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== Foreword from FGA / UnB

The engineering sector drives and enables the development of a country. The formation
of an engineer allows a technical capacity to evaluate, plan, design, suggest and apply
all possible techniques in search of the best construction of a technological equipment.
Currently, the engineer must be more and more prepared to solve existing problems in
various sectors of society. It is through it that societies grow in search of progress.

The recognition of engineering and the training of new professionals increases every
year in Brazil. In the 2000s, the University of Brasilia (UnB) went through an expansion
process, resulting in the implementation of the new UnB Engineering Campus in the
city of Gama (UnB-Gama, FGA). Five new undergraduate courses were created:
Aerospace Engineering, Automotive Engineering, Electronic Engineering, Energy
Engineering and Software Engineering. The UnB Gama Campus project converges to
increase the education level of the Brazilian population, especially in the five areas of
engineering activity, all in line with current national public policies, aimed at expanding
the population's access to quality higher education in the country.

Following the high quality teaching line, the UnB-Gama campus has the Graduate
Program in Integrity of Engineering Materials (PPG-Integridade). The program has the
following lines of research: Dynamics and Vibrations, Fatigue, Structural Materials,
Biomaterials, Structure Fluid Interaction and Numerical Simulation of the Mechanical
Behavior of Materials. This book series is an initiative of PPG-Integridade - UnB,
organized as a collaborative work involving researchers, engineers, scholars, from
several institutions, universities, industry, recognized both nationally and
internationally.

Beside the high technical quality and relevance of the topics covered in the books, this
series will enable an essential internationalization of the research currently developed
within the University of Brasilia. Several authors from different countries also
contributed to these books, enabling greater interaction between national and
international research groups. This internationalization raises the level of academic
education for new professionals in the field of engineering, in addition to more
advanced scientific research and technological development.

Additionally, this book series features a strong contribution from the industrial sector.
Several professionals from different companies collaborated with the writing of some
chapters in the three volumes that make up this series. These initiatives are of great
strategic importance, as they allow the grouping of different technical capabilities. On
the part of companies in the sector, with knowledge of market demands, and on the part
of universities, by adding the technical-scientific knowledge of their team of researchers
to the improvement of innovative products and services.

This book should be appreciated by anyone in need of knowledge of Materials Integrity.
The completeness of Discrete Modeling and Inverse Methods theory combined with the
Uncertainty Modeling in Structural Integrity makes these books mandatory for
everybody aiming at Direct and Inverse Problems, including model-based and signal-
based inverse problems.

Prof. Dr. Sandro A.P. Haddad, Director
UnB-Gama campus (https://fga.unb.br/)
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Foreword from LAJSS

Book Series in Discrete Models, Inverse Methods, & Uncertainty
Modeling in Structural Integrity

Book Series editors: Ariosto B. Jorge, Carla T.M. Anflor, Guilherme
F. Gomes, and Sergio H.S. Carneiro

This book series represents a commendable effort in compiling the latest developments
on three important Engineering subjects: discrete modeling, inverse methods, and
uncertainty structural integrity. Although academic publications on these subjects are
plenty, this book series may be the first time that these modern topics are compiled
together, grouped in volumes, and made available for the community.

The application of numerical or analytical techniques to model complex Engineering
problems, fed by experimental data, usually translated in the form of stochastic
information collected from the problem in hand, is much closer to real-world situations
than the conventional solution of PDEs. Moreover, inverse problems are becoming
almost as common as direct problems, given the need in the industry to maintain current
processes working efficiently, as well as to create new solutions based on the immense
amount of information available digitally these days. On top of all this, deterministic
analysis is slowly giving space to statistically driven structural analysis, delivering
upper and lower bound solutions which help immensely the analyst in the decision-
making process.

All these trends have been topics of investigation for decades, and in recent years the
application of these methods in the industry proves that they have achieved the
necessary maturity to be definitely incorporated into the roster of modern Engineering
tools. The present book series fulfills its role by collecting and organizing these topics,
found otherwise scattered in the literature and not always accessible to industry.

Moreover, many of the chapters compiled in these books present ongoing research
topics conducted by capable fellows from academia and research institutes. They
contain novel contributions to several investigation fields and constitute therefore a
useful source of bibliographical reference and results repository.

The Latin American Journal of Solids and Structures (LAJSS) is honored in supporting
the publication of this book series, for it contributes academically and carries
technologically significant content in the field of structural mechanics.

On behalf of LAJSS,
Prof. Dr. Marcilio Alves (USP), Editor-in-Chief
Prof. Dr. Rogério J. Marczak (UFRGS), Assoc. Editor
Prof. Dr. Pablo A. Mufioz-Rojas (UDESC), Assoc. Editor
Prof. Dr. Marco L. Bittencourt (Unicamp), Assoc. Editor

| Latin American Journal of Solids and Structures (LAJSS)
Laat!ns:m?etian |i:'| (www.lajss.org)

Journal of Solids
and Structures ol
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Foreword from ABCM

The Brazilian Society of Mechanical Sciences and Engineering — ABCM welcomes
enthusiastically the publication of the Book Series in Models, Inverse Methods &
Uncertainty Modeling in Structural Integrity.

The initiative, undertaken by Prof. Ariosto B. Jorge, Dr. Carla T.M. Anflor, Dr.
Guilherme F. Gomes and Dr. Sergio H. S. Carneiro, with the support of the University
of Brasilia, is received by the scientific community as a valuable contribution to the
dissemination of knowledge encompassing the large number of topics covered in the
three volumes of the series.

These topics have been judiciously selected to encompass comprehensively the
theoretical aspects, modeling techniques and numerical methods related to Structural
Integrity, and are presented in a large collection of chapters authored by renowned
experts, from both academia and industry. We gladly realize that many members of
ABCM have contributed as authors.

Besides the comprehensive and well-articulated content, one distinguishing
characteristic of this book series is that it has been conceived to serve both for
educational purposes at graduate level and as an information source for researchers and
engineering practitioners, which amplifies, to a large extent, its utility. Another relevant
feature is that the material is intended to be available to the public in electronic format
at no cost, which highlights the generosity of the authors and editors and their
commitment to the most fundamental academic principles.

On behalf of the scientific community of the field of Mechanical Sciences and
Engineering, ABCM acknowledges the editors and authors of the present book series
for their contribution to the progress of Engineering research and education.

Prof. Dr. Domingos Alves Rade
President of ABCM

On behalf of

Brazilian Society of Mechanical Sciences and

6 I‘“ '} n Engineering (ABCM)

(www.abcm.org.br)

Assomagao Brasileira de Engenharia e Ciéncias Mecanicas
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Foreword from ABMEC

The whole range of topics related to Direct & Inverse Problems and Modeling of
Uncertainties is substantially associated with the needs of the mechanical, civil,
aeronautical/aerospace, nuclear, and naval/oceanic industries. Indeed, they play a core
role in industrial renewal, contributing to productivity and competitiveness. Especially
taking Brazil into account, this book series, conceived as a comprehensive one that
covers these important topics, is very welcome.

These themes are also among the main interests of the Brazilian Association of
Computational Methods in Engineering, ABMEC. ABMEC is concerned with the
application of numerical methods and digital computers to the solution of engineering
problems. Its mission is to promote, foster, and organize activities encompassing the
development and use of such computational methods in Brazil.

We are fortunate to have the opportunity to support this book series as a collaborative
work that intends to involve scholars from different institutions and researchers from
industry, with national and international relevance. We sincerely believe that this work
will provide a common forum for discussion, education, and research information
transfer between the several subjects concerning computational methods in engineering.

Our congratulations to the editors, professors Ariosto Bretanha Jorge, Carla Tatiana
Mota Anflor, Sergio Henrique da Silva Carneiro, Guilherme Ferreira Gomes for this
important contribution to the Brazilian engineering.

Prof. Dr. Felicio Bruzzi Barros
President of ABMEC

On behalf of

Brazilian Association of Computational
a I I lec Methods in Engineering (ABMEC)
e e e Evganarts (www.abmec.org.br)
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Figure show WDR index for additional mass of 5% with a slight tendency to
saturation. Figure 6 present the same tendency in this regard. Increasing of roving mass
does not improve the damage perception, i.e., an increase in WDR.

3.3 Final Comments on the Numerical Example

The frequency-shift curve makes possible detect and locate a damage using only
damaged response, eliminating comparison to an intact response. The proposition of
WDR index as a metric to reduce frequency-shift curve to a value need more analysis.
The damage perception was not increased with more roving mass. Palechor (2013) have
the same impression in his experimental study. But it is necessary more numerical and
experimental observation about this question.

4 Experimental Damage Identification in Beam-like Structures with
Roving Masses Technique

This work presents the application of an identification methodology based on the
analysis of the dynamic properties of simply supported steel beams. Beams here are
submitted to the action of additional masses that can generate progressive changes of
the natural frequencies (Mermetas and Erol, 2001; E. U.L. Palechor et al., 2018). The
change in the structural stiffness due to the existence of damage in the beam may not be
so evident. Therefore, in this research, the Wavelet Transform is used to help in the
process of locating possible stiffness changes due to damages (Rizos, Aspragathos and
Dimarogonas, 1990; Mermetas and Erol, 2001; Kotambkar, 2014; Khoa and Quang,
2016). This research also presents experimental tests results on steel beams with
simulated damages. The experimental tests were carried out in the Laboratory of
Vibrations of the Department of Mechanical Engineering in the University of Brasilia.
Even though the experiments were conducted within the laboratory, the size of the
beams tested corresponds to small commercialized steel beams available in the market.

The additional mass placed on the beams were small steel plates fixed with
braces and bolts. The assembly of the added masses is schematically shown in Figure 7.

(a) Additional Mass (b) Additional Mass (c) Steel plate to add mass.

Figure 7: Additional mass on the beam.

Figure 8 show schematic representation for location and characteristics of
induced damage on essayed beams. The additional masses (M) add together 3.366 kg
for Case C1 and 24.718 kg for Case C2.

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 889
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45m
Damage N° 1 Damage N° 2
20cm
A 1,5m i P .

12 3 4 5 6 7 8 9 101112 13 14 1516 17 18 19 20 2122 23 24 25

2 3 4 5 6 7 8T9 10 11 12 13 14 15 16 17 18 19 20 21 22 23+24 25 A
A .
5m

(a) Case C1

20cm

1

2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 25 27 28 29 30 A3h
= ()
6m Damage N° 1

(b) Case C2

Figure 8: Schematic representation of Damage Position for Cases 1 (a) and 2 (b)

Figure 9 shows details of the test scheme assemblage the steel beams in the
Laboratory of Vibration and Dynamics of Systems of the University of Brasilia.

(b)

Figure 9: Experimental setup of simply support beam: (a) general view of essayed beam,
and (b) detail of measurement points (discretization of 20cm).

To ensure simple support (Figure 10a), two plane plates and a roller were used
to allow displacement only in the x direction. For the hinged support (Figure 10b), two

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 890
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grooved plates with a roller were designed to restrict the translation in all direction,
permitting only rotation.

[

(a) Left Support. (b) Right support.

Figure 10: Detail for simple support at steel beam ends.

In order to carry out the dynamic tests the following tools are used
accelerometers PCB 352C34 and PCB352C33, modal hammer PCB 086C0 (with steel
tip) and NI cDAQ + NI 9187 + LabView software as data acquisition.

The experimental procedure follows the steps below for each roving mass position:

e Step 1: the experimental specimens were subjected to impact load (modal
hammer) applied in middle span (Figure 11).

F(t)
Added mass

\ Gl .

Figure 11: Impact modal analysis for beam essayed with roving mass.

e Step 2: Force and acceleration dynamic signals was acquired by NI+Labview
signal conditioner (Figure 12). This modal impact test was carried out four
times. Exponential ad force windows were applied to acceleration and force
signal, respectively, to reduce leakage effect. Force and acceleration temporal
signals were saved for posterior treatment.

e Step 3: Estimation of inertance response of force and acceleration dynamic
signals by a Matlab script. First modal frequencies were accurately identified
performing a weighted average of values around a peak detected in spectrum
response.

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 891
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Figure 12: LabView control panel.

The frequency resolution is very important to determine frequency variations
due to additional mass location along essayed beam. Thus, several parameters are
necessary configure to be able the analysis of dynamic signals: analyzed data size (N),
acquisition rate (At) and sampling frequency (Fs). The best results were obtained with
the following parameters: (a) Fs = 1653 Hz, (b) At = 0.000605s, and (c) N =
16384 (2%).

Once inertance FRF estimated (Figure 13), the peaks correspond to firsts modal
frequencies are identified for each roving mass position. After the peak identification,
the estimated modal frequency f, o5+ is performed a weighted average of frequencies
around the lobe of spectrum frequency (National Instruments, 2009).

Y™ power(i) i Af

i=j-m

. 4
Z{:jnim Power(i) @

where, j is array position of frequency peak and Power (i) represents the amplitude
value of FRF spectral line.

n,est —

Once the corrected frequencies are obtained, these values are plotted to
compound the frequency-shift curve. The discretization of essayed beam for roving
mass position was done by 20 cm. For Cl and C2 beams (5m and 6m long),
respectively, there are 26 and 31 positions for the roving mass. The frequency-shift
curve are interpolated to obtain a vector with a larger number of data and thus calculate
the wavelet coefficients as described in Palechor et al. (Palechor, 2013; Palechor,
Bezerra, Morais, et al., 2019; Palechor ef al., 2022).
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Figure 13: Example of inertance FRF spectrum for essayed beam with a roving mass.

In the frequency domain, the peaks corresponding to the first natural frequency
of the structure are identified. Figure 13 shows an example inertance FRF spectrum
with/without application of the exponential window. Noise reduction and signal
stabilization are clearly visible due to the use of the exponential window.

4.1

Experimental Results of Case C1

Figure 14 represents the frequency-shift curve for first frequency of case C1
beam. This graph corresponds to first frequency of C1 beam as function of roving mass
position along its 26 measured nodes. The added mass used was 3.266 kg, positioned on

each node.
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Figure 14: Frequency-shift curve for first frequency of beam C1.

In Figure 14, the dashed line represents the FRF peak frequencies. The dotted line is
estimated frequency using Equation (4). And the solid line is the cubic spline
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interpolation of estimated frequency (Erwin Ulises Lopez Palechor et al., 2018;
Palechor, Bezerra, Morais, et al., 2019; Palechor et al., 2022). This numerical
interpolation obtains best fits signals to damage location.

Figure 15 are the DWT of frequency-shift curve using four mother wavelet
functions (sym6, rbio2.6, db5 and bior6.8). It can be observed a group of spikes
between nodes 8 and 9 and between nodes 23 and 24 which matches to damage located
at 1.5m and 4.5m, respectively. This last one shows less prominent, but still noticeable.
Such peaks are big enough to be seen compared with the other peaks exists.
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Figure 15: DWT first frequency using (a) symlet 6, (b) rbio2.6,
(c) db5 and (d) bior 6.8 mother wavelets.

4.2 Experimental Results of Case C2

Figure 16 represents frequency-shift curve for first frequency of case C2 beam.
This graph corresponds to first frequency of C2 beam as function of roving mass
position along its 31 measured nodes. The roving mass used was 24.718 kg, positioned
on each node.
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Figure 16: Frequency-shift curve for first frequency of beam C2.

Figure 17 presents the DWT of frequency-shift curve using four mother wavelet
functions (sym6, rbio2.6, db5 and bior6.8). It can be observed a group of spikes
between nodes 25 and 27 and between nodes 28 and 29 which matches to damages
induced. The techniques of signal interpolation with the cubic spline in the frequency
domain and the method of main lobe correction showed good results.
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Figure 17: DWT first frequency using (a) symlet 6, (b) rbio2.6,
(c) db5 and (d) bior 6.8 mother wavelets.
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4.3 Final Comments on the Experimental Example

This section presented experimental results using roving mass technique to
locate damages in essayed beams with simulated open cracks. Measuring of
fundamental frequency of essayed beams with an added mass positioned along it. Two
cases were analyzed: case C1 and C2, respectively, with 5Sm and 6m. Both beams are
commercial steel I-section. The damage is responsible for pronounced peaks clusters on
DWT coefficients of frequency-shift curve.

The experimental results illustrate the roving mass methodology for damage
identification based only on structure damaged response. According to Rytter
classification (Palechor, Bezerra, de Morais, et al., 2019; Silva et al., 2019), this method
has level II, i.e., determine damage location but not damage quantification. The
amplitudes of the wavelet coefficients can vary even if the same beam and damage are
used in the same test since the signal processing is affected by the noise signal present,
but the coefficients wavelets do not stop generating larger amplitudes in the regions
proximate to the damage location.

5 Conclusions

This chapter presents applications of a non-destructive method called roving mass
technique. This technique based on the frequencies shift using an additional roving mass
presented coherent results for the two cases that were investigated (free-free and simply
supported beam). This response-only technique, associated to Wavelet transforms, carry
out damage localization in beam-like structures using numerical and experimental data.
It was possible to locate the damage presence due to a discontinuity in modal frequency
curve along beam. Also, it is possible to observe that the bigger the damage, the bigger
this variation. The research works is developed at the Graduate Programs of Integrity of
Engineering Materials and Structures and Civil Construction of University of Brasilia.

Different mother wavelet functions (db5, coif3, sym6, and bior6.8) were
analyzed with a better signal to noise ratio.

Finally, the proposed methodology has shown promise as it only needs to
analyze the dynamic data of the damaged structure to successfully localize the damage,
unlike other techniques that require the intact and damaged response.
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Abstract

This chapter presents the most recent developments on mesh free numerical meth-
ods at the Department of Civil Engineering and Environment of the University of
Brasilia. Therefore, the concern of this chapter is a local mesh free method for solv-
ing linear elastic and fracture mechanics two-dimensional problems. For a nodal
discretization of the problem domain, based in the work theorem from the theory of
structures, the global system of equilibrium equations is constructed using a node-
by-node process, performed in the local domain of each node. The reduced numerical
integration is implemented to improves the model accuracy. Both regular and irreg-
ular nodal distributions can be considered, which makes it a reliable model. Local
mesh free numerical methods depends on two arbitrary parameters for the analysis:
the size of the compact support, which control the accuracy; and the local domain of
integration, which control the efficiency. Both parameters are automatically defined
by means of a multi-objective optimization process, based on genetic algorithms and
symbiotic organism search algorithm, which makes it a robust model. Linear elas-
tic fracture mechanics applications of local mesh free are performed through the
singularity subtraction technique (SST), which regularizes the elastic field, before
the numerical solution, thus introducing the stress intensity factors (SIF) as addi-
tional primary unknowns of the problem. Hence, the numerical model performs a
direct computation of the SIF and does not require a refined discretization to obtain
accurate results which, therefore, is an efficient model strategy. On all this cases,
benchmark problems were solved for an assessment of the accuracy and efficiency of
these techniques.

1 Introduction

This section provides a brief overview on mesh free numerical methods over the recent years.

Several widely used numerical methods are outlined in a concise manner and should be a good
way to introduce the reader to those methods.
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Mesh free, or meshless, have some advantages when compared to mesh-based methods, such
as the Finite Element Method (FEM) and the Boundary Element Method (BEM), see Basu et al.
[2003]. The essential feature of these methods is that they perform the discretization of the prob-
lem domain and boundaries with a set of scattered field nodes that do not require any mesh for the
approximation of the field variables. In general, their formulation is based in the weighted-residual
method, see Finalyson [1972].

Some of these meshless methods are based on a weighted-residual weak-form formulation.
After discretization, the weak form is used to derive a system of algebraic equations through a
process of numerical integration using sets of background cells, globally or locally constructed in
the domain of the problem. Research on meshfree methods, based on a weighted-residual weak-
form formulation, significantly increased after the publication of the Diffuse Element Method
(DEM), introduced by Nayroles et al. [1992]. The Reproducing Kernel Particle Method (RKPM),
presented by Liu et al. [1995], and the Element-free Galerkin (EFG) method, presented by Be-
lytschko et al. [1994b], were the first weak-form meshless methods applied in solid mechanics.

