages of being expen-
sive to evaluate and numerically unstable. The evaluation of the two nested MCI requires a large
number of experiment simulations.Indeed, if the two outer and inner MCI have sample size of,
respectively, N and M, the DLMC estimator requires N (M + 1) forward model evaluations to
approximate the EIG. Moreover, for some cases, M needs to be large to avoid numerical under-
flow [Beck et al., 2018]. Long et al. [2013] propose a method to estimate the EIG using a Laplace
approximation, furnishing the Monte Carlo with Laplace approximation (MCLA) estimator. The
MCLA estimator does not require the evaluation of one of the two nested integrals, thus, being
less expensive. The disadvantage of MCLA is that the Laplace approximation introduces a bias
that might not be acceptable depending on the situation. Beck et al. [2018] propose an importance
sampling for DLMC that uses Laplace approximation to draw more informative samples, reducing
the cost of DLMC without adding the bias of MCLA. The DLMC with the importance sampling
is called double-loop Monte Carlo with importance sampling (DLMCIS).

The main goal of this chapter is to present the DLMC, MCLA and DLMCIS estimators for the
SEIG in a didactic manner. To achieve this goal, we first present the basis of Bayesian inference
and how to measure information using the SEIG. Then, the procedure for the numerical evaluation
of the DLMC, MCLA and DLMCIS estimators is presented, together with their the pseudocodes.

2 Optimal Experimental Design (OED)

The goal of OED is to find the best experimental setup [Chaloner and Verdinelli, 1995]. From
the perspective of optimization, it is important to define a criterion to measure the efficiency of
experiments: the objective function to be maximized. Here, we use the Shannon’s SEIG [Shannon,
1948] of an experiment to evaluate its performance. Thus, on the next section, we introduce SEIG
and other concepts related to it.

2.1 Experiment model

We model the evaluation of N, repetitive experiments as

yi(Evataﬁi) :g(gaet)+6i7 izl?"'>Ne> (1)

where y; € RY is the vector of experiment observations, 8; € R? is the vector of parameters
of interest to be recovered, £ is the vector with experiment parameters to be optimized, g is the
experiment model, and € is the additive noise from measurements. For N, experiments performed
with the same setup &, the set of observed data is gathered in a set Y = {y,}\°,. Since we cannot
observe 6; directly, we use the random variable 8: © — R™ with prior distribution 7 (@) instead
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of ;. Thus, through observations Y, we calculate statistics about 8. Here, our goal is to find the
optimal experimental design £ € = C R" that provides more information about 8, where = is the
space of experiment designs. Moreover, we consider € ~ N (0, X;) to be an additive noise, i.e.
independent of g, & and 0, for some positive-definite and symmetric covariance matrix 3. This
model for experiments is the same used in [Long et al., 2013, Beck et al., 2018].

For example, consider the case of a single three-point test where the stiffness modulus (E) of
some material is estimated, as illustrated in Figure 3. In this case, the parameter of interest (6) is

T q

v

AN L. A b

Figure 3: Example of the setup for a three-point flexural test.

E, the measurement y is the observed deflection in mm, and e is the error in the observation of y.
The design parameter of the experiment to be optimized is £ = x, the position where the point load
q is applied, and where the deflection is measured. The model relating E and z to the observation
yis g(z, E) = gzlpr (2Le — x), where I, is the moment of inertia of the cross-section of the
beam. This simple problem is used to illustrate the concepts introduced in the present chapter; the

proof that the optimum is at z* = L. /2 is trivial.

2.2 Bayesian Inference

To evaluate the quality of experiments, we use a Bayesian framework of analysis. Thus, in this
section, we introduce essential concepts of Bayesian inference. The main idea behind Bayesian in-
ference is to use new data to update some previously known probability distribution of a parameter.
This update is done using Bayes’ theorem:

p(Y10,£)7(6)
p(Y§)

where 7(0]Y , £) is the posterior distribution, the updated probability density function (pdf) of
some random variable 6 given observations Y'; 7(0) is the prior distribution, the pdf of @ before
the experiment; p(Y'|0, £) is the likelihood, the probability of observing Y given the previously
known prior 7(0); and p(Y |£€) is the evidence, the probability of Y being observed.

On the context of experiments, Bayesian inference is used to estimate a posterior pdf of a
parameter of interest given a prior pdf and some observations Y provided by the experiment. For
example, consider the previously mentioned three-point flexural test; in Figure 4 we present the
pdf for the stiffness both before and after the flexural experiment, i.e., the prior and posterior
pdfs of (2). It can be seen that the dispersion is reduced after the experiment, meaning that the
experiment provided useful information about the parameters of interest.