All these weak-form meshless methods rely on background cells for the integration of the
weighted-residual weak form over the global domain, in the process of the generation of the system
of algebraic equations and therefore, they are not truly meshless methods.

In order to overcome the use of a global integration background mesh, a class of mesh-
free methods based on local weighted-residual weak forms, such as the Meshless Local Petrov—
Galerkin (MLPG) method, presented by Atluri and Zhu [1998] and also by Atluri and Shen [2002];
the Meshless Local Boundary Integral Equation (MLBIE) method, presented by Zhu et al. [1998];
the Local Point Interpolation Method (LPIM), presented by Liu and Gu [2001], and the Local
Radial Point Interpolation Method (LRPIM) presented by Liu et al. [2002], have been developed.
Among them, the most popular of these methods is the MLPG, based on a moving least-squares
(MLS) approximation. Later, the MLPG was implemented with the Finite Volume Method (FVM),
as presented by Atluri et al. [2004], which improved the efficiency of the previous method.

The main difference of the MLPG method to other global meshless methods, such as EFG
or RKPM, is that local weak forms are used for integration on overlapping regular-shaped local
subdomains, instead of global weak forms and consequently the method does not require the use
of a background global mesh, but only a background local grid which usually has a simple shape.

One of the issues faced by many numerical methods is solution instability when reduced in-
tegration is considered. In FEM, elements with a reduced integration are commonly employed
because they are computationally efficient and avoid locking of fully integrated elements. But the
main drawback is that these elements are susceptible to spurious singular modes, named as hour-
glass modes, which are zero-energy modes in which the element can deform without an associated
increase of the internal energy. Stabilization techniques are usually employed to prevent these
undesired effects, as presented by Zienkiewicz and Taylor [1983] and Bathe [2014].

This is also an issue faced by many mesh free methods, resulting in well known unstable
hourglass deformation and zero-energy modes, such as the EFG, as reported by Beissel and Be-
Iytschko [1996], and the RKPM, as reported by Belytschko et al. [2000]. For local mesh free
methods, the nodal integration was considered to improve computational efficiency, leading to un-
stable performance during the integration and formation of the stiffness matrix. Since each domain
of integration is associated with just one integration point, which is the node, the integration of
higher order functions inevitably causes fatal instabilities. In order to overcome these instabilities
that are present in direct nodal integration, Taylor series expansions have been used, to serve as
stabilization terms, as presented by Liu et al. [1985] for FEM, and by Liu et al. [1996] and Liu
et al. [2007] for mesh free methods. While stable, the main problem of this stabilization technique
is that it requires the computation of high order derivatives, nevertheless.

The mesh free discretization parameters, the compact support size and the local domain size,
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are paramount and greatly affect the efficiency of a mesh free analysis. Most mesh free methods
and author define both parameters arbitrarily depending on the nodal distribution, later studied by
Moussaoui and Bouziane [2013] for the MLPG. Heuristically defined discretization parameters
are not optimal and in most cases, inefficient.

Later, optimization attempts were carried out by Baradaran and Mahmoodabadi [2009] for two
dimensional heat conduction problems, by Bagheri et al. [2011] for three dimensional elastostatic
problems, and by Ebrahimnejad et al. [2015] for MLPG-FVM with adaptive refinement technique;
all of them with Genectic Algorithm (GA). Even though successful, their attempts were time
consuming and bounded to the analytical solution, which limits their usefulness.

In linear elastic fracture mechanics, the stress field becomes infinite at the crack tip, as pre-
sented by Brahtz [1933] and Williams [1952], becoming a source of singularity in numerical
modeling. In order to overcome this difficulty, different ways have been used to model crack
discontinuities.

In early attempts, Carpinteri et al. [2003] used the EFG considering a virtual extension of the
crack in the tangent direction at the crack tip, meanwhile Wen and Aliabadi [2007] and Flem-
ing et al. [1997] consider enriched basis/weight functions to mathematically capture jumps across
crack displacement fields. More recently, Nguyen et al. [2020] used the mesh free particle method
for thermal-mechanical crack growth analysis and Qingbo et al. [2021] used LRPIM to model
shear crack propagation, both with enriched functions. The main drawback of this modeling strat-
egy is that a limitation of the enrichment area must be considered in the presence of a densely
distribution of cracks or crack tips too close to the boundaries. Different approaches were at-
tempted to overcome this drawback. Rabczuk and Belytschko [2007] presented a method without
the representation of the crack topology, Bordas et al. [2008] performed the analysis without near-
tip enrichment, with extrinsic discontinuous enrichment; and Liu et al. [2004] presented a method
with crack-tip specific enrichment functions used to simulate failure.

To avoid representing the singularity entirely, Symm [1963] subtracted the singularity from
the numerical model, introducing the Singularity Subtraction Technique (SST). The method was
used by Xanthis et al. [1981] to solve anti-plane problems and by Aliabadi et al. [1987] to solve
crack problems with the Boundary Element Method (BEM).

2 Moving Least Square (MLS) Approximation
MLS approximation, schematically represented in Figure 1 for one-dimensional approximation,

u” (x)

»
y

T

Figure 1: Schematic representation of the MLS approximation in one dimension.

is based on three components: a weight function of compact support associated with each node, a
complete set of polynomial basis functions and a set of coefficients that are function of the space
coordinates, as presented by Atluri and Zhu [1998]. In the following, the local mesh free method
uses the basic MLS mesh-free terminology presented by Atluri and Zhu [2000].
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Consider the domain of a body {2 with boundary I" and let N = {x1,x9,...,xy} € Q be a
set of scattered nodal points that represents a mesh free discretization. It can be seen that some of
them are located on the boundary I', as represented in Figure 2. The distribution of nodes in €2 and
I' is represented by x;, while €2, represented as {2p, 2¢ and (2g, is the local compact support of
a node x;, represented as xp, X and xg. {2 is the domain of definition of a sampling point x
and €2, is the local weak-form domain or quadrature domain of a node x;.

1

Figure 2: Representation of a meshless discretization of the domain.

Circular or rectangular local supports, centered at each nodal point, can be used. In a neigh-
borhood of a sampling point x, the domain of definition of MLS approximation is the subdomain
Qx.

2.1 Shape Functions

Now, let {2« be the MLS approximation domain of definition, in a neighborhood of a sampling
point x. To approximate the displacement u(x) € ), over a number of scattered nodes x; € €2,
t=1,2,...,n, where the nodal parameters ; are defined, the MLS approximation is given by

u"(x) = p’ (x)a(x), (1)

for x € Qy, in which

p" (%) = [p1(x), p2(x), - -, P (x)] )
is a vector of the complete monomial basis of order m and a(x) is the vector of unknown co-
efficients a;(x), j = 1,2,...,m that are functions of the space coordinates x = [z7, xQ]T, for

two-dimensional problems.
The coefficient vector a(x) is determined by minimizing the weighted discrete Ly norm

I = 23 wio) [u ) — ] = 5 S wil) [p (xdalo) — i)’ @)
=1 =1

with respect to each term of a(x), where w;(x) is the weight function associated with the node
x;, with compact support that is w;(x) > 0, for all x in the support of w;(x). Figure 2 represents
schematically the compact support of the MLS weight functions associated with a few scattered
nodes. Finding the extremum of J(x) with respect to each term of a(x), leads to

A (x)a(x) = B(x)u, (G
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in which .
A(x) =Y wi(x)p(x:)p” (%), &

=1
B(x) = [w1(x)p(x1), w2(x)P(x2), - - ., wn (X)P(xn)] (0)

and
ﬁ:[ﬂlaﬂ%"'?an]' (7)
Solving equation (4) for a(x) yields

a(x) = A~ (x)B(x)q, ®)

provided n > m, for each sampling point x, as a necessary condition for a well-defined MLS
approximation. Finally, substituting for a(x) into equation (1) leads to the MLS approximation

u'(x) =Y di(x)a, ©)
i=1
in which .
pi(x) = ij(x) [A_l(X)B(X)L‘Z‘ (10)
j=1

is the shape function of the MLS approximation corresponding to the node x;, schematically
represented in Figure 3.

N
O Ss
%‘:‘3.232“““‘

0.25

s

<=

T2 0.5 0 x) T2 0.5 0 )

(a) Weight function (b) Shape function

Figure 3: Typical weight function and shape function of the MLS approximation
for anode atx = [1/2 0]".

The MLS shape functions are not nodal interpolants that is ¢;(x;) # ;5. Since ¢;(x) vanishes
for x not in the local domain of the node x;, the local character of the MLS approximation is
preserved. The nodal shape function is complete up to the order of the basis. The smoothness of
the nodal shape function is determined by the smoothness of the basis and of the weight function.
The spatial derivatives of the shape function ¢;(x) are given by

m

$ik =Y [pik(A'B)ji +p;(AT'Br— AT'A L AT'B);, (1D
=1

in which () 5, = 9()/0xy.
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2.2 Weight Functions

Weight functions w;(x), schematically represented in Figure 3, introduced in equation (3) for each
node x;, have a compact support which defines the subdomain where w;(x) > 0, for all x. For
the sake of simplicity, this chapter considers rectangular compact supports with weight functions
defined as

w;(x) = w;, (x) wy, (x) (12)
with the weight function given by the quartic spline function
di, \* di, \* di, \*
1-6(— 8({—= | —-3|— for0 <d;, <r;
wi, (%) = (r) i <r Ry N ()
0 ford;, > r;,
and 2 3 4
d; d; d;
1-6(“’) +8<“‘) —3<Zy> for 0 < d;, <,
wi, (x) = T, T, Ti,, (14)
0 for dzy > Tiys

in which d;, = ||z — ;|| and d;, = ||y — y:||. The parameters r;, and r;, represent the size of the
support for the node 7, respectively in the x and y directions.

3 Structural Modeling

Consider the domain €2 of a body with boundary I, further divided in I';, and I'y, with I' = I",, UT',
as Figure 4 represents. The work theorem is defined in an arbitrary domain {2 € Q UT', assigned
to a reference point () € g, with boundary I'g = I'g; U I'g; U I'gy, in which I'g; is the
interior local boundary, and I'g; and I'gy,, are local boundaries that share the global boundaries,
respectively the static boundary I'; and the kinematic boundary I',,; points P and R, have arbitrary
local domains, respectively {2p and Q.

Figure 4: Representation of the body’s domain (2, with boundary I'.

The mixed fundamental boundary value problem of linear elastostatics aims to find, in €2, the
distribution of stresses o, strains € and displacements u, when it has displacements U, constrained
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on I';,, and is under the action of an external system of distributed surface and body forces with
densities represented, respectively by t, on I'; and b, in Q.

The solution of the posed problem is a totally admissible elastic field that simultaneously sat-
isfies the kinematic admissibility and the static admissibility. If this solution exists, see Fichera
[2006], it can be shown that it is unique, provided linearity and stability of the material are admit-
ted. Such is the uniqueness theorem of Kirchhoff [1859] which, in the framework of the variational
calculus, leads to the theorem of virtual displacements and the theorem of virtual stresses. Since
these theorems consider the totally admissible elastic field that is the actual solution of the posed
problem, they are only particular cases of the general work theorem. Therefore, the general work
theorem will be used to solve the posed problem.

Now consider the domain € of a body, loaded by a system of external forces under the condi-
tions already mentioned, and a statically admissible stress field o, which therefore satisfies

L’c+b=0, (15)

in €2, with boundary conditions
t=no =t, (16)

specified on I'y; where L is a matrix differential operator; t denotes traction components; t denotes
prescribed tractions and n is the matrix of the components of the unit normal to the boundary
outwardly directed.

In the body, consider an arbitrary local domain €2 € Q U I', assigned to a reference point
Q € Qq, with boundary I' = I'g; UT'g; UT' gy, in which I'gy; is the interior local boundary, with
local boundaries I'g; and I'g,, sharing the global boundaries, respectively the static boundary I
and the kinematic boundary I',,, as Figure 4 clearly represents. The work theorem will be derived
for this arbitrary local domain €. This local domain 29 UT'g € Q UT can be overlapping with
other similar sub-domains that can be defined in the body, due to its arbitrariness.

3.1 The Work Theorem

The work theorem establishes an energy relationship, in an arbitrary local domain g € €2, be-
tween two independent elastic fields that can be defined in the body. These elastic fields are,
respectively, a statically admissible stress field o that satisfies equilibrium with a system of exter-
nal forces, and a kinematically admissible strain field €* that satisfies compatibility with a set of
constrained displacements. Expressed as an integral form, defined in the domain Qg U I'g, the
work theorem can be written in a compact way, simply as

/ tTu*dl + / b u*dQ = / ole* dQ, (17)
Iq Qq Qq

in which no constitutive relation links the stress o and the strain £*. Therefore, they do not depend
on each other, as Figure 5 schematically represents, where Dbc and Tbc stands for Displacement
boundary condition and Traction boundary condition, respectively.

The statically admissible stress field o, can be any field that guarantee the equilibrium with
the system of external forces, therefore satisfying equations (15) and (16). This elastic field is not
necessarily the stress that the system of external forces actually introduces in the body.

The kinematically admissible strain field €*, can be any field, assuming continuous displace-
ments u* with small derivatives, compatible with an arbitrary set of constraints specified on the
kinematic boundary. This elastic field is not necessarily the strain that actually settled in the body.

Lastly, the local domain 2o U I'g is an arbitrary sub-domain of the body, associated with
the reference point (), as represented in Figure 4, where the independent fields o and €* are
established.
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Figure 5: Schematic representation of the work theorem, an energy relationship,
valid in an arbitrary local domain Qg U I'q € 2, between two independent fields.

3.2 Kinematic Formulation

Different formulations of local mesh free methods can be derived when one of the two independent
fields are locally defined in the body, usually in accordance with some particular convenience of
the numerical method formulation.

Kinematic formulations consider a particular specification of the strain field €*, leading thus
to a mechanical equilibrium equation, which is used in numerical model to generate the respective
stiffness matrix. A simple case of a kinematic formulation, based on a strain field generated by a
rigid-body displacement, is therefore presented.

3.3 Rigid-Body Displacement Formulation

One of the key feature of the work theorem, the complete independence of the admissible fields o
and €*, allow the formulation to be simplified by defining kinematically admissible strain fields.
Hence, the simplest and obvious choice is to use a strain field generated by a rigid-body displace-
ment that can be defined as

u*(x) =c, (18)

in which c is a constant vector that conveniently generates null strains
e"(x) =0. 19)

The great virtue of this formulation is the simplicity used in the generation of the strain field.
Additionally, this formulation leads to a simple form of equilibrium equations that, in the absence
of body forces, involves only non-singular boundary integrals with no domain terms.

When the rigid-body displacement formulation is considered, the work theorem, equation (17),

simply leads to the equation
/ tdF+/tdF+/bdQ_0 (20)

Fo—Tq: Lot Qq
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which is nothing else other than the local version of Euler-Cauchy stress principle that is some-
times referred to as the defining principle of continuum mechanics. Equation (20) presents the
mechanical equilibrium of tractions and body forces, in the domain 2, in an integral form. There-
fore, it is used to generate the stiffness matrix associated to the local node.

4 Numerical Modeling Strategy

Based on the work theorem and choosing a proper and convenient kinematic formulation, the
numerical model can derive the equilibrium equations that are used to generate the stiffness matrix.
This numerical modeling strategy is adopted to solve the actual elastic problem set up in Section 3.

First of all, locally defined in the work theorem, an appropriate strain field €* is specified
in the kinematic formulation. The mesh free numerical model considers the arbitrary rigid-body
displacement, presented in Section 3.2, thus leading to the equilibrium equation (20).

On the other hand, the statically-admissible local field o, will be always assumed as the elastic
field that actually settles in the body, required to satisfy equilibrium with a system of external
forces and loaded by the actual system of distributed surface and body forces, with the actual
displacement constraints.

Besides satisfying static admissibility, through equations (15) and (16), , or through equa-
tion (20), this elastic field also satisfies kinematic admissibility defined as

in €2, with boundary conditions
u=m, (22)

on Iy, in which continuous displacements are assumed with small derivatives, leading to geomet-
rical linearity of the strain field, in order to satisfy compatibility. Therefore, equations (22), which
specifies the constraints of the actual displacements, must be enforced in the numerical model, in
order to provide a unique solution of the posed problem.

5 Local Mesh free Method

The discretization of the domain is performed considering a set of scattered nodes in the domain
2 and boundary I' = T",, UT';. Each node of the mesh free discretization is associated with its local
domain, as schematically represented in Figure 6, where the reference nodes P, () and R can be
seen. These nodes have associated local domains Qp, Q¢ and Qg; the local domain {2, assigned
to the node (), where the work theorem is defined, has boundary I'g = I'g; UT'g¢ UI' g, in which
I'g; is the interior local boundary and I'g; € I'y and I'gp,, € I',,.

In general, this local domain is a circular or rectangular region and centered at the respective
node, for the sake o simplicity, where the rigid-body displacement formulation of the work the-
orem is defined as a local form of mechanical equilibrium. This local domain can assume any
geometry and is highly susceptible to optimization and topology studies.

The MLS approximation uphold the local aspect of the formulation,throughout the compact
support of each node, where the respective MLS shape functions are defined. As presented in Sec-
tion 2, local compact supports can also have circular or rectangular shapes, centered at each node.
The size of the compact support determines, in a neighborhood of a sampling point, the respective
MLS domain of definition of this reference point, as schematically represented in Figure 2.

The domain of definition contains all the nodes that do not vanish, within a compact support at
a sampling point, when constructing the MLS shape functions. Therefore, the union of the MLS
domains of definition of all points in the local domain of each node, defines the domain of influence
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Figure 6: Mesh free discretization of the domain €2 and boundary I' =T",, U I';.

of the node. Based on this domain of influence of each node, the local mesh free method perform
a node-by-node stiffness computation to generate the respective rows of the global stiffness matrix
of the node.

The rigid-body displacement mesh free formulation of the local work theorem, equation (20),
can be written, in the absence of body forces, simply as

/ tdF:—/tdF (23)

Fo—Tq: Lot

which is nothing else than the mechanical equilibrium of the boundary tractions in the local domain
Qq.

Local mesh free numerical methods can be effectively formulated through a reduced integra-
tion of the equilibrium equation (23). For simplicity sake, linear variation of tractions is assumed
on each boundary of the local domain, leading to a point-wise discrete form.

The reduced integration presented readily overcomes the well-known difficulties posed by
the reduced integration on mesh-based methods, regarding accuracy and stability of the solution,
which makes the local mesh free formulation a reliable and robust method.

Therefore, for a linear variation of tractions, along each boundary segment of the local domain,
the local form of equilibrium (23), can be accurately evaluated with only one quadrature point,
centered on each segment, thus leading to

L n; L nt

7 t T

Y e =Y (24)
Cj=1 b =1

in which n; and n; denote the total number of integration/quadrature points, or linear segments,
defined on, respectively the interior local boundary I'g; = I'g — I'g¢ — I'gy, with length L;, and
the local boundary I, with length L;. This equation effectively represents a point-wise discrete
form of mechanical equilibrium of boundary tractions, evaluated at a set of points of the local
domain €.

For any given nodal distribution of scattered nodes, the local mesh free method with linear
reduced integration, symbolically referred from now on as ILMF, an simple acronym that stands
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for Integrated Local Mesh Free method, is used to compute the stiffness matrix. ILMF uses a node-
by-node process to construct the stiffness matrix, throughout traction evaluation at each central
point of boundary segments, by using equation (24) assigned to each node.

These local domains can assume rectangular or circular geometries, as schematically repre-
sented in Figure 7 for interior nodes, Figure 8 for corner nodes and Figure 9 for boundary nodes.

e S e
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(a) Rectangular (b) Circular

Figure 7: Schematic representation of rectangular and circular local domains, with
1 integration point per side, or quadrant, of the local domain, for the computation
of the local form (24) of ILMF.
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Figure 8: Schematic representation of rectangular and circular local domains on
corner nodes, with 1 integration point per side, or quadrant, of the local domain.
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Figure 9: Schematic representation of rectangular and circular local domains on
boundary nodes, with 1 integration point per side, or quadrant, of the local domain.
The integration point and the node share the same coordinates on one of the
boundaries.