In this example, we modeled the prior knowledge about the parameter of interest as being
Gaussian-distributed; however, other distributions can be used as well. Using the Bayes’ theorem
in (2), the posterior can be obtained by multiplying the prior by the division between the likelihood
and the evidence. For the experiment model with additive noise in (1), the likelihood of observing

m(8]Y,§) = : 2)
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Figure 4: Prior and posterior pdfs for the three-point flexural experiment.

Y given 6 and £ is a multivariate Gaussian with mean g(&, ) and covariance matrix X,

p(Y16,€) = det (27%) % exp <—2Hyz 9(&,0)|3, 1> : 3)

where 0 is not necessarily the same used to calculate Y. Using (3), the likelihood in (2) can be
evaluated, yet, the evidence p(Y'|£) is not known. To estimate the evidence, we follow the same
procedure as Ryan [2003]. We introduce a new variable 6 that is independent and identically
distributed with respect to @ and marginalize its likelihood with respect to 8 as

(Y€)= /@ p(Y10",€)7(67)d6". 4

The likelihood in (4) can be calculated from (3) as

P(Y167,€) = det (2750) % exp (an 9(&.0)%, ) 5)

Thus, substituting in the Bayes’ equation in (2) the likelihood and the evidence respectively pre-
sented in (3) and (4), one can obtain the posterior distribution of the experiment, i.e., the probabil-
ity distribution for the parameter of interest after the experiment.

To estimate how much information an experiment provides, we use the Kullback—Leibler di-
vergence (D) between the prior and posterior pdfs.

2.3 Kullback-Leibler Divergence

According to Cover and Thomas [2012], entropy is a measure of uncertainty of a random variable.
Cover and Thomas define the differential entropy of a random variable @ with pdf fg as

- /@ fo(6) log fo(8)d6. ©)
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The larger the entropy of 7(8) is, the larger its uncertainty with respect to 0 is. The D, is the
entropy of a probability measure with respect to another [Kullback and Leibler, 1951], and, for
two probability measures fg and gg on 8 with the same support ©, the D, is defined as

Dict(f0(6) 196(6)) = /@ fo(6) 105 96(6)d60 + /@ fo(6)log fo(6)d6

__ /@ fo(0)log @ZEZ;)M ™

()

The larger the D, of fg(0) with respect to gg(0) is, the more different is fo (@) with respect to
ge(0); the Dy, between two distributions is a measure of the discrepancy between them. As a
way of measuring the efficiency of an experiment, we use the D, of the posterior with respect
of the prior:

Dia(r(61Y . )1x(6)) = [ 108 (WZI(‘;)&)

For the sake of simplicity, the Kullback—Leibler divergence between the prior and posterior
pdfs is referred simply as Kullback—Leibler divergence and denoted as Dgr,. In Figure 5, at the
left, we present the prior and posterior pdf of the three-point flexural test. The regions where the
probability density of the posterior distribution is greater than the one of the prior are shaded in
green, whereas the regions where the posterior pdf is less than the prior pdf are shaded in red.
In Figure 5, at the right, we present the integrand in (8) over the domain of € for the three-point
flexural test. The regions where the integrand is positive are shaded in green, and the regions
where the integrand is negative are shaded in red. The more informative an experiment is, the

)ﬂa;y,g)aa. ®)

0.5
0.40 Prior ’

log (*442) (61, ©)

0.35 Posterior

a
0.10 / 0.11
0.05 / i 0.0

0.00

t
Probability density

\/'

20.0 225 25.0 27.5 30.0 325 35.0 375 40.0 20.0 225 25.0 275 30.0 325 35.0 375 40.0
E (MPa) E (MPa)

(a) (b)

Figure 5: For the three-point flexural test: prior and posterior distributions (a), and
the integrand of the Dy, (b).

larger is the integral of the function in Figure 5 (b). Thus, we aim to find the £ that provides the
more informative observations Y*; the Y* that maximize difference between the green area and
the red area in Figure 5 (b).

In Figure 6, we present a comparison between the optimized and non-optimized cases for the
three-point flexural test. The non-optimized case is evaluated with x = L./4, whereas, in the
optimized case, the load and the measurement are in the middle of the beam, i.e., v = 2* = L. /2.
In the left plot of Figure 6, it can be observed that the posterior pdf for the optimized configuration
is more concentrated than the posterior pdf before before optimization. In the right plot of Figure 6,
the integrand of the D, is presented for both the optimized and non-optimized configurations. It
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Figure 6: The pdfs for prior, posterior, and optimized posterior (a) and the Dy,
integrand for the non-optimized and for the optimized cases (b).

can be observed that the D, for the optimized case is greater than the D, for the non-optimized
configuration, as can be inferred from the areas under the integrands.

When modeling a real experiment, one might need to consider the noise inherent to experiment
observations. To estimate the information gain considering the noise in observations, we use the
SEIG [Shannon, 1948].

2.4 Shannon’s Expected Information Gain

The Dy, does not consider the noise in observations due to measurement uncertainties. To es-
timate the information gain on this context, we need to marginalize the Dy with respect to Y,
thus, obtaining the Shannon’s expected information gain [Shannon, 1948] as

1= [ [ e (N5 ) oy v igay. ©)

Lindley [1956] is the first to use SEIG as an utility function for optimal experimental design. An

example of the integrand in (9) with respect to both the parameter of interest and the observations

for the three-point flexural test is presented in Figure 7. Estimating I requires the solution of a

double integral over the sample space of the parameters of interest (©), and the observations ())).
Using the Bayes’ equation presented in (2), we can rewrite (9) as

1—// ( Y;T£§)>p(Y]0,§)dY7T(0)d0. (10)

Presenting SEIG as in (10) has the advantage that, for our experiment model, the likelihood can
be calculated directly using (3). Moreover, using Eq.4 to estimate the evidence results in

p(Y16,8)
I—//log / o — p(Y]0,£)dY 7(6)d6. (11)

Here, we use (11) to calculate the SEIG.
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Figure 7: The SEIG integrand.

3 Shannon’s Expected Information Gain Estimators

Evaluating I in (11) requires the solution of the double integral over 8 and Y, moreover, it re-
quires the solution of the integral used to marginalize the evidence. In most cases, these integrals
do not have closed form, thus, numerical methods are needed to approximate them. When the
number of random parameters is small, quadrature methods can be used to approximate the inte-
grals in (11), however, as pointed out by Robert and Casella [2013], these methods suffer from the
curse of dimensionality. Hamada et al. [2001] note that using deterministic integration methods to
approximate (11) becomes unfeasible if the dimensionality of 8 exceeds three.

3.1 Error analysis

We focus on the case where the integrals in (11) do not have closed form solution and Monte Carlo
integration (MCI) is needed to approximate them. In this section, we introduce Monte Carlo-based
estimators for SEIG that can deal with high dimensional parameter spaces. We present the error
analysis and complexity of the SEIG estimators with respect to the evaluation of g by FEM with a
mesh discretization parameter h. As h — 0, the discretization bias asymptotically converges as

Elllg(&,0) —g1(§,0)[5] = O (h"), (12)

where g;, is the FEM approximation of g using h, and 77 > 0 is the rate of convergence of the
discretization error. For the computational effort analysis, we assume that the cost of evaluating
gy, is O(h™9), for the constant ¢ > 0. Both 77 and p are constants that depend only on the numerical
approach used in approximating g by g,,.

In the present case, the error of estimators can be decomposed in two terms: their bias and vari-
ances. The variance of the estimator is a measure of the dispersion from different and independent
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estimations of the same quantity, e.g., for an estimator Z, its variance is V[Z] £ E [(Z — E[Z])?].
The bias of an estimator is the difference between its expected value and the true value that is being
estimated, e.g., for an estimator Z of a quantity I, the bias of Z is |I — E[Z]|. Figure 8 illustrates
the bias and variance of an hypothetical estimator of /, where the curve in blue is the probability
density that a value of Z is estimated. Moreover, the distance between the expected value of Z
and I, i.e., the bias, is presented, as is the square root of the variance, o, the standard error of the
estimator. The bias of the estimator includes the bias from numerical approximation of the model.

0.30 -

1
|
1
T
|
|
0.25 1 !
|
1

0.20 A

Probability density

. . .

o — —

ot (e ot
1 1 1

0.00 A

0 1 2 3 4 5 6 7
Expected information gain

Figure 8: Bias and variance of an estimator

For further information about the bias and variance of each SEIG estimator, the reader is referred
to Beck et al. [2018].

3.2 Monte Carlo integration

The MCI is a method for approximating integrals by sampling the integrand and averaging the
samples. For example, let @ € © C R™, and f : @ — R with 6 with probability 7(8). In this case,
the expectation of f(@) can be approximated as

1 N
BL0)) = [ 10)m(0)00 ~ 5 > 16 (13)
=1

where 6 is sampled from 7(@). From the strong law of large numbers, the Monte Carlo estimator
converges to the real value of the integral as N — oo [Rubinstein and Kroese, 2016]. More-
over, from the central limit theorem, as N — oo, the error in approximating an integral by MCI
converges to zero with rate 1/v/N [Rubinstein and Kroese, 2016].