As ti can be seen, any special treatment for traction evaluation is considered in the linear reduced
integration process.

The MLS approximation of a displacement component u” (x), is performed in terms of the un-
known nodal parameters ;. Consequently, the approximation of the elastic field is also performed
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in terms of the unknown nodal parameters 1, as

U
= [uzgﬂ - [¢1éx) st 707 et u -®

and
e=Lu=L®u=Bnu,

in which geometrical linearity is assumed in the differential operator L and thus,

¢1,1 0 Ce ¢n,1 0
B = 0 ¢12 ... 0 n,2
P12 P11 oo Pn2 Pna

Stress and traction components are respectively approximated as
oc=De=DBu

and
t=noc=nDBnq,

o>

pp. 899-958

(25)

(26)

27)

(28)

(29)

in which D is the matrix of the elastic constants and n is the matrix of the components of the unit

outward normal, defined as

n— ni 0 no
o 0 nog Ny ’

(30)

Accordingly, the MLS approximation of the integrated local form (24) is carried out in terms
of the unknown nodal parameters 1. Hence, this process leads to the system of two algebraic

equations

n—zz nxJDBXJu = — —Z tx,C

that can be written as
Kgu=Fy,

(€29)

(32)

in which K, denotes the stiffness matrix of the node (), which is of the order 2 x 2n, where n

represents the number of nodes of the influence domain of @), given by

-
L;
= — E ny DBy,
n; <
J=1

and F g denotes the vector of forces

(33)

(34)

For a numerical model with /N nodes in total, in which M is the number of interior and static-
boundary nodes, the assembly of equations (32) for all M nodes leads to the 2M x 2N system of

equations
Kua=F.
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Finally, the N — M kinematic-boundary nodes, are used to generate the remaining equations

of the problem. For each of these nodes, the kinematic boundary condition is imposed through a
direct interpolation method as

u, = ¢ u =1, (36)

with £k = 1,2, where Uy denotes the specified displacement component. These equations are
assembled into the global system (35).

ILMF naturally compute a symmetric and banded global system of equations, even though
it generates the global system of equations in a node-by-node process, through equations (32)
to (35). This generation process is systematically different from the one used in the traditional
FEM that considers an element-by-element process to generate the global stiffness matrix.

A very short processing time to run the analysis is expected from ILMF, since the nodal stiff-
ness matrix is computed, in equations (33), with only 4 integration points, one point for each
segment of the local domain.

Another advantage is that the reduced integration leads to very accurate results. ILMF inte-
gration process plays an important role in the behavior of the numerical model, since it results in a
reduction of the stiffness of the body, corresponding to an increase of the strain energy, which has
the desirable effect of increasing the solution accuracy and, most important, presents no instabili-
ties. It is important to highlight that this improved accuracy, generated by the reduced integration,
has been already used in the standard FEM and other mesh free methods to prevent locking of
fully integrated elements.

5.1 Convergence Analysis

The convergence analysis of ILMF can be done in a similar way of the convergence analysis of
the standard displacement-assumed FEM, see Oliveira and Portela [2016].

A virtual displacement du, which is a continuous virtual variation of the displacement field u
that actually settles in the body’s domain 2, is such a way that

‘ou=20 37

on I';, is where the prescribed kinematic boundary conditions cannot be varied.

In the local domain ()¢, with I'g = I'g; U I'y¢, consider the stress field o, that settles in the
body’s domain ). Now consider the work theorem, equation (17), with displacements defined as
u* = du, leading to the theorem of virtual displacements that is

/ tTsudrl + / tisudr = / oTsedQ, (38)
Po—Tqt Lq: Qq
or simply
/ tToudl = / ol6edQ, (39)
Iq Qg

in which de denotes the strain variation corresponding to the virtual displacement Ju.
The total potential energy functional in the local domain ), is defined as

T=U+P, (40)

in which the strain energy U is defined in terms of the respective density w as

1
U:/wdQ:/2aT65dQ (41)

Qq Qq
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and the potential energy P of the external forces is defined as

P=— / tTsudr. (42)
g

The theorem of the total potential energy states that the elastic field that satisfies static ad-
missibility, with the applied tractions, makes the total potential energy stationary, in the set of all
elastic fields that satisfy kinematic admissibility, with the displacement constraints of the body.
As a matter of fact, the first variation of the total energy 71" generates virtual variations of displace-
ments du and strains de and thus, equation (39) of the theorem of virtual displacements leads to a
stationary condition

6T = 6U + 6P = / ol6ed) — /tT(Su dr =0, (43)

Qq | )¥a)

that is a minimum, when the material stability of the body is assumed. Under these circumstances,
the total potential energy theorem limits to a minimum value the total potential energy of the exact
solution settled in the body. For now, consider that the work theorem (17), applied for the case
of the elastic field that settles in the body, leads to P = —2U and consequently 7' = —U. It can
be seen that the minimum value of the total potential energy corresponds to a maximum value of
the strain energy, which is, therefore, equivalent to a minimum value of the stiffness of the elastic
field that settles in the body.

Discretization of the local form (24) is performed with the MLS approximation, generating
a system of two algebraic equations. When more refined nodal distributions are considered, the
approximated solution converge monotonically to the exact solution, likewise the standard FEM,
provided the MLS approximation satisfies completeness and continuity, as FEM does.

As a final remark on the matter, it is important to point out that the presented reduced integra-
tion of the ILMF model does not lead to any sort of spurious instability. This behavior is a direct
consequence of the use of 4 integration points to calculate the stiffness associated to each local
node, on each boundary of the local domain. Therefore, this integration prevents the generation of
spurious zero-energy modes, unlike nodal integration methods without stabilization.

5.2 Discretization Parameters

Local mesh free methods posses two key parameters that can greatly effect the analysis. The first
is the size rq, of the compact support {25, where shape functions are defined; and the second is
the size rq, of the local integration domain {2, where the work theorem is defined. Usually these
parameters are heuristically determined by most authors employing mesh free methods.
For a node ¢, in a mesh free nodal distribution, these parameters can be defined, respectively
as
rQ, = 0 Cj 44)

and
TQ, = Qg Ci, 45)

in which ¢; denotes the distance of the reference node ¢, to the nearest node and o and o, are
arbitrary constant parameters that must be defined in any application.

Equations (44) and (45) show that the accuracy of a mesh free numerical application can be
controlled an even improved through a proper specification of these discretization parameters ag
and o. In general, the discretization parameters are considered as s > 1.0 and oy < 1.0, for
regular node distributions on linear elastic problems.
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The discretization parameter «g, which is the size of the influence domain of each node, is
directly determined by the compact supports, as seen in Section 2. The parameter is primarily
linked to the accuracy of the mesh free formulation since it defines the total number of nodes
required to build the respective nodal shape functions, in order to perform the MLS approximation
of variables.

Meanwhile, The discretization parameter oy, which is the local domain of integration of each
node, where the stiffness matrix of each node is build, is primarily linked to the efficiency of the
formulation. This domain must be within the solution domain, without intersecting the boundary
of the body.

In order to further the efficiency of ILMF, proper values for these discretization parameters,
o and o, are obtained automatically through a multi-objective optimization scheme.

6 Optimization Scheme for Discretization Parameters

The required background and terminology of multi-objective optimization, evolutionary algo-
rithms and Pareto optimality are defined in optimization literature, formally introduced here by
Hwang and Masud [1979], Sawaragi et al. [1985], Steuer [1986] and Ringuest [1992]. Some basic
concepts and premises, important for comprehension of the optimization scheme formulated are
presented here, for the sake of completeness.

6.1 Genetic Algorithms (GA)

GA belong to a broad category of evolutionary algorithms, which are optimization techniques that
perform a search motivated by the principles of natural genetics and natural selection, proposed
by Holland [1975]. They are known for performing a non-derivative global heuristic search and
solve a wide rage of optimization problems, as presented by Kelner and Leonard [2004], McCall
[2005] and Ebrahimnejad et al. [2015], for mesh free methods.

Basically, GA keep a population of individuals, in this case P(t), for generation t. Each indi-
vidual contains a possible solution to the posed problem. Each individual is programmed to give
some measure of its fitness that will be evaluated later. Some of these individuals undergo stochas-
tic transformations by means of genetic operations to form new individuals. This transformation
can be a mutation, which creates new individuals by making changes in a single individual, or can
be a crossover, which creates new individuals by combining parts from two others. The offspring
C(t), the new individuals created, are then evaluated. A brand new population is formed by select-
ing the more fit individuals from the parent population and the offspring population. After several
generations, or function evaluations, the algorithm converges to the best and most fit individual,
which hopefully represents an optimal or sub-optimal solution to the problem, see Gen and Cheng
[2000].

6.2 Symbiotic Organisms Search (SOS)

SOS is a powerful meta-heuristic optimization algorithm, also member of the broad category of
evolutionary algorithms, originally introduced by Cheng and Prayogo [2014]. The method is
described by a relationship between any two distinct species, from the Greek word for "living
together”.

The relationship between species can be either obligate, meaning the two organisms depend
on each other for survival, or facultative, meaning the two organisms choose to cohabitate in a
mutually beneficial but nonessential relationship. Mutualism, commensalism, and parasitism are
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the most common symbiotic relationships found in nature. Mutualism denotes a symbiotic rela-
tionship between two different species in which both benefit, while commensalism is a symbiotic
relationship between two different species in which one benefits and the other is unaffected or
neutral. Parasitism is a symbiotic relationship between two different species in which one benefits
and the other is actively harmed. Naturally, organisms develop symbiotic relationships as a strat-
egy to adapt to changes in their environment. Symbiotic relationships may also help organisms
increase fitness and survival advantage over the long-term.

Similar to other meta-heuristic algorithms, SOS is population-based and also uses a candidate
solution to search for the optimal solution in the search space. Both GA and SOS provide a
directed random search in complex landscapes. Genetic operations and symbiotic relationships
perform essentially a blindfold search, while selection operators hopefully direct the search toward
the desirable area of the solution space. The key feature of evolutionary algorithms is that they
make a good balance between exploration and exploitation of the search space.

6.3 Objective Functions

The objective function provide the output required for the algorithm to evaluate a function. The
optimization performance is highly dependable on well defined functions.

The first objective function results from the features of the parameter as. Consider any state
of the elastic field that actually settles in the body, the strain energy U is given by

1
U:i/2ojsm2 (46)
Q

and the potential energy P, of the external loads, given by

P:—/Hﬁﬂ, (47)
Iy

can be used to handle the total potential energy 7T'. The work theorem for the global domain of the
body, results in P = —2U and therefore T' = —U, as well as T' = P/2; for the actual elastic field
of the body. It is clear that the minimum value of the total potential energy of the body corresponds
to a minimum value of the potential energy P or a maximum value of the strain energy U.

There are two ways to handle the evaluation of the energy. The first is to evaluate the strain
energy U of the body, which is computationally inefficient, since it requires the computation of the
stress field for all nodal values and the evaluation of derivatives of shape functions that can degrade
the numerical accuracy. The second is to evaluate the potential energy P, which is computationally
more efficient, since only nodes with no-null applied external forces, albeit the ones at the static
boundary, need to be evaluated. As it can be seen, this process is performed only at a few nodes
and does not require the computation of derivatives of shape functions. Therefore, the objective
function can be defined with the structural compliance C, as

1 [ 1
C=—- [t udl=—--P 48
= / 1 - (48)
Iy
In the end, the minimum value of the potential energy P is equivalent to a minimum value of
C that corresponds to a maximum value of —C.

The second objective function results from the features of the parameter ;. The total area
of integration of the body, the combined area of all local integration domains for each node, in
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a nodal discretization, must be as close as possible to the geometrical area of the domain of the
body. The objective function is defined by the resulting local domain area
n AQq

Q,

A, = (49)

=1
in which Ag, considers equation (45) to compute the total area of integration of each node and €2,
is the total area of the domain of the body. Since the local domain can be defined with an arbitrary
geometrical shape, usually a rectangular or a circular domain, that can intersect each other if
necessary; the efficiency of the approximation is dependent on the geometry of the domain of the

problem, which is adaptable through optimization.

6.4 Mathematical Formulation and Algorithm Implementation

The numerical problem optimization obtain optimal values for mesh free parameters «; and/or oy,
by minimizing the objective function through mesh free models, in this case ILMF, such that the
geometrical constraints of the problem are satisfied. Three optimization schemes based on relative
error, compliance and local domain are presented in the following.

The first multi-objective optimization scheme mathematical formulation is presented as

minimize re(os, 0g)
ru(as, g)
subject to elas) = as™M < g < MO 50)
e(aq) _ aqmin < g < aqmam
where as = (g1, Qg9 ey Agp) € @

aq = (agy, gy, -, 0q,) €

in which r. and r,, are, respectively the energy and displacement relative error, to be presented
in section 8 and commonly used to measure numerical methods accuracy; as™"/a,™" and
aM [a,™* denote the minimum and the maximum allowable limits for the mesh free dis-
cretization parameters o, and oy, respectively.

The second multi-objective optimization scheme mathematical formulation is presented as

minimize Clas)
CPU time(as)
subject to e(as) = a,"" < a, < a,™° GD
where as = (g1, 059, vy gp) € @
for GA and for SOS is defined in a mono-objective form as

minimize C(as)

subject to e(as) = a,"" < a, < a,M (52)
where as = (g1, 059, vy Qgp) € @t

in which C'is the structural compliance, presented in equation (48), and CPU time is the processing
time required to generate and solve the global system of algebraic equations.

Finally, the third multi-objective optimization scheme mathematical formulation is presented
as

minimize Aq(og)
subject to e(ag) = a,"" < ay < a1 (53)
where agq = (0gy, Qqy, -y g, ) €
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in which A, is the resulting local domain area, as presented in equation (49).

When mono-objective optimization is considered, the fitness function containing the mesh
free formulation should accept a vector, whose length is the number of independent variables «,
one for each node of the problem domain, and return a scalar value (A,), the objective function.
For multi-objective optimization, the same mesh free formulation should return a row vector of
objective function values C, CPU time, 7. and r,. This process can be easily be extended to any
local mesh free method from other authors.

Global variable is a function that can be used to perform multiple optimization processes and
carry over the output of one optimization iteration phase, usually to optimize o first, to a second
phase, where s can be optimized.

For GA, the proper values for population size, selection function, scaling function and etc, are
different in each optimization scheme and will be properly addressed later. SOS requires only the
population size and the maximum number of function evaluations, which is a key advantage of
this method and will be addressed later.

Lastly, the automatic optimization of the discretization parameters is a combination of the
features presented in section 6.3 into a single and unique routine, to automatically compute mesh
free discretization parameters, o and g, in a robust and efficient way.

The optimization is divided in two distinct procedures, as presented in Figure 10.

In the first step, a single-objective optimization is performed, considering the mesh free model
to evaluate A, as an objective function. By the end of this process, the parameter «, is optimized
for n nodes of the model, as a vector n x 1, which will be eventually introduced in the next
iteration phase. In the second step, the parameter o is optimized as a scalar value, in a multi-
objective optimization using the mesh free model to evaluate the compliance and the CPU time as
objective functions.

The process is separated in two steps so that the parameter o, is completely independent from
a,. As consequence, both can be calculated considering only the boundary conditions of the posed
problem and the local domain of integration geometry. When combined, the routine guarantee
that the integration will be effectively computed in the first phase and later that parameter o
is effectively calculated considering the compliance and the CPU time, just to ensure that this
optimization will result in fast computations, with no detriment for the solution accuracy.

As it can be seen from the optimization scheme, the fully automated routine can perform the
optimization without the need of any analytical solution and for any bi-dimensional domain. Paral-
lel environment can be included in the routine to improve the processing time of the optimization,
which makes a robust tool to solve complex mesh free problems, although only ILMF and linear
elastic problems are presented.

7 Linear Elastic Fracture Mechanics

Mixed-mode deformation of cracked plates can be effectively analyzed through the direct compu-
tation of the Stress Intensity Factor (SIF), carried out with the Singularity Subtraction Technique
(SST). After implemented in a mesh free model, SST introduces the SIF as primary unknowns of
the numerical model, by subtracting the crack tip singularity before the numerical solution.

Consider a two-dimensional cracked plate, with domain €2 and boundary I' = I, U T';, in the
absence of body forces, satisfies the equations

Le =0 (54)
e=Lu (55)
oc=De (56)
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[ Start GA optimization ]

[ Start 1st iteraction phase ]

Objective Function: A,
Design variables: oy (vector)
Constraints: [0.495 0.95]

!

Create initial population
or use random population
from previous analysis (200)

Run ILMF model and eval-

Local Mesh Free Methods in Linear Elasticity and Fracture Mechanics
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No _StOP
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aq optimized (vector)
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— Start 2nd iteraction phase

Objective Function: C' and CPU Time
Design variables: oy
Constraints: [1.5 10]

[ Create initial population (20) ]

[ Run ILMF model and eval-

uate objective function ]

Select individual members of pop-
ulation using tournament selection

Crossover (constrained)

Mutation (constrained)
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. No
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[ ;s optimized ]

[ End GA optimization ]

Figure 10: Optimization flowchart showing the required steps for the fully
automated routine; the 1st step is presented on the left and the 2nd step is presented

on the right.
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in the domain 2, with boundary conditions
u=u on [, (57)

and
t=no=t on Iy, (58)

in which matrix L represents a differential operator; vectors o represent the stresses and € repre-
sent the strains; matrix D represents the elastic constants; vectors u, t U and t represent, respec-
tively displacements, tractions, prescribed values of displacements and tractions; and n denotes
the components of the unit normal to the boundary, outwardly directed.

The singularity subtraction can be used to avoid inaccuracies due to unbounded stress at one
point but with displacements bounded everywhere, in the numerical method. In linear elastic frac-
ture mechanics, the stress field is singular at the crack tip and can be conveniently modified even
before the solution is carried out with mesh free analysis. Based non the principle of superposition
that allows linear behavior, the elastic field can be decomposed into a regular (R) and a singular
(S) component as

Uij = (Uij *O'Zsj) +O'ZS] 20'54’0'5 (59)

and

i = (u; — 7)) +uj =i+, (60)
where ag =0 — ofj and qu = u; — uf denotes the regular parts of the stress and displacement
of the initial problem, respectively; ij and uf represents, respectively the stress and displacement
of a particular solution of the initial problem that is the singular field in this case. The particular
singular field, equations (59) and (60), regularize the initial elastic field when proper functions are
used, since the stress 05 become non-singular.

The regularization strategy employed allow the analysis of the initial problem to be performed
with the only regular elastic field, given by components ai}? and ulR. Therefore, these components
automatically satisfy the field equations, because they represent a particular solution of the initial
problem. Hence, elasticity equations (54) to (56) are now written as

Lo =0 (61)
e = Lu® (62)
ot =Def (63)
in domain 2, with boundary conditions
uf=u—-u® on T, (64)
and
t"=t—t° on I (65)

Note that, except for boundary conditions from equations (64) and (65), this regularized prob-
lem is governed by the same equations of the initial problem, where the additional terms, compo-
nents u” and t° of a singular particular solution of the initial problem, are included.