3.3 Double-loop Monte Carlo estimator

The double integral in (10) can be approximated using MCI by sampling 6 from the prior pdf and
Y from the likelihood (the measures that the integrands are being integrated over in (10)). Then,
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for N samples, the Monte Carlo estimator for OED is defined as

e 1 Y ’071,7 S)
Tvc(é) = lo <) : (14)
Z Y.le)
Also, we use (4) and approximate the evidence integral by a MCI as
M
| p(¥16" . €)m(6)00% ~ . > p(Y165,.). (s)
e m=1
Thus, the DLMC estimator for SEIG is defined as
e 1 ( TL‘OTH E)
Iprmc(€) = log ( : (16)
nz:l M Zm 1 p(Y |0 )

The first to use DLMC in OED is Ryan [2003].

Monte Carlo estimators are generally not biased, however, the DLMC estimator has a bias
resulting from the logarithm of the inner loop. However, DLMC is a consistent estimator because
the bias goes to zero as the number of inner loop samples M goes to infinity. The DLMC estimator
has bias and variance respectively given by

Cphr 1
(I — E[Z,ye]l < Corah" + —2= M +o(h") + O <M2> and (17
Cprs  Cbpra 1

for the constants Cpr, 1, Cpr.2, Cpr,3, and Cpr, 4 (cf. [Beck et al., 2018]).
To evaluate the DLMC estimator in (16), one needs the likelihood of observing Y ,, given
0,, and the likelihoods of observing Y, given each 8. Using (3) to estimate the likelihood of
observing Y ,, given @,, furnishes
) : (19)

Ne 1
=det (27Xe)” 2 exp <—2 Z lg(&,0n) + e —g(&, Hn)|22€1> , (20)

1
— det (272) "% exp (-22 l€ill5, _1> : 1)

Since Y and g are evaluated using the same @, the model evaluation g in (20) cancels out. Thus,
evaluating the likelihood of observing Y',, given 6,, does not require any model evaluation. How-
ever, for the evidence evaluation, we must evaluate the model g. For example, consider the likeli-
hood in (3), where Y, is evaluated from 6,, and ¢ (sampled in the outer loop), and 6}, is sampled
in the inner loop (independently from 6,,),

59)

N,
_ Ne 1 <<
DY 0|00, &) = det (275) 2 exp< 2§1:]

p(Y,6;,,&) =det(2nX,)” 2 5 exp <_

2
,ei‘n)Hze_J @

Each observation of p(Y ,,|0},,, €) requires an evaluation of g(&, 6;,).
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Algorithm 1 Pseudocode for the DLMC estimator for SEIG.

1: function DLMC(&, N, M)

2 forn=1,2,.... N do > Outer loop
3 Sample 6,, from 7(0)

4: Evaluate g(&,0,,)

5: for:=1,2,..,.N.do
6

7

8

9

Sample ¢; from N (0, X,)

end for
: Y, — {y; zj'vzel
Ne
10: P(Y 110, €)  det (275) " 7 exp (—5 01 [leilly, 1)
11: form=1,2,.... M do > Inner loop
12: Sample @), from 7(0)
13: Evaluate g(&, ;)
_Ne n N
L e st (0 0 -seo)
15: end for
16: p(Y,l€) & 30 p(Y,6;,.€)
17: end for
N Y 1|04,

18: Iprmc(§) < % D n—1l0g (%)
19: return Zp ()

20: end function

In Algorithm 1, we present the pseudocode for DLMC, where the inputs are the experiment
setup, &, the sample-size for the outer loop, IV, and the sample-size for the inner loop, M. Problem
parameters, e.g., X, 7(8), g, Ne, are considered to be known. The DLMC returns the estimation
of I , z DLMC -

From Algorithm 1, it can be seen that the cost of evaluating the DLMC estimator is N (M + 1)
forward model evaluations. Considering that each model evaluation requires the solution of a PDE
using FEM with a mesh of size h, the computational cost of evaluating the DLMC estimator is of
order N(M + 1)h~¢.

The DLMC estimator can suffer from numerical instabilities, namely, numerical underflow
[Beck et al., 2018]. The marginalization of the likelihood of observing Y (evaluated using 6*
sampled in the outer loop) given 8 sampled in the inner loop can result in numerical underflow. If
the likelihood is zero for all the M inner samples, the evidence also becomes zero. If g(&,6;,)
is too distant to each y(™, or if 3 has small eigenvalues, the likelihood can get smaller than
floating-point precision. Thus, to avoid numerical underflow, M needs to be large enough as
to guarantee that at least one of the M likelihoods is not numerically evaluated to zero. If the
evidence is evaluated to zero, then (14) cannot be evaluated. Figure 9 illustrates the numerical
underflow for the flexural test for five inner loop samples; for each loop the model is evaluated and
the likelihood of y being observed is drawn in red. It can be observed that, for all g evaluated at
each inner loop, the likelihood of observing the 3(") evaluated at the outer loop is near to zero. In
the next sections we present two estimators of SEIG that are able to overcome the high cost and
numerical instabilities of DLMC.
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Figure 9: Numerical underflow illustrated for the three-point flexural test.

3.4 Monte Carlo estimator with Laplace approximation

The cost of solving the two-loop Monte Carlo required for DLMC can be large. Since MCI is a
method for approximating integrals, one might think of alternative methods to approximate one
of the integrals. Long et al. [2013] propose the use of the Laplace method to approximate the
the logarithm of the posterior distribution by a second-order Taylor expansion, thus, avoiding the
evaluation of the evidence. We follow the same approach as Long et al. [2013] to devise the
Monte Carlo with Laplace method (MCLA) estimator. One advantage of the MCLA is that the
approximated posterior pdf is a Gaussian function

(01 &) ~ der(2r3(€,6)) exp (510~ BE VI ). 23

where 6 is the maximum a posteriori (MAP) of 0, and 3 (&, é) is the covariance matrix of the
posterior at the MAP. The MAP is the @ that maximizes the posterior pdf, i.e., the @ more likely
to be 0, after the experiment data is considered. Thus, 0 is the 6 that solves

6(¢,Y) dzerargelgin[ ZHy@ 9(£,0)[%, -1 —log(m (9))] : 24)

Long et al. [2013] show that

é:eﬁoﬂm(\/lﬁ). 25)

The covariance matrix of the posterior 3 (&, 8) is the Hessian matrix of the negative logarithm of
the posterior pdf evaluated at £ and 9,

“1(6.0) = NVo(g(€.0)) ="' Vag(£.0) — VoV log(n(6)) + Op (V). (26)

A detailed deduction of 6 and (£, ) is presented in Beck et al. [2018].
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According to Long et al. [2013], using the approximation 0~0, yields the Laplace-approximated
SEIG as

~ dim(0)

1(€) = /@ [—;log(det(QwZ](g,Ht))) —log(w(é’t))] W(Ot)d9t+(9<1>. 27

Ne
Compared to (9), the approximated SEIG in (27) has only one integral, not requiring the integra-
tion over Y nor the integral to calculate the evidence. This SEIG with Laplace approximation is
consistent with Chaloner and Verdinelli [1995], according to whom, maximizing SEIG is equiva-
lent to minimizing the determinant of the posterior covariance matrix.

Estimating [ in (27) by MClI results in the MCLA:

der 1 al 1
ImcLA (5) = N Z |:_2 10g(det(27r2(§, On))) _

n=1

@) ogro|. @)

According to Beck et al. [2018], the bias and variance of the MCLA estimator are, respectively,

C
I —E[Z,.,]| < Craih" + % +o(h"), and (29)
Crags
V[IMCLA} = N (30)

for the constants C'r, 4,1, Cr4,2, and Cp 4 3. Although DLMC is a consistent estimator, MCLA is
not, because the bias from the Laplace approximation does not vanish as the number of samples
increases, being dependent on the number of repetitive experiments NV,.

Algorithm 2 presents the pseudocode for the MCLA estimator. Since MCLA does not have an
inner loop, it only needs the outer loop sample-size, N. The evaluation of (26) requires a Jacobian
of the model g with respect to the parameters 8; the main cost of MCLA evaluation.

Algorithm 2 Pseudocode for the MCLA estimator for SEIG.

1: function MCLA(&, N)

2 forn=1,2,..., Ndo > Outer loop
3 Sample 6,, from 7(0)

4: Evaluate Vog(€&,0,,)

5: Use Vgg(&,6,,) to evaluate 3(&, 6,,) using (26)

6

7

8

9:

end for _
Tucra(€) + % Sy |4 log(det(275(€, 6,))) — 252 — log(m(6,.))

return IMCLA (E)
end function

If forward-Euler is used for the estimation of the Jacobian in (26), the evaluation of the MCLA
estimator cost has order N(dim(@) + 1)h~¢. Thus, in comparison to DLMC, MCLA requires
lower computational effort if dim(@) is less than M. For most cases, the M required to achieve
a certain precision with DLMC is large, therefore, for these cases, MCLA is is computationally
more efficient than DLMC.