The singular field around the crack tip, represented by components of the particular solution
o*fj and uf in equations (59) and (60), can be defined through the first term of the Williams [1952]
eigenexpansion, derived for a semi-infinite edge crack. The stress components are

K 0 0 30 K 0 0 30
s I . . I .
— z _ Z hd Z z >
o1 oz cos (l sin — sin > + Nz sin <2 + cos = cos ) , (66)
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o5 = K cos Q (1 + sin Q sin 30) — Kir sin Q cos Q cos % 67)
2 Vo2 27 2) Vomr 2 2 2
and K 0 0 30 K 30
S I . II . .
Oy = coS — sin — cos — + cos— | 1 —sin = sin — 68
2= o 272 2 o2 ( 2 2> (68)
and the displacement components are
K 0 30
uf = 4—;,/% [(2/@ 1)cos§ 0052] +
K 0 30
+4—Lﬁ /% [(25 +38)sin 5 + sin 2] (69)
and
K 0 30
us = 4—;,/% [(2/—;—}— 1)sin§ —sin2] +
K 0 30
n 4;[ /% [(2/{ — 3) cos 5 + cos 2] , (70)

where K7 and Ky represent the SIF, respectively of the opening and sliding modes; the constant
Kk = 3 — 4v is established for plain strain and x = (3 — v) /(1 + v) for plain stress, in which v is
Poisson’s ratio; and constant p is the shear modulus. A polar coordinate reference system (r, 6),
centered at the crack tip, is defined such that # = 0 is the crack axis, ahead of the crack tip, as
Figure 11 represents.

Figure 11: Polar coordinate reference system for William’s singular particular
solution.

It is noticeable that the order /2 of the stress field becomes singular when 7 tends to zero.
Note also that rigid-body terms are not included in the displacement field, which leads to null
components at the crack tip. As demonstrated by Caicedo and Portela [2015], the first term of the
William’s eigenexpansion, derived for an edge crack, can also be used to represent the elastic field
around the crack-tip, where the singular behavior of the stress field is dominant, for the case of
internal piecewise-flat multi-cracked finite plates, under mixed-mode deformation.

Traction components are defined, at a boundary point, through the singular stress of equa-
tions (66) to (68), as follow

t7 oy o5 [n g1 g Ky
P L5 I S Y 1l _ 911 912 ek -
[tg} [‘7 B o5 |n2 921 922 | K11 & 7D
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where n; refers to the i-th component of the unit normal to the boundary, outwardly directed;
functions g;; = g;; (r_l/ 2, ) were introduced for a convenient notation of equations (66) to (68)
and the vector k contains the SIF.

The displacement field, presented in equations (69) and (70), similar to the stress field, can be
defined in a vector form as

s — {Uq _ {fn f12] |:KI:| _fk, (72)

us for foo] | K11

where functions f;; = fij(rl/ 2 0) are a convenient notation of equations (69) and (70).

7.1 Mesh free Formulation for Fracture Mechanics

Generally, an analytical solution of the regularized problem, equations (61) to (63), with boundary
conditions (64) and (65), are not available for practical problems. Therefore, numerical methods,
in this case ILMF, are employed and considered to obtain the approximate solution.

Consider the domain () associated with the node @ € 1o U I'p, the equilibrium equa-
tions (23) are now rewritten as

/ thI‘:—/(t—ts) dr, (73)

Fo—Tg¢ Lo

in which the static boundary conditions (65), of the regularized problem, are considered.
Therefore, for a linear reduced integration, along each boundary segment of the local domain,
equation (73) simply leads to

n;

Li

ng

L <.
R __ =t S
. 1th = ; 1jtxk + /t dr, (74)
]: =

FQt

in which n; and n; denote the total number of integration points, or boundary segments, defined
on, respectively the interior local boundary I'g; = I'g — I'g¢ — I'gy, with length L;, and the local
static boundary I'¢y, with length L;.

Now, consider a mesh free discretization of the domain 2, with circular or rectangular local
domains, as Figure 7 schematically represents. The MLS approximation is used to perform the
discretization of the local form, equation (74), in terms of the unknown nodal parameters u’t,

which leads to the system of two linear algebraic equations

Li & Ly &
nfznijijﬁR:_ntthﬁ/gdrk (75)
tj=1 tp=1
FQt
that can be written as
Ko u'+ Ggk = Fy, (76)

in which the stiffness matrix K¢ is given by
Li &
Ko = ; Z ny, DBy, (77)
(2 jzl

of the order 2 x 2n, where n is the number of nodes inside the influence domain of the node Q).
Matrix G, of the order 2 x 2, computed from equations (71), is presented as

Gg = — / gdl (78)
FQt
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and F g is the force vector given by

Li A
Fo=—"") tx. (79)
k=1

In the case of an interior node, it can be seen that matrix G and vector Fg are null. For
a problem with a total of NV nodes, the assembly of equations (76) for all M interior and static-
boundary nodes generates the global system of 2M x (2N + 2) equations

Kua'+Gk=F. (80)

On the kinematic boundary, the N — M nodes are used to generate the remaining equations of
the model, adding the kinematic boundary conditions of the regularized problem, equations (64).
Thus, for a kinematic-boundary node, the boundary conditions of the regularized problem are
enforced by a direct interpolation method as

uy, :fbkﬁR:ﬁk—ug:ﬁk—fkk, 81)

with £k = 1,2, where U, denotes the specified displacement component and uf = fi k is the
displacement component of the particular singular solution, derived from equations (72). Equa-
tions (81) are written in the same form of equations (76), for a point (), as

Ko, 0"+ Gg, k=Fq,, (82)
in which K¢, is now given by
Kq, = ¥4, (83)
while G, is given by
G, =1 (84)
and F, is given by
Fg, = u. (85)

Local equations (82) are assembled into the global system of equations (80) which results in

ﬁR
K G {k}:[F}, (86)
in which K is a matrix of the order 2N x 2N, G is a matrix of the order 2N x 2 and F is a
vector of the order 2)V; the unknowns are the vector 0¥, of the order 2V, and the vector k of
the order 2. Is important to highlight that this global system of equations introduce the SIF K
and Ky, in the vector k, as additional unknowns of the numerical problem. Hence, to end with a
well-posed problem, additional constraint equations are necessary, , one for each mode considered
in the analysis, in order to obtain a unique solution. These additional constraint are defined as two
rows that goes into to the bottom of the system of equations (86).

Considering the regularized problem, the required additional constraints enforce the singular-
ity cancellation. The regular displacement components or the regular stress components can be
canceled out at the crack tip, that is

uf =0 = u =, (87)

or

ol =0 = oy =o0), (88)
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which ensure that, at the crack tip, the initial problem is singular.

In order to be more effective, the additional constraints must be defined in terms of the un-
known regularized MLS nodal parameters of a*. Null displacement components are obtained
from the use of conditions (87) at the crack tip, which can over-constrain the initial problem, be-
cause the singular displacement components, equations (69) and (70), do not include rigid-body
terms. Thus, can not be used as the required additional constraints.

Conditions (88) can be redefined, in terms of the respective traction components at the crack
tip, as

th=olin,=0 = t; =1, (89)
where n; denotes the unit normal components of the crack faces, as represented schematically in

Figure 12. After the MLS approximation, conditions (89), defined at the crack tip xy;,, can be

Figure 12: Crack tip tractions of the regularized elastic field.

defined as
ty., = Dx,;,DBx,, 0 =0, (90)
or
c af =o, o1
in which matrix C is written as
C = ny,,, DBy, . (92)

Moreover, the additional constraints (92) can now be added into the global system of equa-
tions (86), leading to the final system of equations of the order (2N + 2) x (2N + 2)

K G| [ af F
5[]l ©
which can be solved without any inconsistency.

8 Numerical Results

Some numerical results are presented in this section to illustrate the accuracy and efficiency of the
ILMF numerical formulation, under linear elastic problems and linear elastic fracture mechanics
problems, on two-dimensional spaces. The results are compared with the analytical solution and
the MLPG-5, presented by Atluri and Shen [2002], from now on refereed as MLPG; and for some
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applications with the MLPG-FVM, introduced by Atluri et al. [2004] and the EFG, presented by
Belytschko et al. [1994b].

For error estimation, important to measure the accuracy of numerical methods, displacement
and energy Lo norms can be used, respectively as

1/2
ful = | [uTado 94)
Q
and 12
le| = ;/sTDedQ : (95)
Q

Moreover, the relative errors, respectively for ||u|| and ||e|| are given by

- ||llnum — uexact” (96)
||uexact||

and

_ ||€num - Eexact”
e =

o7

||€ea:act||

All the routines and numerical applications were compared when using MATLAB 2015a on
an Intel Core 17-4700MQ computer with CPU of 2.4GHz and 16 GB of RAM.

8.1 Benchmark Problem 1 — Cantilever-Beam

First, consider a beam of dimensions I x D and of unit depth, subjected to a parabolic traction at
the free end as shown in Figure 13.

Ty A

\/
8

)
|

~ z :

Figure 13: Timoshenko cantilever beam.
The beam is assumed in a plane stress state and the parabolic traction is given by

i P [ D?
fy(z2) = — = ( - x%) , (98)

where I = D3 /12 is the moment of inertia. The exact displacement components for this problem
are given by

Px D?
uy(z1,x2) = —@; [(GL —3z1)r1 + (24 v) (m% — 4)] (99)
and )
P D
ug(z1,x2) = i |:3Z/.T}%(L —x1)+ (44 5v) 43:1 + (3L — xl)xf] (100)
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and the exact stress components are given by

P(L — 21z P [ D?
o1 (21, 22) = _M ( 2

I y 0’12(1‘1,%2) = _ﬁ T - x2> and Ugg(xl,wg) =0.
(101)
Material properties are taken as Young’s modulus £ = 3.0 x 107 and the Poisson’s ratio
v = 0.3 and the beam dimensions are D = 12 and L = 48. The shear force applied is P = 1000.
To solve this problem, a regular nodal distribution, represented in Figure 14, was considered with

G:.¢eoseseesssessessesscsscscssessooss
3 e s cecseccsessess0se0se0s0se0s 00
80 S S S S SRR
_3 e o e e e 000 ee0seeeeecseeseseeee e e
-6 e o 0000 s 0 0ee0e0e0eeseseeeeeeeeeeee
0 6 12 18 24 30 36 42 48

T

Figure 14: The regular nodal distribution of the cantilever-beam discretization with
33 x 5 = 165 nodes.

a nodal distribution of 33 x 5 = 165 nodes. The discretization parameters, «; and oy, need to be
properly defined, through equations (44) and (45), in order to obtain a stable and accurate solution.
for the applications presented in this first example, these parameters are heuristically defined as
as=3.0~45and oy = 0.5 ~ 0.6.

A first-order polynomial basis was considered in MLS approximation. Rectangular local
domains €2, of each node were considered, with 1 point for ILMF integration and 10 Gauss-
quadrature points to integrate the MLPG, placed along the sides of the local domain, as schemati-
cally represented in Figure 15.

P O---------- r0--0---Or---O--0-:

- ; § 0 i

.o °© - 0

= o o

N oo
(a) ILMF (b) MLPG

Figure 15: Integration points placed on each side of the local domain €2, to
compute the equilibrium equations of ILMF and MLPG.

8.1.1 Displacement and Stress

The displacements resulting from this analysis, represented in Figure 16, show very good agree-
ment with the results of the analytical solution. Albeit this relatively coarse nodal configuration,
relative errors of 7, = 6.33x 10~* and 7. = 7.51 x 10~° were obtained with ILMF. Stresses, com-
puted at the center of the beam that is x; = L/2 and xo € [—D/2, D /2], also present excellent
agreement with the results of the exact solution, as shown in Figure 17.
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Figure 16: Normalized displacements of the beam with nodal distribution of
33 X 5 = 165 nodes.
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Figure 17: Stress distribution for x; = L./2 and x5 € [-D/2, D/2] of the beam
with nodal distribution of 33 x 5 = 165 nodes.
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Figure 18: Normalized displacements of different mesh free methods, along with
CPU time in seconds, for nodal distribution of 33 x 5 = 165 nodes.

When compared to other local mesh free methods, ILMF obtained a good accuracy and ef-
ficiency, as shown in Figure 18, where the processing time is also present. The EFG considered
10 Gauss-quadrature points on each background cell and the MLPG FVM considered 10 Gauss-
quadrature points distributed on the local domain, for this application. In this initial performance
analysis, the fastest computation is obtained with the ILMF, which is 21% faster than the MLPG
FVM, the second best result.

8.1.2 Reduced Integration performance

One of the key advantages of ILMF is the reduced integration that differentiates it from other mesh
free numerical methods. The linear reduced integration employed by ILMF consider only 1 point
per segment of the local boundary. If necessary, additional integration points can be placed by
subdividing a boundary segment in identical segments, which leads to equally-spaced integration
points. for the general case, it is necessary to assess the performance of ILMF, driven by the
location of integration points on each boundary of the local domain. Figure 19 shows the behavior
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Figure 19: ILMF and MLPG relative error ., as a function of the number of
equally-spaced integration points, on each boundary of the respective local domain,
for a regular distribution of 33 x 5 = 165 nodes.

of the relative error r. of ILMF, as a function of the number of integration points, for the nodal
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distribution of 33 x 5 = 165 nodes; for comparison, the relative error of MLPG, computed with 10
Gauss points, is also plotted. It can be seen that the relative error of ILMF always monotonically
converge for the relative error of MLPG with full integration. Physically, this means that the
MLPG approximation always leads to stiffer models than the ones of the ILMF approximation.
The minimum value of the error is always obtained for 1 collocation point. This is a very important
result that evidences that ILMF linear reduced integration leads to better results than those obtained
with the MLPG full integration.

Another test was required to assess the influence of the discretization on the accuracy of ILMF,
regarding the number of integration points along the boundaries of the local domain. Therefore,
four regular distributions of 13 x4 = 52,65x9 = 585,97x13 = 1261 and 129x 17 = 2193 nodes
were considered. he results obtained for the ILMF relative error 7, as a function of the integration
points are presented in Figure 20, where it can be seen that the accuracy of ILMF increases with
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ILMF (2193 nodes)
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Integration points

Figure 20: ILMF relative error ., for beam discretizations with 13 x 4 = 52,
65 x 9 = 585,97 x 13 = 1261 and 129 x 17 = 2193 nodes, as a function of the
equally-spaced integration points, on the boundaries of the respective local domain.

the total number of nodes of the discretization, as expected. Effectively, the overall relative error
of ILMF decreases with finer nodal distributions, requiring only one integration point along each
boundary to obtain the most accurate results. This is a very important result that evidences that
ILMF is a very efficient method.

The accuracy of the proposed method when considering higher order polynomial basis need
to be addressed, hence another test was carried out. For this case, three regular distributions of
13 x4 =52,33 x 5 =165 and 65 x 9 = 585 nodes were considered. The results, presented in
Figure 21 clearly evidence the accuracy of the reduced integration even for high-order polynomial
basis, providing a stable convergence rate regardless of the polynomial basis.

8.1.3 Irregular Nodal Distributions

Irregularity on a nodal distribution can be introduced into a regular distribution by randomly
changing nodal coordinates, within a local domain of integration. This procedure, referred to
as level-1 of irregularity, can be addressed through an arbitrary variable c,, that varies in the range
from 0.0 to 0.4, where ¢,, = 0.4 corresponds to a maximum irregularity, as seen in Liu [2003].

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 928



Oliveira, Tiago, et al. (2022) Local Mesh Free Methods in Linear Elasticity and Fracture Mechanics pp- 899-958

1073
25
-+ 1% order basis
2 —— 24 order basis
8 15
R
5
g ;
=05
0

0 100 200 300 400 500 600
Number of nodes
Figure 21: ILMF relative error r. for the beam modal distribution of 13 x 4 = 52,
33 x 5 =165 and 65 x 9 = 585 nodes, as a function of the number of nodes,
considering a complete set of first and second order polynomial basis for the MLS
approximation.

Irregularity of a nodal distribution can greatly affect the solution accuracy, since it has a direct
influence in the size of the compact support s and the size of the local integration domain «,.
If the distance between nodes is too large, the support regions around each node do not intersect
with each other, thus providing no output. In the other extreme, if the distance between nodes is
too small, too many nodes are crammed, thus losing the local character of the approximation. For
this specific example, these parameters are heuristically defined as g = 2.11 and oy = 0.5.

Three nodal distributions of the beam discretization, with 189 nodes and level-1 of irregular-
ity, with two different irregularity configurations, regarding the boundary nodes, are presented in
Figure 22. In configuration A, only interior nodes have an irregular distribution, as presented by
Liu [2003], while in configuration B, all nodes are irregularly distributed. Results for this level-1
irregularity are presented in Figure 23, where it can be seen that ILMF obtained stable results with
a high accuracy, even for mild irregular nodal distributions.

The generation of nodal distributions with severe irregularity are divide in two major steps.
First, the coordinates of a nodal regular distribution are randomly changed, allowing each node
to move outside the respective local domain of integration. Second, each local domain is regen-
erated, in order to include the new location of the respective node, by considering the middle of
the distance between the node and its neighboring nodes. This procedure, referred to as level-2 of
irregularity, can be addressed through an arbitrary variable ¢, that now varies in the range from
0.0 to 0.9, where ¢, = 0.9 corresponds to a maximum irregularity, as seen in Liu [2003].Figure 24
represent three nodal distributions of the beam discretization, with 55 and 189 nodes with irreg-
ularity of level-2 for interior nodes. Due to the high irregularity, s = 12.00 was considered for
this case.

Figure 25 show the results obtained for irregular nodal distributions of level-2, preserving the
high accuracy level obtained by ILMF. These results demonstrate that high irregularities require
higher values for parameter ay, in order to keep the accuracy of results. The results show that
ILMF is a reliable mesh free numerical model, since even with nodal distributions with severe
irregularities, the solution is still accurate.
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Figure 22: Nodal distributions of the beam discretization with 189 nodes and level-1
of irregularity.
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Figure 23: ILMF and MLPG energy error, as a function of the irregularity
parameter c,,, obtained with irregular nodal distributions with 189 and 561 nodes

of the beam discretization.
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Figure 24: Nodal distributions of the beam discretization, with 55 and 189 nodes
with level-2 irregularity.
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Figure 25: Energy relative error of ILMF and MLPG, as a function of the
irregularity parameter c,,, obtained with irregular nodal distributions of the beam
discretization.
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8.1.4 Automatic Parameter Optimization

Several optimization schemes are presented with different objective functions. In the end, the
ultimate optimization approach computes automatically the ILMF discretization parameters, o
and oy, in a very efficient way.

In the first scheme, GA is implemented in order to minimize the CPU time and the relative
error 7. and 7, defined as objective functions for this approach. Tha main goal is to asses the
performance of the optimization process related to the accuracy and the computational effort.
Only the major computational cost that is the cost of generating and solving the global system of
algebraic equations, was measured. The decision variables, o5 and oy, are defined as continuous
in the intervals, respectively

ag=[1.110] and «ay=10.10.9]. (102)

There is a strong relationship between the objective functions and the decision variables. This
means that by choosing different values for the design variables, o, and «, we can change the
output in the objective functions CPU time, r. and r,,, during a msh free numerical analysis.

The initial population is 20 individuals, randomly generated. Then, the fitness function is eval-
uated for each individual and scaled using a rank process, to be later used in the selection process.
The reproduction operator is implemented based on a tournament selection, with constraint depen-
dent mutation and crossover. The optimization process is terminated if the number of generations
exceeds 100, or if the average change in fitness function is less than 1 x 1076,

The results obtained for this first multi-objective optimization process are presented in Fig-
ure 26, for the first two objective functions, and Tables 1 to 3;

Table 1: The multi-objective Pareto front results for the regular nodal distribution
of 52 nodes.

pp. 899-958

Index | CPU Time(s) r. Iy Qg Qq
1 0.2513 0.06615 | 0.06682 | 1.3628 | 0.4930
2 0.6347 1.413E-5 | 4.772E-4 | 3.9200 | 0.506
3 0.6437 7.194E-4 | 4211E-4 | 3.7666 | 0.5109
4 0.2507 0.2327 0.2531 1.3818 | 0.5067

Table 2: The multi-objective Pareto front results for the regular nodal distribution

of 165 nodes.
Index | CPU Time (s) r. Iy Qg g
1 3.7081 6.557E-5 | 2.009E-7 | 5.2789 | 0.5138
2 3.6090 1.336E-7 | 7.075E-5 | 5.2775 | 0.5137
3 3.6585 5.171E-5 | 1.552E-5 | 5.2788 | 0.5139

all the presented points are considered optimum from a computational point of view and non-
dominated to each other, see Eberhart and Shi [2007]. For each point of the Pareto front, a couple
of optimized parameters o5 and o, are presented. As it can be seen, the optimization can lead to
very accurate and convergent results. Moreover, the results show that o is constantly changing
when different nodal distributions are considered, usually steadily increasing when more nodes
are added to the model discretization, even though for o, the best results are always obtained for
values close to 0.5, regardless of the nodal distribution used.

This approach has one major drawback that is extremely high computational effort required,
which could take hour, or days, depending on the number of nodes, even when running in parallel.
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Figure 26: The multi-objective Pareto front for regular nodal distributions of the
beam discretization, considering CPU time, r. and r,, as objective functions; only
the first two are graphically presented.
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Table 3: The multi-objective Pareto front results for the regular nodal distribution
of 585 nodes.

Index | CPU Time (s) r. ry Qg Oq
1 10.8267 6.190E-10 0.0001 7.2685 | 0.4971
2 5.2903 0.0002 1.314E-07 | 4.2103 | 0.4971
3 10.8503 3.733E-05 | 6.978E-05 | 7.2686 | 0.4973
4 1.5595 0.0042 0.0046 1.7677 | 0.4995

Another major drawback is analytical solution requirement, which is necessary to compute the
relative error and is not available for more complex problems. Both drawbacks are unacceptable
and require a more efficient approach, such as the one presented by the end of this section.

In the second optimization scheme, the compliance indicator, also known as flexibility indica-
tor, derived from the local work theorem and computed only on the static boundary I';, is chosen
as objective function. CPU time is added as a objective function to control the analysis efficiency.
Figures 27 to 29 demonstrate the behavior of the compliance indicator C' and the relative energy
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Figure 27: Compliance and relative error r. of the beam discretization with
13 x 4 = 52 nodes, as function of o and for a fixed o = 0.5.

error 7., function of g and a fixed oy = 0.5. Both parameters showed to have a similar behavior,
thus proving that C can be effectively used instead of .. Furthermore, the computational effort
required to perform the analysis is about 15 times faster for the compliance.

Consequently, for this second optimization approach, the GA is implemented in order to min-
imize the objective functions CPU time and the compliance indicator C'. The decision variable o
is defined as continuous in the interval

as = [1.5 10]. (103)

The initial population is 20 individuals, randomly generated. Then, the fitness function is eval-
uated for each individual and scaled using a rank process, to be later used in the selection process.
The reproduction operator is implemented based on a tournament selection, with constraint depen-
dent mutation and crossover. The optimization process is terminated if the number of generations
exceeds 100, or if the average change in fitness function is less than 1 x 1075,

The results obtained with the multi-objective optimization process are presented in Figure 26
and Tables 4 to 6, for a fixed oy = 0.5. From the results, it can be seen that all points in the Pareto
front obtained a good accuracy, regardless of the nodal distribution. Once more, the convergence
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Figure 28: Compliance and relative error r. of the beam discretization with
33 x 5 = 165 nodes, as function of o and for a fixed o = 0.5.
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Figure 29: Compliance and relative error r. of the beam discretization with
65 x 9 = 585 nodes, as function of o and for a fixed o = 0.5.
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Figure 30: The multi-objective Pareto front for regular nodal distributions of the
beam discretization with 13 x 4 = 52,33 x 5 = 165 and 65 x 9 = 585 nodes,
considering CPU time and compliance indicator as objective functions; for a fixed
aq = 0.5.
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Table 4: The multi-objective Pareto front results for the regular nodal distribution
of 52 nodes and a fixed oy = 0.5

Index | CPU Time (s) | Compliance r. ru Qg
1 0.0427 -0.887 0.0993 | 0.1069 | 1.3585
2 0.0923 -1 0.0051 | 0.0042 | 3.1515
3 0.0726 -0.989 0.0044 | 0.0067 | 2.0053
4 0.0528 -0.958 0.0346 | 0.0373 | 1.7414

Table 5: The multi-objective Pareto front results for the regular nodal distribution
of 165 nodes and a fixed o = 0.5

Index | CPU Time (s) | Compliance r. ry g
1 0.4131 -0.9987 6.660E-04 | 5.510E-04 | 4.4932
2 0.4940 -1 0.0019 0.0017 4.7085
3 0.1730 -0.9915 0.0064 0.0066 1.8935
4 0.3835 -0.9932 0.0049 0.0050 3.9966

Index | CPU Time (s) | Compliance r. ru Qg
1 2.5991 -0.9989 4.022E-04 | 3.821E-04 | 4.4965
2 3.7328 -0.9991 2.040E-04 | 1.883E-04 | 4.5330
3 1.0455 -0.9984 8.209E-04 | 8.768E-04 | 1.8733
4 7.5833 -1 6.614E-04 | 6.352E-04 | 9.6232

Table 6: The multi-objective Pareto front results for the regular nodal distribution
of 585 nodes and a fixed oy = 0.5

is guaranteed, meaning that an increase in the overall number of nodes of the nodal distribution
also increases the overall accuracy. Although the lowest relative error is not always obtained with
the lowest compliance indicator, this is barely a problem since the local Pareto-optimal is always
close to the global Pareto-optimal, leading to very good results for all points. The aforementioned
reduced computational effort is also present in this analysis, as expected, performing computations
in minutes instead of hours.

For a complete optimization of mesh free parameters, oy also need to be addressed. The
shortest and most convenient approach is to guarantee that the total area of the local weak form
domain is as similar as possible to the overall area of the whole body domain. Hence, the output
area of the local domain, equation (49), is chosen as an objective function for this optimization.
For the sake of simplicity, a single-objective optimization is performed. If a problem has N nodes
in total, the design variable o is a vector containing N components defined as continuous in the
interval

ay = [0.495 0.95], (104)

to ensure the locality of the MLS approximation and that the local sub-domains of the internal
nodes are entirely within the solution domain, without being intersected by the global boundary.

The initial population is 200 individuals, randomly generated. Also, random populations from
previous analysis within the optimization process are introduced randomly to increase the compu-
tational efficiency. Then, the fitness function is evaluated for each individual and scaled using a
rank process, to be later used in the selection process. The reproduction operator is implemented
based on a stochastic uniform selection, with constraint dependent mutation and crossover. The
optimization process is terminated if the number of generations exceeds predefined values, or if
the average change in fitness function is less than 1 x 1076,

Figure 31 presented the results of the single-objective optimization, as function of different
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Figure 31: Relative energy error of ILMF as function of the local sub-domain of
integration area A, for the regular nodal distribution of 165 nodes.

predefined maximum number of generations in the algorithm stopping criteria, considering 100,
200, 400 and 800 generations, for a fixed oy = 4.5. The accuracy gradually improves as A,
converge to the area of the posed problem.

Note that the computational effort of this analysis is also very low, thus leading to fast results.
This is mostly due to the introduction of random populations from previous analysis. The first
analysis, preferably from a smaller nodal distribution, can be performed really fast and the popu-
lation used saved in MATLAB internal memory. Later, now for a greater nodal distributions, the
optimization will run faster since it will use random feasible results from the previous analysis,
accelerating the whole process.

Lastly, this final optimization approach combines the features of the previous optimization
schemes into a single fully automated routine to compute ILMF discretization parameters os and
oy, preserving the presented effectiveness.

This last optimization is divided in two steps. First, «, is optimized using A, as objective
function. The output of this process is a vector containing one value of «, for each node in
the nodal distribution. Second, o5 is optimized using compliance C' and CPU time as objective
functions, considering the results obtained in the previous optimization.

The results obtained from the automated multi-objective optimization are presented in Fig-
ure 32 and Tables 7 to 9, in which all of the presented points in the Pareto front are feasible,

Table 7: Pareto front of the multi-objective optimization for the regular nodal dis-
tribution of 52 nodes using the automatic parameters optimization routine.

Index | CPU Time (s) | Compliance r. ry Qg
1 0.0495 -0.942 0.0495 | 0.0522 | 1.6919
2 0.0773 -0.990 0.0046 | 0.0051 | 2.9747
3 0.0821 -1 0.0052 | 0.0043 | 3.1443
4 0.0649 -0.984 0.0091 | 0.0117 | 1.9415
5 0.0507 -0.959 0.0091 | 0.0117 | 1.7464

non-dominated and optimum, from a computational perspective. The results are a clear evidence
of the accuracy and efficiency of the automated routine, effectively combining the aforementioned
features into a single process.

In order to present the efficiency of the optimization process, regardless of the optimization
technique, GA and SOS algorithms are compared. Thus, similar settings and stopping criteria
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(a) Regular nodal distribution of 52 nodes. (b) Regular nodal distribution of 165 nodes.
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Figure 32: The multi-objective Pareto front for regular nodal distributions of the
beam discretization with the automatic parameters optimization routine.
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Table 8: Pareto front of the multi-objective optimization for the regular nodal dis-
tribution of 165 nodes using the automatic parameters optimization routine.

Index

CPU Time (s)

Compliance

r. Iy Qg

1 0.3744 -0.9894 0.0083 0.0083 3.8145
2 0.4575 -1 0.0023 0.0022 4.6639
3 0.1713 -0.9891 0.0084 0.0087 1.9470
4 0.4330 -0.9975 1.281E-04 | 1.980E-04 | 4.3474
5 0.4059 -0.9918 0.0059 0.0059 3.9606

Index | CPU Time (s) | Compliance r. ry Qg
1 0.7201 -0.997 0.0016 9.535E-04 1.5
2 2.8858 -0.999 1.660E-04 | 2.557E-04 | 4.5010
3 1.8870 -0.998 2.463E-04 | 6.637E-05 | 3.4838
4 7.9617 -1 9.110E-04 | 9.074E-04 | 9.5744

Table 9: Pareto front of the multi-objective optimization for the regular nodal dis-
tribution of 585 nodes using the automatic parameters optimization routine.

were defined for both of them. Because SOS is a parameter-free optimization method, only the
population size and the maximum number of function evaluations were defined, for this case as 20
and 100, respectively. Both algorithms stop if the average change in fitness function is less than
1 x 1075 or the maximum number of function evaluations or generations is reached.

The compliance C' is chosen as the objective function, for a fixed scalar oy = 0.5. The
decision variable « is defined as continuous in the interval

as = [1.5 10]. (105)

The comparison is presented in Figure 33, based on the number of generations or function it-
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Figure 33: Comparison between GA and SOS relative to the maximum number of
generations/iterations.

erations, and Table 10, where the optimization efficiency of both techniques can be seen. Note that
GA is slightly less efficient than SOS. Nevertheless, the values of «s obtained on both approaches
are very similar, close to the ones previously obtained and therefore leading to very accurate re-

sults. SOS as a computational cost higher than GA due to the efficiency of the genetic operators
that are refined for this type of problem.
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Table 10: The comparative analysis of GA and SOS, for a single-objective optimiza-
tion of the cantilever beam. C and OCE stands for structural compliance and opti-
mization computational effort, respectively.

SOS GA
Nodes C OCE (s) g C OCE (s) Qg
52 -0.999993 7.05 3.156 -1 5.94 3.151

165 | -0.981476 | 5228 | 4.705 | -0.981477 2648 | 4.708
585 | -0.962864 | 144.40 | 9.631 | -0.962865 | 127.70 | 9.623

The simplicity is a key advantage provided by the SOS optimization, which requires only 2
parameters to be set, in contrast to the GA optimization that requires a lot more parameters. Even
though SOS is a very promising optimization algorithm, there is a set of libraries and optimization
option on MATLAB environment for GA that are not yet available for SOS.

8.2 Benchmark Problem 2 — Plate with a Circular Hole

On this example, an infinite plate with a centered circular hole under unidirectional unit tension
along the x; direction is analyzed, as portrait in Figure 34. The symmetry of the problem about

T2 A
] —>
-~ 1 >
f— 1 >
IS : —>
[ | —>
] \9 : J [
f— I » >
j— a T1 |
f— —>
f— —>
f— —>
f— —>
f— —>
f— —>
] —>|

Figure 34: Plate with a hole.

the horizontal and the vertical axes allow the use of only a portion of the upper right quadrant of
the plate. The section has dimensions b x b and the center circle has a radius a = 1, with b = 5a.
The analytical stress distribution in the plate is

a’ (3 3a*
o1(r,0)=1— 2 (2 cos 20 +cos49> + 2 cos 46

2 1 4
o92(r,0) = _% <2 cos 20 — cos 40) — ;% cos 40 (106)

2 1 3 4
o12(r,0) = —% (2 sin 26 + sin49) + 5% sin 46,

where r and 6 are the usual polar coordinates, centered at the center of the hole. A plane-stress

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 943



Oliveira, Tiago, et al. (2022) Local Mesh Free Methods in Linear Elasticity and Fracture Mechanics pp- 899-958

state is considered, which leads to displacements

uy(r,0) = —;O:?g [4a* cos® 0 (1 +v) (1 —1?%) — 3a (1 +v) + (ar)*(1 — 3v) — 27“4}
s?n@ (107)
ua(r,0) = T [4a*cos® 0 (1 +v) (1 — 1) —a* (1 +v) + (ar)*(v — 3) + 2r'v] .

In the bottom and left edges of the plate are defined as kinematic boundaries, with displace-
ments uz(x1, 22 = 0) specified on the bottom and (u;(x; = 0,21 = L,z2) = 0) specified on
the left edges. For the right and top edges, static boundaries are assumed, with tractions computed
from the stresses of the analytical solution (106) applied as t; = o;jn;, in which n; represents the
components of the unit outward normal to the edge of the plate. Young’s modulus £ = 1.0 x 10°
and the Poisson’s ratio v = (.25 are considered.

In order to solve this plate, discretization with 9 nodes in the tangential direction and 15 nodes
in the radial direction, distributed as shown in Figure 35, with circular local domains and second

5 e . . .
4 7 . . . .
3_ °
é\] °
2 . i
14 o
0- . . . .
[ T T T T 1
0 1 2 3 4 5

Z1

Figure 35: Discretization of the plate with a hole.

order polynomial basis for the MLS approximation. ILMF integration was performed with 1 point
at the boundary of each quadrant of the circular integration domain, as schematically represented
in Figure 7.

The computed displacements are shown in Figure 36, where it can be seen a very good agree-
ment with the results of the analytical solution. The stresses at nodes also provided very good
outputs when compared to the exact solution, as shown in Figure 37.

Relative errors of 7, = 9.2 x 1073 and r. = 4.1 x 10~3 were obtained for this simple
discretization, which highlight the versatility of ILMF.

8.3 Benchmark Problem 3 — Edge-Cracked Plate

This benchmark problem presents the direct evaluation of SIF, through the SST implemented in
the ILMF model, an efficient and accurate tool for the analysis of cracked plates. For this analysis,
two problems of edge-cracked square plates, respectively under mode-I and mode-II loadings
are presented; and a third case of a square plate with an edge slant crack, under mixed-mode
deformation, is also presented.
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Figure 36: Boundary displacements of the plate with a hole.

The presence of the crack in a mesh free model requires a special treatment of the non-convex
domain resulting from the crack discontinuity. Crack faces are modeled with two sets of overlap-
ping nodes, in a way that the nodes of each line have influence only in the respective side, shared
by a single crack tip with influence in both sides of the crack. For each node within the crack, the
visibility criterion is used to define the compact support, as represented in Figure 38. Therefore,
for nodes within the crack faces, the compact support and the local integration domain are defined
as in the case of a traction-free boundary node. However, for the crack tip node, the compact
support is defined as in the case of an interior node, while for the local integration domain the size
as half of the case of the interior nodes.

Matrices g and f, containing the William’s singular solution at each crack tip, equations (71)
and (72) respectively, are computed with 3 Gauss quadrature points.

The DBEM with the J-integral (J-DBEM), presented by Portela and Aliabadi [1993], is used
to compare the results obtained with ILMF formulation. The DBEM modeling strategy consid-
ers piecewise-straight cracks that are discretized with straight discontinuous quadratic boundary
elements. Continuous quadratic boundary elements are used along the remaining boundaries of
the problem, except at the intersection between a crack and an edge, where semi-discontinuous
boundary elements are used on the edge. Self-point discontinuous boundary elements are inte-
grated analytically, while Gaussian quadrature, with sub-element integration, is carried out for the
remaining integrations.

In the ILMF numerical model, rectangular local domains of integration, with discretization
parameters o = 1.5 ~ 3 and oy = 0.5 are considered. The MLS approximation with first-order
polynomial basis and quartic spline weighting function are also considered.

8.3.1 Mode-I Loading

First, a square edge-cracked plate, represented in Figure 39, is considered for the analysis, in which
a denote the length of the crack, w the width of the plate and the height by & = w/2. The uniform
traction t = o is applied at the plate, symmetrically at the ends. In order to compare the ILMF
accuracy with the highly accurate values reported by Civelek and Erdogan [1982], h/w = 0.5 is
considered on this problem. Five cases are presented, for a/w = 0.2,0.3,0.4,0.5 and 0.6. The
nodal distribution used in the analysis is represented in Figure 40, with a regular nodal distribution
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Figure 38: The visibility criterion, originally introduced by Belytschko et al.

[1994a].
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Figure 39: Square plate with a single edge crack under mode-I loading
(h/w = 0.5).
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Figure 40: Discretization of the plate with a regular nodal distribution, for
a/w = 0.5. The red line represents the crack faces.
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of 10 x 10 = 100 nodes, with additional overlapping nodes on the crack faces. For all the five
cases of crack length, only the nodal distribution of the crack faces was modified, adding more
nodes for longer lengths, always without any refinement of the discretization around the crack tip.

Results obtained are presented in Table 11, where ILMF correspond the values obtained in this

Table 11: Square plate with a single edge crack under mode-I loading.

Ki/(t/7a) % Error
a/w | ILMF | J-DBEM | Reference | ILMF | J-DBEM
0.2 1.520 1.495 1.488 0.0216 0.005
0.3 1.967 1.858 1.848 0.0647 0.005
0.4 2.413 2.338 2.324 0.0387 0.006
0.5 | 2973 3.028 3.010 0.0122 0.006
0.6 | 3.991 4.184 4.152 0.0387 0.008

analysis, J-DBEM represents the values obtained with the J-integral implemented in the DBEM,
published by Portela and Aliabadi [1993], and reference represent the values published by Civelek
and Erdogan [1982]. Percentage errors are calculated from the values of reference. The results
clearly show that ILMF have a good agreement with J-DBEM and the reference values. Since this
is a mode-I loading crack problem, the SIF values of the mode-II are always below 10~7. The
plate deformed configuration is schematically represented in Figure 41.

0.75 -
0.5 R P TREEEEEEEL S LS

0.25

~0.25

)
o
[ ]

—0.5 R e

—0.75 -

Figure 41: Deformed configuration of the plate, for a/w = 0.5, under mode-I
loading.

8.3.2 Mode-II Loading

Now, consider a square edge-cracked plate, as presented in Figure 42. The crack length is denoted
by a and h/w = 0.5 is considered. The uniform traction t is applied anti-symmetrically at the
plate sides, parallel to the crack. This is a very complex and difficult problem, for which there are
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2h

Figure 42: Square plate with a single edge crack under mode-II loading (w = 2h).

no published benchmark results. Hence, the results provided by J-DBEM are used as reference for
this problem. Five cases are presented, for a/w = 0.2,0.3,0.4, 0.5 and 0.6. The nodal distribution
used in the analysis is represented in Figure 43, with a regular nodal distribution of 16 x 16 = 256

0.5

0.25 -

T2
o

—0.25

Figure 43: Discretization of the plate with a regular nodal distribution, for
a/w = 0.5. The red line represents the crack faces.

nodes, with additional overlapping nodes on the crack faces. For all the five cases of crack length,
only the nodal distribution of the crack faces was modified, adding more nodes for longer lengths,
always without any refinement of the discretization around the crack tip.

Results obtained are presented in Table 12, where percentage errors are calculated from the
values of J-DBEM. For this problem, the SIF values obtained for the mode-I are always below
1073, since this is a typical mode-II crack problem. Figure 44 shows the deformed configuration
of the plate.
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Table 12: Square plate with a single edge crack under mode-II loading.