3.5 Double-loop Monte Carlo estimator with Laplace-based importance sampling

Based on the method proposed by Beck et al. [2018], we use an importance sampling in the
MCI of the evidence. Instead of sampling 8* from 7(0), we sample 6* from 7(8), where
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7(0) ~ N'(0,%(8)), and 6 and X are given in (24) and (26). Therefore, we are using a Gaussian
approximation of the posterior at its MAP to draw more informative samples for the inner loop.
The advantage of using the importance sampling is that it avoids the approximation error from
the Laplace approximation and the numerical underflow problem from DLMC with the drawback
of requiring, for each outer loop, to solve the sub-problem of finding the MAP 6. The DLMCIS
estimator is defined as

def ]- Y 0717
Iprmcrs(§ Zlog < 1 ZM £|(Y 5)5_9* )> ; €2V

where
p(Y160,£)7(6)
T
The bias and variance of the DLMCIS estimator are deduced on the original paper by Beck et al.
[2018] and are proven to be the same as of DLMC for a given tolerance, thus the DLMCIS estima-
tor is also consistent. However, to achieve the desired tolerance, the inner loop sample-size M is
significantly smaller for DLMCIS than for DLMC. Like in MCLA, the evaluation of (26) requires
a Jacobian of the model g with respect to the parameters 6, moreover, finding 0 requires solving
the optimization problem in (24). We use a steepest descent search to find 6. For that we use the
gradient of the function to be minimized in (24),

L(Y;€;0) = (32)

def

Vo = —(Vog(£,0)"Se(Y — g(£,8)) — Vologn(0). (33)

Algorithm 3 Pseudocode for finding MAP using steepest descent.

1: function FINDMAP(E,0,Y , ay, TOL)
2 0+ 0

3 forj;:1,2,3..d0 A A A
4 Ye <_A _(VBAQ(& 0))TZE(Y - g(£7 0)) — Vo 10g71'(9>
5: 00— Oéng

6 if || Vo||2 < TOL then

7 Break

8 end if

9 end for

10: return 6

11: end function

If forward-Euler is used for the estimation of the Jacobians in (26) and Algorithm 3, the
evaluation of the DLMCIS estimator costs N ((Casap +1)(dim(0) 4+ 1) + M)h™¢, where Cprap
is the number of iterations to estimate 6 in Eq. in Algorithm 3.

Besides the advantage of reducing the number of samples of the inner loop, M, the DLMCIS
estimator is more robust to numerical underflow than the DLMC estimator. The change of measure
in the sampling of @* guarantees that g(&, 8™) is close to Y, evaluated using the 8 sampled in the
outer loop. Thus, it is not likely that, for all inner loops, the likelihood of observing Y given 6*
is numerically evaluated to zero. Figure 10 illustrates how the importance sampling mitigates the
numerical underflow problem for the three-point flexural point; the likelihoods of observing (™
for each g are larger than zero.

A pseudocode for the DLMCIS is presented in Algorithm 4, where the line where importance
sampling happens is shaded in gray.
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Algorithm 4 Pseudocode for the DLMCIS estimator for SEIG.

10:
11:
12:
13:
14:

15:

16:

17:
18:
19:
20:
21:

22:

1
2
3
4:
5:
6
7
8
9

: function DLMCIS(E, N, M)
forn=1,2,.... N do > Outer loop

Sample 6,, from 7(0)

for:=1,2,..,.N.do
Sample ¢; from N (0, X,)
Y; < g(€7 9”) + €

end for

Y, {yidis

_ Ne 1 N. 2
PIY 216,,€) < det (275) % exp (—5 N el 1 )
Find 6,,(£,Y,,) using Algorithm 3
Evaluate Vog (&, 6,)
Use Vog(&, 0 ») to evaluate (&, 0 n) using (26)
form=1,2,.... M do > Inner loop
Sample 07, from 7(8) ~ N (6, 9,)) > Importance sampling

(&, 0

Evaluate g(§, 9,,)

p(Yn|9;kn, )<—det(27r2 2 exp( %
m) /7 (

L(Y ;€0,,) < p(Y,|0;,
end for

P(Yul€) 5 S L(Y 1:€:6},)

(&) - g(¢.6;,)

2
.1

end for
IDLMC’IS( ) N Zn 1 log ( 1(’;|9|£)£)>
return Zpyacrs(€)

23: end function
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Figure 10: Avoiding numerical underflow using importance sampling illustrated for
the three-point flexural test.