Ku/(ty/7a)

a/w | ILMF | J-DBEM | % Error
0.2 | 0416 0.435 0.0436
0.3 | 0.338 0.358 0.0532
04 | 0.296 0.304 0.0261
0.5 | 0.248 0.262 0.0522
06 | 0.218 0.223 0.0218
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Figure 44: Deformed configuration of the plate, for a/w = 0.5, under mode-II
loading.

8.3.3 Mixed-Mode Loading

Consider now a plate with an edge slant crack, as showed in Figure 45, in mixed-mode deformation
derived from a remote stress o. Three cases are presented, for a/w = 0.2,0.4 and 0.6 with
a = 307; and two cases, for a/w = 0.2 and 0.4 with & = 60°. This problem was analyzed with
the nodal distribution represented in Figure 46; with a regular nodal distribution of 16 x 16 = 256
nodes, with additional overlapping nodes on the crack faces. For all cases of crack length, only the
nodal distribution of the crack faces was modified, adding more nodes for longer lengths, always
without any refinement of the discretization around the crack tip.
Tables 13 and 14 show, respectively, the values of K;/(o+\/ma) and K;;/(o+/ma), as well as
the percentage relative to the difference between the appropriate values published by Murakami
[1987b], used as reference, and ILMF results; as a function of a/W and for o = 30°. Tables 15
and 16 present the values of K;/(o+/ma), Kr1/(c+/ma) and the percentage relative to the differ-
ence between the appropriate values published by Murakami [1987b] and ILMF; as a function of
a/W ,for « = 60°. Once more, the results obtained for this problem are in agreement with those
obtained with the J-DBEM and those published in references, provided by Murakami [1987b] and
Tada [2000]. It is important to remark the high level of accuracy obtained in all cracked plate
problems, always considering coarseness nodal distributions, without any refinement around the
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Figure 46: Discretization of the plate with a regular nodal distribution, for
a/w = 0.5. The red line represents the crack faces.

Table 13: Stress intensity factor K;/(o+/7a) for the edge slant crack (o = 30°).

Ki/(oy/ma) % Difference

a/W | ILMF | J-DBEM | Reference | ILMF | J-DBEM
02 | 1.164 1.082 1.100 0.058 0.016
04 | 1513 1.545 1.550 0.024 0.003
0.6 2.732 2.572 2.550 0.071 0.009

crack tip.
The deformed configuration of the plate is show in Figure 47.
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Table 14: Stress intensity factor K;/(o+/7a) for the edge slant crack (o = 30°).

Kii/(oy/ma) % Difference
a/W | ILMF | J-DBEM | Reference | ILMF | J-DBEM
0.2 0.325 0.351 0.350 0.071 0.003
0.4 0.471 0.474 0.470 0.002 0.009
0.6 0.580 0.700 0.700 0.171 0.000
Table 15: Stress intensity factor K;/(c+/7a) for the edge slant crack (oo = 60°).
Ki/(oy/ma) % Difference
a/W | ILMF | J-DBEM | Reference | ILMF | J-DBEM
0.2 0.543 0.495 0.500 0.086 0.010
0.4 0.603 0.592 0.600 0.055 0.013

Table 16: Stress intensity factor Ky1/(c+/7a) for the edge slant crack (o = 60°).
% Difference

KII/(CT ﬂ'a)
a/W | ILMF | J-DBEM | Reference | ILMF | J-DBEM
0.2 0.327 0.356 0.360 0.092 0.011
0.4 0.439 0.413 0.420 0.045 0.017
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Figure 47: Deformed configuration of the plate, for a/w = 0.5, under mixed-mode
loading.

8.4 Benchmark Problem 4 — Central Cracked Plate
For practical applications, albeit curved in most cases, can be effectively modeled as piece-wise
flat, when the path of a crack is concerned. As reported by Caicedo and Portela [2015], the

Williams’ fields can be locally used at each crack tip, as a particular solution of an arbitrary piece-
wise flat crack. Hence, to deal with several cracks simultaneously, superposition is used in SST

strategy in a way that, in the proximity of each crack tip, the Williams’ field is locally used in the
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regularization procedure. As a direct consequence, the central cracked plate can be considered as
a multi-cracked plate, with two distinct crack tips.
Consider a rectangular plate with a central slant crack, as show in Figure 48. The uniform

frrTTffrese

//@«»Ze__

NIRRT

Figure 48: Rectangular plate with a central slant crack, under uniform traction.

traction t is applied symmetrically at the ends. The ratio between the height and the width of
the plate is given by h/w = 2. The crack length is 2a and form an angle of § = 45° with the
horizontal direction. The results published by Murakami [1987a] are used as reference. Three
cases are presented, for a/w = 0.2,0.4 and 0.6. For this particular case, discretization parameters
were considered as oy = 5 ~ 8 and oy = 0.5. The discretization was performed with the nodal
distribution, as show in Figure 49; with a regular nodal distribution of 7 x 12 = 84 nodes, with
additional overlapping nodes on the crack faces. For all three cases of crack length, only the nodal
distribution of the crack faces was modified, adding more nodes for longer lengths, always without
any refinement of the discretization around the crack tip.
Tables 17 and 18 demonstrate the results obtained, for the values of K;/(¢\/7a) and K7/ (t\/7a),

as well as comparisons with the appropriate values of the reference presented by Murakami
[1987a], as a function of a/WW. The results obtained clearly demonstrate the excellent accuracy

Table 17: Stress intensity factor K;/(t\/7a) for the central slant crack (0 = 45°).

Ki/(t\/7a) % Difference

a/W | ILMF | J-DBEM | Reference | ILMF | J-DBEM
0.2 0.519 0.521 0.518 0.002 0.006
0.4 0.575 0.576 0.572 0.005 0.007
0.6 0.626 0.666 0.661 0.053 0.001

of this new formulation of the ILMF numerical model that is an efficient tool for the mixed-mode
deformation analysis of cracked plates.
The deformed configuration of the plate is presented in Figure 50.
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Figure 49: Discretization of the plate with a regular nodal distribution for
a/w = 0.6. The red line represents the crack faces.

Table 18: Stress intensity factor Kyy/(t\/7a) for the edge slant crack (6 = 45°).

Kir/(t/Ta) % Difference
a/W | ILMF | J-DBEM | Reference | ILMF | J-DBEM
0.2 0.529 0.508 0.507 0.043 0.002
04 | 0532 0.529 0.529 0.005 0.001
0.6 | 0585 0.569 0.567 0.032 0.003
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9 Concluding Remarks

The local mesh free method for solving linear elastic and fracture mechanics problems were pre-
sented on this chapter. The method is derived from the work theorem, where the formulation leads
to a weak form of the weighted residual statement of a statically admissible stress field, kinemat-
ically formulated with a rigid-body displacement. The node-by-node discretization considers the
MLS approximation and implements a reduced numerical integration.

In a nodal discretization, the size of the compact support and the size of the local integration
domain of each node are parameters directly linked to the accuracy and efficiency of local mesh
free methods. In this paper, both discretization parameters are automatically defined through a
multi-objective optimization process based on genetic algorithms and symbiotic organism search
algorithm.

Benchmark test problems were analyzed in order to assess the accuracy and efficiency of the
local mesh free method. Both regular and irregular nodal distributions can be considered. For
irregular nodal distributions, the combination of stable results and a high accuracy are obtained,
even for severe irregular distributions. The optimization scheme defined on this chapter is very
efficient, from a computational point of view, and do not require any analytical solution to be
performed. Therefore, the local mesh free method proved to be a reliable and robust formulation
for solving linear elastic problems.

Linear elastic fracture mechanics problems using the local mesh free method are performed
through the singularity subtraction technique (SST), which regularizes the elastic field, before
the numerical solution, thus introducing the stress intensity factors (SIF) as additional primary
unknowns of the problem. This strategy result in a direct computation of the SIF and does not
require a refined discretization to obtain accurate results. The high efficiency of this model strategy
can be seen in the numerical results, for simple coarse nodal distributions, without any refinement
around crack tips. Therefore, the reliability and robustness can also be extend for solving fracture
mechanics problems.

This chapter shows that the local mesh free method, along with optimization processes, could
provide stable and accurate solutions for linear elastic and fracture mechanics problems, with-
out most known setbacks, contributing to a mainstream use of mesh-free numerical methods in
the near future. For the next research projects, the local mesh free method, with the SST imple-
mentation and optimization, will be extended for the analysis of multiple crack growth problems,
nonlinear plates and dynamic problems.
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Abstract

Damage models represent an important tool for the analysis of the degradation
of quasi-brittle media and, due to their continuous formulation, present certain ad-
vantages with respect to other modelling strategies. However, they also exhibit a
number of issues when combined with the standard finite element method, like mesh-
objectivity and mesh-bias, that can significantly affect the results of a simulation.
Due to their nature, meshless techniques are a valid candidate to deal with such is-
sues. The lack of an element-like connectivity between the meshless nodes can allivi-
ate the mesh-bias in damage propagation, while the intrinsic nonlocality of meshless
approximation functions can act as a regularisation technique at the numerical level.
The present work aims to review the application of a specific class of meshless meth-
ods, the smoothed point interpolation methods (SPIMs) to the problem of damage
modelling.

Keywords: meshless methods; smoothed point interpolation methods; damage mechanics; strain
localisation

1 Introduction

In order to solve the system of partial differential equations (PDEs) governing a problem of con-
tinuum mechanics (or any other continuum problem representable in terms of PDEs), the finite
element method (FEM) discretises the problem domain with a mesh (see, e.g. Bathe [1996] or
Zienkiewicz and Taylor [2000]), in the following manner:

113

1. The continuum is separated by imaginary lines or surfaces into a
number of “finite elements”.

2. The elements are assumed to be interconnected at a discrete num-
ber of nodal points situated on their boundaries and occasionally
in their interior.

”[Zienkiewicz and Taylor, 2000, pag. 18]
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The unknown parameters of the problem are then represented by the nodal values of the field
variable (e.g. the displacement field in a solid mechanics problem). The choice of proper approxi-
mation functions within each element allows to mount a system of linear equations for the solution
of the problem. On the other hand:

“The meshfree method is used to establish a system of algebraic equa-
tions for the whole problem domain without the use of a predefined
mesh, or uses easily generable meshes in a much more flexible or “freer”
manner. Meshfree methods essentially use a set of nodes scattered within
the problem domain as well as on the boundaries to represent the prob-
lem domain and its boundaries. The field functions are then approxi-
mated locally using these nodes.”[Liu, 2009, pag. 14]

As pointed out by Liu in his book [Liu, 2009], the standard finite element method suffers for
a number of limitations. Among them there are:

* the need for a quality mesh, that reduces the automation in mesh generation;

* the “overly stiff” behaviour, resulting from the full compatibility in the assumed displace-
ment field, and leading to locking and poor solutions in gradient/derivatives;

* the loss of accuracy due to element distorsions in problems with large deformations;
* the mesh bias in problems like crack growth and phase transformations;
* the difficult simulation of breakage and fragmentation problems;

* the costly adaptive and remeshing approaches;

the availability of solely a “lower bound” to the exact solution.

An examination of this list reveals that most of the mentioned issues are due to the “heavy and
rigid reliance on the use of quality elements that are the building blocks of FEM ” [Liu, 2009, pag.
17], and to the predefined connectivity required by such elements.

The basic idea of meshless methods is then to mitigate these issues by eliminating or reducing
the reliance on a mesh!. Among the most common meshless methods there are the smoothed
particle hydrodynamics (SPH) method [Gingold and Monaghan, 1977], the element-free Galerkin®
(EFG) method [Belytschko et al., 1994], the reproducing kernel particle method (RKPM) [Liu
et al., 1995], the family of point interpolation methods (which the smoothed point interpolation
methods discussed in this manuscript belong to), and the meshless local Petrov-Galerkin (MLPG)
method [Atluri and Zhu, 1998]. Despite a computational cost that is, in general, higher than in
the standard FEM, meshless methods exhibit a number of important features. Among them, the
following can be highlighted [Liu, 2009]:

* easy automatic mesh generation using triangulation strategies;
* absent or limited mesh alignment sensitivity;

* no need for remeshing operations, especially in problems with large deformations or mov-
ing discontinuities;

IThough meshless discretisations are not based on a conventional mesh as intended in the standard FEM,
the term “mesh” will still be used in the following to indicate such discretisations.
Based on the diffuse elements method (DEM) originated by Nayroles et al. [1992].
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* construction of shape functions of any desired order of continuity.

Regarding physically nonlinear problems, and especially the problem of continuum damage
mechanics discussed in this manuscript, the standard FEM suffers for other issues besides the
aformentioned ones. The presence of damage indeed, results in a strain-softening behaviour. Nu-
merical simulations of strain-softening problems, where localisation occours, performed with the
standard finite element method (FEM), are usually affected by certain pathological behaviours,
such as strong mesh-dependency, premature fracture initiation, and instantaneous perfectly-brittle
fracture [de Borst et al., 1993, Peerlings et al., 2002]. These pathological effects are due to the
fact that, at a certain load level, the continuum boundary value problem may become ill-posed (the
so-called loss of ellipticity of the equilibrium equations), resulting in an infinite set of solutions
(discontinuous bifurcation), from which the numerical method selects the one corresponding to the
smallest energy dissipation. This approximated solution strongly depends on the mesh; at mesh
refinement it tends to a failure with zero energy dissipation, and then to a nonphysical behaviour.

It has been pointed out that the pathological behaviours that may affect the numerical simula-
tions where localisation occours are due to the local representation offered by the classic contin-
uum theory, in contrast with the nonlocal nature of phenomena like damage and plasticity [BaZant,
1991]. The main aim of the proposed solutions to this problem (the so-called regularisation tech-
niques) is the introduction of an internal length in the continuum model, allowing to recover
the nonlocal character of the phenomenon; an interesting overview on the different regularisation
methods can be found in the papers by de Borst et al. [de Borst et al., 1993] and by BaZant et al.
[BaZant and Jirasek, 2002].

Some classes of meshless methods have been shown to be capable to deal with the aformen-
tioned localisation issues, due to their intrinsic nonlocal character. As pointed out in a paper by
Chen et al. [Chen et al., 2000], the nonlocality of these methods is due to the fact that their approx-
imation functions are not constructed locally as in the finite element method, because of the use
of basis and weighting functions with support size greater than the nodal spacing. In the same pa-
per the authors pointed out the analogy between MLS/RK approximations and gradient-enhanced
models, and also showed the beneficial effects on localisation associated to the use of an assumed
strain method where the nonlocal equivalent strain measure is directly approximated in terms of
displacement parameters. Moreover, the use of a meshless method allows, in general, to overcome
the problem of mesh orientation bias, that may appear in damage propagation problems. Among
the methods that have been shown to possess certain regularisation effects in localisation prob-
lems there are moving least square (MLS) and reproducing kernel (RK) approximations, as well
as methods based on strain smoothing techniques [Liu et al., 1999, Chen et al., 2000, Li et al.,
2000, Chen et al., 2004, 2007, Wang and Li, 2012, Pozo et al., 2014]. As strain smoothing meth-
ods, also the smoothed point interpolation methods (SPIMs) discussed in this manuscript have
been shown to exhibit regularisation properties, as illustrated by Gori et al. [Gori et al., 2019b],
both alone as well as when combined with other regularisation strategies, like the micropolar con-
tinuum theory [Gori et al., 2019a,c]. Particle methods, like the SPH, have also been shown to be
capable to deal with strain-softening problems [Vignjevic et al., 2014].

One of the main issues in the most common meshfree approaches is the lack of the Kro-
necker delta property, which requires a special treatment for the imposition of essential boundary
conditions, like the use of the well-known Lagrange multipliers and penalty methods or other pro-
cedures [Chen and Wang, 2000, Wu and Plesha, 2002, Ferndndez-Méndez and Huerta, 2004]. The
smoothed point interpolation methods discussed in this manuscript [Liu, 2009, 2010a,b, Liu and
Zhang, 2013] allow for a more simple imposition of boundary conditions, since they are based
on shape functions constructed with the point interpolation method (PIM), which guarantee the
Kronecker delta property. The price for a more simple imposition of the boundary conditions is
the presence of incompatible shape function, which may present discontinuities in the problem
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domain, requiring the use of a so-called weakened-weak form of the continuum problem [Liu,
2010a,b] based on a strain smoothing technique [Liu, 2008]. Regarding the field of continuum
mechanics, these methods have been applied to linear elasticity [Liu, 2010b] and elasto-plasticity
[Zhang et al., 2015]. The smoothing operation which these methods are based on is a sort of gen-
eralisation of the Stabilised Conforming Nodal Integration (SCNI) technique originally proposed
by Chen et al. [Chen et al., 2001].

1.1 Outline

The outline of this manuscript is organised as follows. In the first section after this introduc-
tion (Section 2), the fundamental aspects of meshless methods, like discretisation, field variables
approximation, and numerical integration, are reviewed, and compared with the approach of the
standard FEM. Section 3 is the core of the manuscript; it discusses in details the main aspects of
smoothed point interpolation methods, and their application to problems of continuum damage
mechanics (more specifically, to problems with scalar damage). Section 4 briefly discusses the is-
sue of localisation in strain-softening problems, and the different regularisation strategies that can
be applied to scalar damage problems and to other problems where localisation may occour. Fi-
nally, Section 5 illustrates some numerical results obtained with SPIM stategies applied to damage
problems, while Section 6 presents some concluding remarks.

1.2 Notations and tools

Some standard notations used in the body of the manuscript are summarised here. The symbol
D C E indicates the domain of a body embedded in the three-dimensional Euclidean space E,
and Df C D one of its subsets, referred to as smoothing domain. Vectors are indicated as & € E,
with & = z; €;, where E is the vector space associated to E, and (€&;) a basis in E. Second-order
and fourth-order tensors are indicated, respectively, by € E @ E, with z = z;; €; ® €, and by
*xcEQE®E®E, withx = Tijke € @ €; @ e, ® €p. The symbol “-” denotes the standard
dot product between vectors and the one index contraction between tensors (or between a tensor
and a vector) like, for example, & - y = x; y; and = - y = x;; y; €;, while the symbol *“:” denotes
the double contraction between tensors like, for example, X - ¥y = x;jx¢ Yre €; ® €; and the other
possible combinations. With the symbol “®”, the standard tensor product, as ZQy = z; Yj €iRe;
Or T ®Y = Tij Yo € ® €; ® € @ €y, is indicated. In some applications the Voigt notation will
be used to represent second-order and fourth-order tensors; once a certain coordinates system has
been fixed, a generic second-order tensor with dimension three  can be represented by means of
an array with nine components, indicated with the symbol {x}. In an analogous way, a fourth-
order tensor with dimension three X can be represented by means of a 9 x 9 matrix, indicated as
[x]. It should be noted that the provided dimensions refer to a general three-dimensional case; in
different situations (e.g. plane-strain or plane-stress states, or peculiar symmetries), the size of
arrays and matrices in Voigt representation is minor, in general. The same symbols {-} and []
are also used to indicate, respectively, arrays and matrices in numerical equations. The numerical
implementations of the strategies discussed in this paper, as well as the numerical simulations,
have been performed in the open-source program INSANE?. The triangular background cells
used for the construction of the meshfree discretisations, as well as the contour plots of the results
obtained with the meshfree models, have been generated with the program Gmsh [Geuzaine and
Remacle, 2009].

*More information on the project can be found at https://www.insane.dees.ufmg.br/
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2 Fundamentals of meshless methods

Before presenting the fundamentals of meshless methods it’s worth it to briefly illustrate the main
aspects of the finite element method (FEM); these will be used later to introduce the meshless
approach, serving as a basis for the reader that is familiar with the FEM. Given a domain D, an
FEM model is contructed as a tesselation of this domain using a finite number of elements D, that
don’t overlap and don’t leave gaps in the domain (Figure 1); this tesselation is commonly referred
to as mesh. Finite elements may present different geometrical shapes, depending on the size of the
domain of the problem; straight lines and curves in one-dimensional domains, polygons in two-
dimensional domains, and polyhedra in three-dimensional domains. Regardless of the peculiar
shape of an element, each one of its vertices is a so-called node (Figure 1).

p

Figure 1: Two-dimensional FEM mesh

The role of the nodes is to discretise the field variables of the problem. A generic continuous
problem characterised by the field variable u(p), with p being a point in the domain D, is trans-
formed into a discrete one, where the field variable is only sampled at a finite number of points p;
in the domain, corresponding to the nodes, u; = u(p;). Regarding the discretisation of a problem,
the elements have a double task. Firstly, they serve as units for the interpolation of the field vari-
ables. Once the field variables are known at the nodes of a model, their values can be interpolated
inside each element using the so-called shape functions N; of the element (Figure 2):

N
u(p) ~ u"(p) =D Ni(p)ui, peD, (1)
=1

A

Figure 2: Two-dimensional FEM interpolation

The second task of the elements is to allow the numerical integration of the weak form that
describes the behaviour of the problem at hand. Regardless of the kind of problem, a weak form
usually requires to perform an integration over the problem domain. In this sense, the tesselation
of the domain allows to build a quadrature rule, where the integral is performed considering a
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certain number of integration points within each element (Figure 3); such points are also referred
to as Gauss points, since the Gauss quadrature rule is the one usually adopted in the FEM.

® ® 4
® ® 4
X X
X X
® 4 4

Figure 3: Two-dimensional FEM integration points

Meshless methods still need to perform the aformentioned tasks, i.e. the field variables inter-
polation and the numerical integration of the weak form. However, while in the FEM these tasks
are performed using a single object, the finite element, in meshless methods there are usually two
distinct objects, the support domain, that allows to perform the interpolation (or approximation),
and the integration domain, that allows to perform the numerical integration.

2.1 Field variables interpolation/approximation

As pointed out in Section 2, in the FEM the field variables interpolation is element-based, i.e. it’s
defined within each finite element. In meshless methods on the other hand, the interpolation (or
approximation, as it will be pointed out later) is node-based, i.e. it only uses the nodes scattered
on the domain, without any information about their connectivity. Many meshless methods still
use some sort of mesh-like grid for different purposes, but this grid is not stricly needed for the
interpolation of the field variables.

As mentioned before, the object responsible for the interpolation is the support domain. A
support domain Sy (Figure 4) is defined at each interest point p € D where the field variables
must be interpolated, and is composed by the set of nodes (the so-called support nodes) in the
neighbourhood of the point p.

Figure 4: Meshless support domain
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Given a point p € D, the interpolation of a generic field variable u(p) is built using the nodes
belonging to the support domain at p:

ulp) =t (p) = D dilp)wi @)

i€Sq(p)

In the summation above, the terms u; = u(p;) are the values of the field variable at the support
nodes, and the functions ¢; are the shape functions. Unlike FEM shape functions, there isn’t
always a closed form expression for meshless shape functions; the shape functions for a certain
support domain are usually evaluated with a numerical procedure that involves a matrix inversion,
resulting in a higher computational cost.

While the concept of support domain is the same for the different meshless method, each
method is characterised by it’s own strategy for the construction of shape functions*. Among the
different strategies there are’:

* the moving least square (MLS) method;

* the point interpolation method (PIM);

* the radial point interpolation method (RPIM);

* the radial point interpolation method with polynomial reproduction (RPIMp).

In the present section the terms interpolation and approximation have been mentioned; while
many meshless shape functions possess the delta Kronecker property, resulting in an interpolation
of the field variables, many other shape functions, like the ones obtained with the MLS, don’t
possess such a property and are only capable to provide an approximation of the field variables.

2.2 Numerical integration

Just like the FEM many meshless methods are based on the weak form of a certain problem
(or a weakened-weak form, like for the SPIM strategy discussed in Section 3), that requires a
numerical integration over the problem domain. While in the FEM the integration is performed
using a quadrature rule within each element, meshless methods perform this operation making use
of the so-called integration domains. Together with the kind of shape function, the specific type
of integration process is a characteristic of each meshless method.

In the present section, the concept of numerical integration for meshless methods is illustrated
using the procedure adopted in the EFG method [Belytschko et al., 1994], also similar to the one
adopted in the MLPG method [Atluri and Zhu, 1998] and in the PIM [Liu and Gu, 2001]. In these
methods the numerical integration is performed in a way that is similar to the FEM integration.
As illustrated in Figure 5, the domain is tesselated into integration domains, that may form a
regular or an irregular grid. Each integration domain is endowed with integration points, where
the approximation functions are evaluated. The main difference with the FEM integration is that
in the FEM all the integration points of the same element are supported by the same nodes (i.e.
the nodes of the element), while in a meshless method each integration point usually has its own
support domain, that may vary from point to point even in the same integration domain (Figure 5).

As it will be shown in Section 3, SPIM strategies are based on a different approach to the nu-
merical integration process, due to the presence of a smoothing operation; the resulting integration

“Shape functions construction will be discussed with more details in Section 3.1, for the case of
smoothed point interpolation methods.

3 A comprehensive account on the different strategies for the construction of the most common meshless
shape functions can be found in Liu [2009]
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Figure 5: Meshless grid-like integration domains

is similar to the one of the stabilised conforming nodal integration (SNCI) proposed for the EFG
method by Chen et al. [2001].

3 Meshless Smoothed Point Interpolation Methods (SPIMs)

Smoothed point interpolation methods, like other meshfree methods, rely on a set of nodes scat-
tered in the problem domain, usually obtained through a triangulation operation. In a smoothed
point interpolation method the field variable of the boundary value problem in linear elasticity, i.e.
the displacement field w(p) at each point p € D, is approximated as [Liu, 2009]

a(p) ~ Y [¢i(p)|{di} 3)

1€Sy

where the index ¢ indicates a node p; in the support domain Sy, i.e. the set of nodes in the
neighbourhood of the point p € D usually selected using a T-scheme [Liu, 2009], [¢;(p)] is the
nodal matrix of approximation functions, and {d;} is an array containing the nodal parameters of
the field variable, i.e. its values u(p;) at each node p;.

The shape functions, in this class of methods, are usually generated using the point interpola-
tion method [Liu and Gu, 2001] (PIM), or the radial point interpolation method with or without
polynomial reproduction [Wang and Liu, 2002b] (RPIM and RPIMp), and are characterised by
the following properties: they are linearly independent, posses the Kronecker delta property, form
a partition of unity, posses the linear reproducing property, present compact support, and are not
compatible. The first meshfree methods based on these shape functions were proposed by Liu
and his co-authors in Liu and Gu [2001] and Wang and Liu [2002b], as an alternative to existent
meshfree methods. Indeed, due to their delta Kronecker property they allowed a more simple
imposition of essential boundary conditions, with respect to other meshfree methods.

As pointed out above, however, the price for the delta Kronecker property is a lack of com-
patibility of the shape functions, meaning that the approximated fields may exhibit discontinuities
when passing from a support domain to another. This makes such shape functions unable to satisfy
the requirement of square integrable first derivatives needed for the formulation of standard weak
forms. In order to overcome this issu, Liu [Liu, 2010a,b] proposed the use of a weakened-weak
form of the elastic problem, based on a smoothing operation® [Liu, 2008] applied to the gradi-

As mentioned by Liu (see, e.g. the introduction of Liu [2010a]) such smoothing technique [Liu, 2008]
is analogous to the one adopted in other contextes like non-local continuum mechanics [Zhang et al., 2006,
Eringen and Edelen, 1972], SPH methods [Liu and Liu, 2003, Lucy, 1977, Liu et al., 2008, Monaghan,
1982], hybrid FEM [Quarteroni and Valli, 1994], for the regularisation of spatial instabilities in nodal
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ents involved in the formulation, that allows to reduce the continuity requirement of the shape
functions.

The combination of the smoothing technique with point interpolation functions allowed to
obtain different smoothed meshfree methods’?, like the node-based smoothed point interpolation
(NS-PIM) method [Liu et al., 2005, Zhang et al., 2007], the edge-based smoothed point interpo-
lation (ES-PIM) method [Liu and Zhang, 2008], and the cell-based smoothed point interpolation
method [Liu and Zhang, 2009]. In order to deal with the presence of incompatible shape func-
tions and smoothing operations, Liu developed a new theoretical framework, establishing two
novel concepts: the G-space theory and the weakened-weak form (W?) formulation (see, e.g. Liu
[2010a,b], Liu and Zhang [2013]). These concepts were later extended to the case of the microp-
olar continuum theory by Gori et al. [2019c¢].

3.1 Shape functions

As pointed out above, three types of shape functions are commonly used in SPIMs strategies:
PIM, RPIM and RPIMp. The present section focuses on shape functions obtained with the radial
point interpolation method with polynomial reproduction, since they are the ones adopted in the
numerical simulations of Section 5. Furthermore, the formulation of RPIMp shape function is
more general and PIM and RPIM shape functions can be obtained as special cases.

The RPIMp approximation of a function u is expressed by

u(q) =~ u"(q) = > Ri(g)ai + Y _pi(@)b; = {R(¢)} {a} + {p(a)}" {0} €5
i=1 Jj=1

where the terms R;(q) are a set of radial functions evaluated at ¢, constituting a radial basis,
n is the number of support nodes in the local support domain at the point ¢, the terms p;(q)
constitute a polynomial basis, and m is the number of monomials composing the polynomial
basis. The number of monomials should be sufficient to guarantee, at least, the linear reproduction
(e.g. in a two-dimensional domain three monomials are sufficient to pass the standard patch test,
the constant term and the two linear terms in the coordinates x and y). The approximation of
Equation 4 is characterised by two sets of unknown coefficients:

T T
{a}:(a1,...,an) ) {b}:(bl,...,bm) %)
which can be evaluated imposing the interpolation condition
n m
up =Y Rilgr)ai + Y pila)b;, k=1,....n (6)
i=1 j=1

and the following additional condition [Golberg et al., 1999]:

n
=1

integrated meshfree methods Chen et al. [2001], and for the regularisation of material instabilities [Chen
et al., 2000].

"The smoothing technique has been also applied by Liu and his co-authors to the standard FEM, obtain-
ing the so-called smoothed finite element method (see, e.g. Liu et al. [2007] and Liu et al. [2009]).

8 As pointed out in Liu and Zhang [2013], the smoothed point interpolation methods belong to the more
general class of strain constructed methods, which still relies on point interpolation function, but with a
different strategy for the treatement of the gradients.

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 968



Gori, Lapo (2022) Meshless smoothed point interpolation methods for damage modelling pp. 959-1006

that can be recast in the following compact form:

[ 2 B - (5 ) ()-8 o

where the matrix [R,| with dimension n x n is the moment matrix, each line of which is composed
by the radial basis function evaluated at a support node, while the matrix [P,,] with dimension
n X m has its lines formed by the polynomial basis evaluated at the support nodes:

{R(a)}" {p(a)}"

Ryl = : , [Pm] = : )
{R(qn)}" {p(agn)}"

After some manipulations of the involved equations (see, e.g. Liu [2009]), the unknown coeffi-
cients can be evaluated as

{a} = [SJ{U}, {b} = [S){U} (10)

where the matrices [S,] and [Sp] are represented by

[Sal = [Rg] ™" = [Ry] " [Pl [Sb] (11)
(58] := ([P] T[Rq) ™ [Pa]) " [P T [Ry) ! (12)

resulting in the approximation

u"(q) = ({R(q)} [Sa] + {p(@)}[Sh)) {U} = {¢(a)} {U} (13)

where each shape function ¢;(q) is given by

¢i(q) = R;j(q)[Salji + ps(@)[Shlsi (14)

The radial functions R;(p) appearing in Equation 4 defined for each node 7 in the support
domain, depend only on the distance r; between the point p € D at which they must be evaluated
and the node 7. In the numerical simulations presented in Section 5 the following exponential
(EXP) function was adopted:

Ri(r;) = exp (—cr?) (15)

depending on the shape parameter ¢ [Wang and Liu, 2002b]. Investigations on the choice of
optimal shape parameters for the accuracy of the approximation can be found in Wang and Liu
[2002b] and Wang and Liu [2002a], for example. However, as pointed out in Liu [2009], in
presence of polynomial terms as in the RPIMp, and when smoothing techniques are adopted, the
reliance of the accuracy on the shape parameters is significantly reduced.

By neglecting the polynomial term {p(q)}” {b} appearing in Equation 4 it’s possible to obtain
the formulation of of RPIM shape functions. PIM shape functions, on the other hand, can be
obtained by neglecting the same term {p(q)}” {b} and by replacing the radial functions R; with
polynomial functions.

3.1.1 Shape functions properties

As already pointed out, the main advantage of PIM, RPIM and RPIMp shape functions over other
common meshless shape functions is the delta Kronecker property, that allows a more simple im-
position of boundary conditions. This property is obtained at the price of possible discontinuities
of the shape functions over the domain, resulting in incompatible shape functions. According to
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Liu [2009], these discontinuities are due to the absence of a smooth transition between support
domains. When passing from an integration point to another, with different support domains, the
shape function for a node changes suddenly, resulting in a discontinuity at that point. This doesn’t
happen, for example, in the moving least square (MLS) method [Liu, 2009], where the presence of
weight functions allows for a smooth transition between support domains; MLS shape functions
indeed, are compatible, in general.

PIM, RPIM and RPIMp shape functions require a matrix inversion operation in order to be
evaluated at each interest point, and may suffer from singularity issues. PIM functions are more
prone to the singularity of the moment matrix, that may occour due to peculiar alignments of the
support nodes [Liu, 2009]. The moment matrix of RPIM and RPIMp, in general, is not singular
and, as pointed out by Liu [2009], the construction of an RPIMp approximation is possible as long
as the matrix [P,,)T[R,]~[P,] appearing in Equation 12 is invertible; the invertibility of such
matrix is guaranteed, in general, as long as n > m.

Despite being more complex, RPIMp shape functions are usually preferred over the two other
strategies, because of the singularity issues of PIM interpolations and because RPIM functions
lack of consistency, in the sense that they don’t exhibit polynomial reproduction of any order,
meaning that they cannot pass the standard patch test.

3.1.2 Support nodes selection strategies

In order to construct a meshless approximation at a certain point g of the problem domain it is
necessary to use a number of n support nodes, composing the so-called support domain at the
point ¢. In order to compose the support domain by selecting proper nodes in the neighbourhood
of the point ¢, two different strategies have been adopted in this work: the selection via influence
domains and via T-schemes®.

The selection of support nodes via influence domains is a standard approach adopted in a
number of meshfree methods. Each node is endowed with an influence domain, characterised by
a shape and its dimensions. For example, in Figure 6, each node possesses a circular influence
domain, characterised by a certain radius which may vary from node to node. For each integra-
tion point, the corresponding support domain is generated adding all the nodes which influence
domains contain the selected integration point. In the example depicted in Figure 6, the support
domain at the selected integration have been marked with an hollow circle. The number of nodes
in each support domain is controlled by the ratio between the size of the influence domains and the
mean nodal distance. While this method works well for MLS and RPIM shape functions, when
applied to PIM shape functions it may lead to a singular moment matrix, in case of peculiar nodal
alignments.

An alternative is represented by the so-called T-schemes [Liu, 2009]. Such methods perform
the support nodes selection making use of background triangular cells, constructed as a trian-
gulation of the scattered nodes of the discrete model. In general, there is no need to construct
such set of cells specifically for the application of the T-schemes. A triangulation indeed, could
have been already constructed during the discretisation of the domain, at the moment of the nodes
generation. Furthermore, in smoothed point interpolation methods, like the ones considered in

° Another strategy, that hasn’t been considered in this treatise but that could improve the performances
of this class of meshfree methods, especially in case of large models, is the support nodes selection via K-
Nearest Neighbor (KNN) algorithms, that could also be useful as an alternative to the methods considered
in this treatise for the investigation of the regularisation properties related to the non-locality of PIM and
RPIM approximations. As pointed out in 3.1.3, the use of the influence domains strategy tends to affect
the sparseness of the stiffness matrix in a negative way; in this case, KNN strategies should introduce a
non-locality analogous to the one of the influence domains strategy, with a reduced effect on the sparseness
of the stiffness matrix.
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Figure 6: Support nodes selection via influence domains

this treatise, a set of background cells is necessary for the construction of the smoothing domains
(Section 3.2); hence, the triangular cells are already available for nodes selection. In the examples
presented in Section 5, two kind of T-schemes have been considered: the 73-scheme and the T6/3-
scheme, which, as pointed out by Liu [Liu, 2009], allow to obtain invertible moment matrices with
both PIM and RPIM shape functions'®. For an integration point belonging to a certain cell, the
T3-scheme selects as support nodes the three nodes at the vertices of the cell (Figure 7(a)). The
T6/3-scheme distinguishes between interior and boundary cells. The former are cells which have
no one of their edges on the boundary of the problem domain, while the latter are cells with at
least an edge on the boundary of the domain. For a boundary cell, the three nodes at the vertices
of the cell are selected as support nodes, like in the T3-scheme. On the other hand, in case of an
interior cell, a total number of six nodes is selected: the three nodes located at the vertices of the
cell, and three nodes located at the remote vertices of the three neighbouring cells (Figure 7(b)).
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Figure 7: Support nodes selection via T-schemes

10As pointed out in Liu [2009], two further methods based on triangular background cells are available,
the so-called T6 and T2L schemes, which selects, in general, a larger number of nodes with respect to the
T-schemes already mentioned in this section. However, the example discussed in Section 5 focused only on
the two T-schemes discussed in this section.
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3.1.3 T-schemes vs influence domains

It has been mentioned that T-schemes are useful to guarantee the invertibility of the moment matrix
in the PIM strategy. As pointed out by Liu [2009], they are also important to obtain a sparse
stiffness matrix, which eases the solution of the linear system of equations. The sparseness of
the stiffness matrix results from the compact character of the support domains generated with the
T-schemes. Another interesting feature is that they also allow to know a priori the parts of the
domain where the approximation functions may exhibit discontinuities, which is important for
the node- and edge-based methods presented in Section 3.2.2. The influence domains strategy on
the contrary, depending on the size of the influence domains, tends to destroy the sparseness of
the stiffness matrix. Furthermore, when using the influence domains strategy, the positions of the
shape functions discontinuities is not known a priori. Despite these disadvantages, this strategy
was adopted in the simulations of Section 5.1 in order to investigate the non-local effects of the
PIM and RPIM meshfree methods.

3.2 Smoothing domains creation and weakened-weak form

As pointed out in the beginning of Section 3, the use of incompatible approximation functions
led Liu and his co-authors to the introduction of a novel theoretical structure, constituted by the
G-space theory and the weakened-weak form (W?) formulation (see, e.g. Liu [2010a,b] and Liu
and Zhang [2013]), which will be briefly recalled here. First, the concept of weak form in classic
elasticity is briefly recalled. Then, the novel formulation introduced by Liu and his co-authors is
recalled, focusing on the following points:

* smoothing domains generation;
* smoothing operation;
* G-spaces;

* weakened-weak form.

3.2.1 Weak form in classic elasticity

For a problem of classic elasticity, characterised by the unknown field variable @ defined over the
problem domain D, by the essential boundary condition u = u* at 9D, by the natural boundary
condition i - o = t at 9D,,, and subjected to volume forces by defined over the whole domain
D, the weak form of the problem can be expressed as in the following: find the field uw € V(D)
such that

/ ew): (B:e(@) dV—/ w-fds—/ w-by V=0, YweV(D) (16)
D oD, D
where (1) = (u;; + u;;)/2 € ® €;, and where V(D) and V(D) are, respectively, the spaces
of trial and test functions, defined as
V(D) = {u e (H'(D))"|a = u* at OD* a7
V(D) :={w e (D))" | w = 0at 9D" (18)

where (’Hl(D))n is the space of square integrable n-dimensional vector fields with square in-
tegrable first derivatives over the domain D. The weak form of Equation 16 can be recast in a
compact for as

a(w,w) = f(w), Yw V(D) (19)
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where the bilinear form a(w,w) and the linear functional f(w) have been introduced, defined as

i

a(w,

)= /D () (E:g(ﬂ)) ay (20)

f(w) := 1I:-td8+/ w - by dV 21)
oD, D

It is worth it to note that the requirement u, w € (’Hl (D))n is necessary to bound from above the
value of the bilinear form!!.