4 Numerical example

This numerical example addresses the problem of positioning a strain gauge on a beam modeled
following Timoshenko theory for estimating the beam’s mechanical properties. Its purpose is to
show that the proposed OED framework can reproduce the engineer’s intuition. In other words,
the optimized design found is consistent with what an engineer would intuitively expect.

4.1 Strain gauge positioning on Timoshenko beam

The OED problem here consists in finding the optimal placement of a strain-gauge on a beam to
estimate the material’s Young and shear deformation moduli. It is opted to employ the MCLA
estimator of the EIG, given its lower cost in comparison to DLMC and DLMCIS.

It is assumed that the strain-gauges provide (noisy) strains observations in the vertical and
longitudinal axes for a given point of the domain of the beam. The beam mechanical properties to
be estimated are the the Young modulus £ and the shear modulus G, given measurements obtained
from the strain gauge using the Timoshenko beam model. The beam’s length, height and width
are, respectively, L = 10 m, H = 2 m and b = 0.1 m. Although the beam’s geometry is not
consistent with engineering practice, it is devised to furnish an interesting OED problem: we want
an optimization problem where the optimum is not in a vertex of the beam. A uniform load ¢,
of 1.00 kN/mm is imposed on the beam’s vertical axis and distributed along its main axis. The
geometry of the beam, the load, and the position of the strain gauge are illustrated in Figure 11.

We aim to locate a strain gauge on the beam that maximizes the information on £ and G.
W employ the Timoshenko’s theory Timoshenko [1921] as the forward model of the problem, a
mechanical model that captures the strains resulting from both normal and shear stresses. Such a
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L a b

Figure 11: (Example 3) Geometry of the Timoshenko beam.

model is defined as

KGAyerp = 22 — g,
{ €12 2 qox1, (34)

L.—
Elen = 7%“(28 s,

where €17 is the normal strain, €12 is the shear strain, z; and x9 are the positions of the strain
gauge on the horizontal and vertical axes respectively, ¢, is the uniform load, L. is the length of
the beam, [, is the inertia moment of the cross section, K is the Timoshenko constant (K; = 5/6
in all test cases), and A, is the cross-section area.

4.2 Bayesian formulation

The optimal position for the strain gauge that provides the maximum information about £ and G
is denoted by £&* = (27, %). The longitudinal strain on the main axis of the beam, denoted by
€11, together with the transverse strain €12, compose the output of the forward model. Therefore,
based on (34), we find that

9(§,0) = (e11(£,0),212(¢,0))

_ (fQ (QOLefl - QO£%) %QO - qo&)

35
2011, T K 02A, ()

where (x1,z2) and (F,G) are replaced by (£1,&2) and (01, 02), respectively. The additive er-
ror of the measurement is Gaussian € ~ AN (0, X.), where the noise covariance matrix is X, =
diag {0621,0622 .

4.3 Test cases

We investigate the EIG of this problem in four test cases, in which we attempt to locate the optimal
strain-gauge placement on a beam. We test all the different cases, changing the variance of the
prior pdf of 8, the dispersion of the measurement noise, and the number of experiments. The prior
pdf of 8 is Gaussian with the distribution 7(0) ~ N ((ul., uS.)", diag { (o5.)2, (0£1)?}), where
pi5. = 30.00 GPa and . = 11.54 GPa.

Table 1 presents the parameters used in each of the four cases.

We devised the parameters of the four cases with the intention of having four different OED
problems. In the first two cases, both E and G have standard deviation of, respectively, 30% and
20% of their means. Also, case 1 has larger observation noise than case 2, and more experiments,
3. The third and fourth cases are exactly like case 2, except that case 3 has significantly less
dispersion in G, a coefficient of variation of 4%, and case 4 has the same coefficient of variation
for I.
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Table 1: Parameters for the Timoshenko beam problem (Example 3).

Parameter N. o0).(GPa) 0G(GPa) o, (x107") o.,(x107)

Case 1 3 9.00 3.46 6.25 1.30
Case 2 | 6.00 2.31 3.75 0.78
Case 3 1 6.00 0.46 3.75 0.78
Case 4 1 1.20 2.31 3.75 0.78

We evaluate the EIG of each case using a grid of uniformly distributed points, which pro-
vides contour plots of the expected information gain across the beam’s domain. These plots are
illustrated in Figure 12.

In cases 1 and 2, the optima are similarly located near the bottom of the beam, between the
middle and the end. In case 3, the optimum is located in the bottom-middle of the beam; in case
4, the optimum is located on the supports. These placements are expected, as the Young modulus
depends on the bending moment (that is maximum at the middle of the beam (x; = L./2)), and
the shear modulus depends on the shear stress (that is maximum at the beam supports (x; = 0 and
x1 = L.)). In case 3, the prior information about GG is more accurate; consequently, the optimum
is at the middle of the beam where more information about E can be collected. Conversely, in
case 4, the optimum is at the supports, where data is more informative about G.

In Table 2, we present the non-optimized points randomly chosen on the design domain (Non-
Opt.), the optimized setups (Opt.), the respective expected information gains in relation to the
prior, and the standard deviations of the posterior pdfs of the parameters £ and G for the four
cases. The posteriors are evaluated at 6 = (ugn, M;?r) for the four cases are presented in Figure 13.

We observe a reduced variance in the optimized experiment, compared to the original, reflect-
ing the importance of an informative experiment. In cases 3 and 4, no information is acquired
about G and FE, respectively, since the variances in the axes are not reduced, compared to the
prior.

Table 2: Results from the Timoshenko beam problem (Example 3).

rj(mm) 25(mm) Z, ok , (GPa) & . (GPa)

vcea 9 pos pos
Case 1 Non-Opt.  5500.00 -100 0.14 8.00 2.40
Opt. 8022.59 -1000.00 2.43 248 0.54
Case 2 Non-Opt.  5500.00 -100 0.23 2.38 1.38
Opt. 7962.77 -1000.00 3.35 1.60 0.74
Case 3 Non-Opt.  5500.00 -100 0.06 5.70 0.46
Opt. 5004.47 -1000.00 1.28 1.72 0.46
Case 4 Non-Opt.  5500.00 -100 0.22 1.20 1.93
Opt. 10000.00 -1000.00 1.94 1.20 0.33

Because we use the biased and inconsistent MCLA estimator of the gradient, as a sanity check,
we evaluate the gradient at the optima we found (the first two cases) using the full gradient of the
DLMCIS estimator with N = 10% and M = 102. In both cases, the gradient norm is below
10~3, meaning that the bias of the Laplace approximation is considerably small at the optima. We
conclude that the biased solutions found are not significantly distant to the real optima.

In Jorge, Ariosto B., et al. (Eds.) Uncertainty Modeling: Fundamental Concepts and Models, Vol. 3, UnB 497



Carlon, Andre G., et al. (2022) Bayesian Optimal Experimental Design pp. 479-501

10000

[\
254

50

—1000

1 -
> & = e == —/
500 — 22 7w ”

0.60

v =——

0 2000 4000 6000 8000 10000

&

1000

500 A

&
o
L
| 180 |

—500 - ¢
B e e\ 4 /S
—1000 — e T f T
0 2000 4000 6000 8000 10000
&1

Figure 12: From top to bottom, cases 1 to 4 (summarized in Table 2). Expected
information gain contours computed with MCLA.

The main goal of this example is to visualize how the optimum results are consistent with the
input data given.

5 Chapter summary

In this chapter, we introduced key concepts related to Bayesian inference and OED. In Section
2.1, we presented the model of experiments with additive noise. Also, in Section 2.1, we defined
a measure of efficiency of experiments: D between the prior and posterior pdfs. Moreover, we
presented, from an experiment with additive noise, the SEIG, the quantity we want to maximize.
In Section 3, we presented SEIG estimators based in MCI. Applying MCI in SEIG furnishes
the DLMC estimator, introduced by Ryan [2003]. The DLMC estimator is consistent and can
estimate SEIG for any general case, however, depending on the problem it can be expensive and
unstable [Beck et al., 2018]. As an alternative to DLMC, we presented the MCLA estimator pro-
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Figure 13: Prior, posterior, and optimized posterior pdfs for the Young modulus &
and the shear modulus G for cases 1 (a), 2 (b), 3 (¢), and 4 (d).
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posed by Long et al. [2013] in Section 3. This estimator uses the Laplace approximation of the
posterior, thus, avoiding the inner-loop in DLMC. The resulting algorithm, MCLA, is an inexpen-
sive estimator for SEIG, with the drawback of introducing bias due to the Laplace approximation
of the posterior distribution. This bias resulting from the Laplace approximation does not vanish
as sample-sizes go to infinity, thus, MCLA is an inconsistent estimator. This fact is then investi-
gated in the numerical example section. For the cases where the bias of MCLA is not acceptable,
we introduced an importance sampling based on the Laplace approximation, proposed by Beck
et al. [2018], resulting in the DLMCIS estimator.
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