Introducing the Voigt notation for a plane stress case, the components of the weak form of
Equation 19 can be recast as

I~

a(w,

)= /D (L) {w})” [B] ((L){a}) dv 22)
)= /a {w)(E}as + /D {w}{By} AV 23)

g

I

where the derivative operator [L] is such that

[ O 0 v
e} =10~ () = [0 2] (%) 24
Exy dy Oy Y

Within the FEM approach the weak form of Equation 19 is discretised by replacing the trial
and test functions % and w with the approximations @ € V(D) and w" € V) (D), where V;,(D)
and V(D) are the discretised spaces of trial and test functions such that

V(D) :={a € (H1(D))" |a=au*atoD"} (25)
Vi(D) == {w € (H},(D))" | w = 0at 9D"} (26)

where (H,ll(D))n is the space of square integrable n-dimensional discretised vector fields (i.e.
constructed with approximation functions in terms of a set of nodal parameters) with square in-
tegrable first derivatives over the domain D. The discretisation results in a matrix system of the
kind

K] {X} = {R) @7)

where [ K] is the global stiffness matrix of the system, { X } the nodal parameters vector collecting
all the nodal parameters {d;}, and { R} the vector of nodal forces. In a FEM model, the stiffness
matrix [K] would be evaluated through the contribution of each finite element:

Ko = /D B)T[B()][B@) dV (28)

el

where the symbol [ , indicates the integral over an element, and where the matrix [B(p)] is
composed by the submatrices [B;(p)] as [B(p)] = ([B1(p)] - .. [Bi(p)] ... [Bn(p)]), such that

N 8;3]\7@ (p) 0 v

{ew}=) Bip)Hdt=| 0 9N |
i=1 dyNi(p) 0:Ni(p)) ~

"'Taking into account the analogy between the bilinear form and the total strain energy of a body it is
possible to emphasise that this requirement is necessary to bound from above the strain energy.
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The requirement of the approximated field variable to belong to the discretised space (H}L (D))n
is satisfied when the approximation is constructed with FEM shape functions, which exhibit a
piecewise continuous first derivative that is bounded in an integral sense. This requirement how-
ever, poses a limitation on the use of the meshless shape functions generated with the PIM and
RPIMp strategies. Since such shape functions are, in general, incompatible, also the resulting ap-
proximation of the field variable will be incompatible, i.e. it will present discontinuities. Hence, if
the trial and test functions @ and w are replaced by the approximations @” and w" obtained with
PIM or RPIM shape functions, the requirement on the square integrable first derivative won’t be
satisfied anymore.

3.2.2 Smoothing domains creation

G-spaces are defined for discrete models, where the field variables are expressed in terms of ap-
proximation functions and nodal parameters, like the space (’H}L(D))n containing the approxi-
mated field variables of an FEM model as pointed out in the previous section. Before recalling the
definition of G-spaces is then necessary to present the peculiar discretisation strategy which they
rely on.

As pointed out in Liu [2010a], the domain D is discretised with a set of N, non-overlapping
background cells Dic, with ¢ = 1,..., N, which vertices correspond to a set of IV,, scattered
nodes; these cells are, in general, triangular. It is worth it to note that, if one of the T-schemes illus-
trated in Figure 7 is adopted, the boundaries ODZC of the cells represent parts of the domain where
the approximation functions may be discontinuous. A further tessellation of the domain is per-
formed, introducing a set of Ng non-overlapping smoothing domains OD7, with k = 1,..., Ng.
When generating this second subdivision, the following no-sharing rule must be considered: the
boundaries 8Df of the smoothing domains must not share any finite portion with the boundaries
8Dic of the background cells, i.e. they may share at most a finite number of points with the parts
of the domain where the approximation functions may be discontinuous. The reason for this re-
quirement is to guarantee the possibility to perform the integration of the approximation functions
along the boundary of the smoothing domains.

In this treatise, two different strategies for the creation of smoothing domains are considered:

* the node-based smoothed point interpolation method (NS-PIM), and
* the edge-based smoothed point interpolation method (ES-PIM).

The node-based smoothed point interpolation method (NS-PIM) was originally proposed by Liu
and his co-authors in Liu et al. [2005], Liu and Zhang [2007], and Zhang et al. [2007] as a meshfree
method based on point interpolation shape functions with a nodal integration procedure'?, and was
later shown to belong to the more general class of methods obtained with a gradient smoothing
technique [Liu, 2008]. Such method relies on the weakened-weak form presented in Section 3.2.5
and, as anticipated by its name, on smoothing domains based on the scattered nodes of the discrete
model. Despite it could be used also for one- and three-dimensional problems, in the following
attention is focused on the two-dimensional case. The generation of smoothing domains with
the equally-shared smoothing domains strategy' (see, e.g. Liu and Zhang [2013]) is depicted in
Figure 8, for an internal and a boundary domains. The generic smoothing domain Df at the node
k is generated using the surrounding triangular cells, by connecting sequentially, the midpoints of

12In the cited papers the method was originally called linearly conforming point interpolation method
(LC-PIM).

3The equally-shared smoothing domain strategy is the most common in the NS-PIM. However, as
pointed out in Liu and Zhang [2013], for example, also Voronoi cells can be used as smoothing domains, as
done in Chen et al. [2001] for the nodal integration strategy in the EFG method.
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the cells edges containing the node k with the centroids of the cells. With this strategy, the number
of smoothing domains is equal to the number of nodes (Ng = N,), which satifies the minimum
number requirement discussed in Liu [2008]. From Figure 8 it can be observed that these domains
also satisfy the requirements presented in Section 3.2.2, since they are non-overlapping and they
respect the no-sharing rule; indeed, the boundary ODE of a generic smoothing domain doesn’t
share any finite portion with the edges of the surrounding cells, where the approximation functions
may be discontinuous, but share only the midpoint of their edges.
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Figure 8: Node-based smoothing domain

The edge-based smoothed point interpolation method (ES-PIM) was introduced by Liu and his
co-authors in Liu and Zhang [2008] in order to correct the excessive softnening effect of the NS-
PIM, which resulted in temporally unstable dynamic problems. As pointed out in Liu and Zhang
[2013], the ES-PIM exhibits a stiffer behaviour with respect to the NS-PIM, is both spatially and
temporally stable, and is capable to produce much more accurate results compared to the NS-PIM
and the standard FEM.

The difference between the NS-PIM and the ES-PIM relies in the strategy for the generation of
the smoothing domains, which in the latter, as anticipated by the name of the method, is based on
the edges of the background cells instead of the nodes. As illustrated in Figure 9, the smoothing
domain associated to aninternal edge is constructed by connecting the two nodes at the ends of
the edge with the centroids of the two triangular cells that share the edge. For a boundary edge
the procedure is the same, except for the fact that also the edge belongs to the boundary of the
smoothing domain. As pointed out in Liu [2009], also this strategy satisfies the requirement on
the minimum number of smoothing domains, is non-overlapping, and respect the no-sharing rule.
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Figure 9: Edge-based smoothing domain
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3.2.3 Smoothing operation

The smoothing operation illustrated in this section was introduced by Liu (see, e.g. Liu [2008])
in order to reduce the requirement of continuity of the field variable appearing in the weak form
expressed by Equation 16. Such smoothing operation is based on the domain tessellation discussed
in Section 3.2.2, assuming the tessellation to be stationary'* during the analysis. Within this
approach, the derivative grad(@) = u; ; €; ® €; of the field variable w at a certain point p € D,f
is replaced inside the smoothing domain D7’ by the smoothed derivative grAaJd( u) =u;; € R e;j,
where

ws ) =5 () = [ s Wip =€) av. pe Dy (30)

k

is constant within a smoothing domain. In the equation above, Wisa smoothing function, and py,
is the centre of the smoothing domain. If the field variable w is continuous, the Green’s divergence
theorem can be applied, resulting in

EMMZAﬁ@@®#%DWW—QM—Ayﬁmwmm%MV G1)

where 7(%) is the unitary outward normal vector field on the boundary 8D£ . A common choice
for the smoothing function W is the following Heaviside-type function

—~ S
Wi -6 = { Ut ¢S D8 (32)

where A; = st dV, which results in
k

__ 1
wij(pr) = 4 /6 L ui(©)® " (€) ds (33)

As pointed out by Liu and Zhang:

“The “smoothed derivatives” defined in Equation (2.67) [Equation 33
in this treatise] is a generalized concept. It is NOT “the derivative ob-
tained by smoothing the derivatives of the function”, because such a
gradient does not in general exist, as the function may not be contin-
uous! Rigorously speaking, the “smoothed derivative” is the outward
flux of the function across the smoothing domain boundary IS, [9D7 in
in this treatise]. The smoothed derivative of a function can be approxi-
mated using only the function values, and no differentiation is needed.
Hence the consistency requirement on the function is reduced, if only
the approximate derivative is required.” [Liu and Zhang, 2013, pag. 67]

As emphasised in the quoted text, the smoothing operation consists into replace the derivative
of the field variable with the smoothed derivative illustrated in Equation 33. This substitution is
assumed to be valid whether the field variable is continuous or not, i.e. whether the application of
the Green’s theorem in Equation 31 is licit or not. As pointed out in Liu [2008], though not rigorous
in theory, this operation is possible to implement, since Equation 33 require no differentiation of
the field variable, opening the possibility to use PIM and RPIM incompatible functions for the
approximation of the field variable.

14The stationarity requirement was originally adopted in Liu [2010a]; however, other smoothed methods
don’t rely on this assumption (see, e.g. Liu and Zhang [2013]).
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3.2.4 G-space theory

A general treatement on the G-space theory can be found in Liu [2010a] and Liu and Zhang [2013],
and its application to classic elasticity in Liu [2010b]. Briefly, the G-space'® G 1 (D) is defined as
the following space of functions u(p) discretised in terms of approximation functions ¢;(p) and
nodal parameters d;

Nn
Gr(D) == {u | u(p) = 3 65(p)dj, u € L2(D),
j=1

. (34)

2
Z(/@Dsu(f)ngk)(f)d8> >0 u#ceR, z':l,...,d}

k=1

where ¢ € R is a constant, d the dimension of the space D, and £2(D) the Lebesgue space of
square integrable functions. When n-dimensional vector fields are considered, the following space
can be introduced

(Gi(D)" ={u=wu;&|u€GiD),i=1,...,n} (35)

This space is endowed with the following inner product

<, W >gl:/]D(—.w)dv+/13(g}§1(ﬁ):grﬂ(w)) dv, a@,3¢c (GHD))"  (36)

SUW >p2 < grad(w), grad(w) > 2
with induced norm ||- Hél and semi-norm Hél expressed as combination of norms in the Lebesgue
space L2(D)

lalig: = llalZe + lalg:. @< (G(D))" 37)

— 2

) _ _

[l = [grad(a)|| ,. @ e (GhD)" (38)
As it can be observed in Equation 34, the shape functions must be (i) linearly independent,

in order to form a basis, (i) bounded, i.e. square integrable, and (iii) must verify the following

positivity condition:
Ns

2
> ( | e d8> >0 (39)
k=1 \/ODF
The two last requirements, as pointed out by Liu [Liu, 2010a], are necessary to guarantee the
stability and convergence of the numerical models built upon the weakened-weak formulation
based on G-spaces.

The main difference between the space gi(D) and the space H}l(D) usually adopted in FEM
applications (i.e. the discretised space of square integrable functions with square integrable first
derivative), is the fact that the latter requires both the function and its first derivative to be square
integrable (H'FLH%Q(D) < oo and ||grad(ﬁ)H%2(D) < 00) in order to ensure an upper bound to
the strain energy (aka the bilinear form), while in the former only the function is required to
be square integrable since, as it will be discussed in the following section, the bilinear form of
the weakened-weak form depends only on the function and not on its first derivative. While in the
weakened-weak form the strain energy is automatically bounded from above once the functions are

15The more general case of spaces G (D) with m > 1 is not considered here.
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square integrable, a lower bound must be explicitly imposed, with the aforementioned positivity
condition; in the standard weak form, as pointed out in Liu [2010a], an explicit lower bound
is not necessary, since the condition || grad(ﬁ)”f:g(D) = 0 is attained only if the function is
zero everywhere, due to the Poincare-Friedrichs inequality16 [Liu, 2009]. The reduced order of
continuity required by the space G }ll (D) opens the possibility to use PIM and RPIM shape functions
as a basis to generate its elements. The main characteristics of G-spaces needed to guarantee
the existence and uniqueness of the solution of the weakened-weak formulation discussed in the
following Section 3.2.5 have been widely discussed by Liu and his co-authors in a number of
papers and books (see, e.g. Liu [2010a,b, 2009] and Liu and Zhang [2013]) and won’t be recalled
here.

3.2.5 Weakened-weak form of the classic elasticity problem

The weakened-weak form in classic elasticity have been presented in Liu [2010b]. As discussed in
the mentioned paper, such formulation can be obtained by replacing the strain tensor € appearing
in the bilinear form of Equation 20 with its smoothed version €, resulting in the smoothed bilinear
form

. @) = [ Ewln) : (B:Ean)) av 40)

where the smoothed strain tensor € is obtained considering the smoothing derivatives of Equa-
tion 33

- 1,
gij = 5 (Ui +uj;) (1)
In plane stress case, the strain tensor assumes the following matrix expression:
o 1 - _
@) =5 [ [L©Ha©) ds 2)
k JoD?
~ (k)
= 1 .
oy A\ nd ()

Recalling that the smoothed derivatives are constant within each smoothing domain defined in
Section 3.2.2, and also assuming the constitutive operator E to be constant within each smoothing
domain, the integral fD may be replaced with a summation over the smoothing domains, resulting
in

w,0) = > A (2o : (E:Eam)) 44
k=1

The weakened-weak form of the classic elasticity problem recalled in Section 3.2.1 consists
then into find the field @ € V(D) such that

a(w,u) = f(w), Vw e V(D) (45)

where V(D) and V°(D) are, respectively, the spaces of trial and test functions, defined as
V(D) :={u € (Gi(D))" | u = u* at DY} (46)
V(D) = {w € (Gi(D))" | w = 0at D"} (47)

16 As pointed out in Liu [2009], the Poincare-Friedrichs inequality is represented by chlIJH?Hl < |'“7|3{17

Vw e (’H,(l) (D)) k, with ¢ € R and ¢ > 0, and expresses an equivalence between the norm and the seminorm
for k-dimensional vector fields in the space H(D) of square integrable k-dimensional vector fields with
square integrable first derivative with prevented rigid-body motions.
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Discussions on the properties of the weakened-weak form of Equation 45, as well as on the condi-
tions that ensure the existence and uniqueness of the solution w € V(D) can be found in Liu and
Zhang [2008] and Liu [2010b].

The absence of derivatives in the smoothed bilinear form (Equation 44) allows to express both
the trial and the test functions in terms of PIM and RPIM shape functions ¢;(p), since they are
well suited to form a basis for the space (Q,IZ(D))H, resulting (for the trial functions) in

{up)} = _[si(p){di} (48)

1€Sy

where {d;} is the array collecting the nodal parameters at the node 4, and where Sy is the support
domain of the point p € D. The smoothed strains can be expressed in terms of the smoothed
strain-displacement matrix [B;(py)] as

{E@(pr)} = Y [Bilp){di} (49)
i€Sy

where [B;(p)], in a plane stress state, is represented by

1
_ - (k)
= 0 ny(§) ¢i(§) | dS
Ay, Jops 0 (50)
“\nf(©) gi6) (e aule
gz,x(pk) " 0
=1 _ 0 ?i,y(pk)
biy(pr)  Gia(Pr)
where the terms @l(pk) are the smoothed derivatives of the shape functions, expressed by
oy A (k) _
Gi1(pr) = T n;(§) ¢i(§) dS, =,y (51
k JoD#g

The smoothed shape functions appearing in Equation 51, which allow to evaluate the smoothed
bilinear form, are calculated performing a numerical integration along the boundary 8D£ of each
smoothing domain. Since the boundary of each smoothing domain is composed by a set of linear
segments, the integration can be expressed as a sum of Gaussian quadratures over each segment,
resulting in

_ 1 Nseg Lm Ngp
bi1(pk) = . Z - (Z WP $i(Pmn) nl(lf%) , =y (52)
m=1 n=1

where n 4 is the number of segments, L,, the length of the m-th segment, ng, the number of inte-

gration points of each segment, p,, ,, the n-th integration point of the m-th segment with associated
weight Wi, and nl(lji the component in the direction ! of the unit normal to the m-th segment of
the k-th smoothing domain.

Finally, the discretisation results in the same algebraic system expressed in Equation 27, where

now the stiffness matrix [K] is evaluated in terms the contribution of each smoothing domain

(K (pr))sa = Ar[B(pi)]” [E(pr)][B(pr)] (53)
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where, as in the FEM, the matrix [B(py)] is composed by the submatrices [B;(px)] as:

Bpo)) = (Bi(en)]-- [Bi(po)] - [Br (p1)]) (54)

where N is the number of nodes in the support domain .Sy at the point py.

Due to the peculiar domain tessellation and to the adoption of the smoothing operation, SPIM
models exhibit different properties when compared to the standard FEM. In Liu and Zhang [2007]
and Liu [2008], the authors pointed out that the smoothed bilinear form is capable to provide softer
results with respect to the standard weak form, when the same approximation functions are used
(a(w, w) < a(w,w),w € V) (D)). They also showed that it is also capable to provide an upper
bound approximation to the exact solution. This last characteristic however, depends on both the
kind of approximation functions that are being adopted, and on the peculiar strategy used for the
generation of the smoothing domains.

3.3 SPIMs for damage modelling

The first application of SPIM strategies to the modelling of damage problems was proposed by
Gori et al. [2019b], where the authors also pointed out the regularisation properties induced by the
SPIM approach; later, in Saliba et al. [2021], a strategy was proposed to analyse damage models
with a coupled SPIM-FEM model. Some of the results discussed in Gori et al. [2019b] are recalled
in this section.

Here, attention is focused on the case of scalar-isotropic damage models in a geometrically
linear context. Such models belong to the more general class of elastic-degrading models, and are
expressed in terms of a secant stress-strain relation o = ES: g, where ES is the secant constitu-
tive operator, which components depend both on the initial constitutive tensor E and on a scalar
damage variable D, assuming values from 0 to 1. When the damage is assumed to be isotropic the
secant constitutive operator is represented by the well-known expression E°(D, E) = (1 — D) E.
In such models the loading process is represented in terms of a loading function which is usually
expressed as the following additive decomposition:

f(e, D) = ¢eeq(e) — K(D) <0 (55)

where .,(g) is a function depending only on the strain tensor, usually indicated as equivalent
deformation, that represents the loading condition of the continuum, while K (D) is a historical
parameter that depends only on the damage variable and that is representative of the maximum
level of deformation reached during the loading process. The rate of the previous secant relation,

o= ES: £+ ES: g, can be recast in the tangent relation o = Et: £ between the stress and the
strain rates, where E! is the tangent constitutive operator expressed by Carol et al. [1994]

E'=(1-D)E— ; (m* ®@n*) (56)
where .
A Oee 0K (D) 0D (ecq)\
o= —E- o= H* = = et
m g, n e oD ( Deey (57)

The function D(seq) is a prescribed damage evolution law; in the numerical examples of Section 5,
the following exponential damage law was considered:

K
D(eeq) =1— ?0 (1 —a+ ae—ﬁ(eeq—Ko)> (58)
eq
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In the expression above, K is a threshold value for the equivalent deformation, representing
the onset of damage, and where « and [ are parameters that define, respectively, the maximum
allowed damage level and the damage evolution intensity. Different scalar damage models can be
obtained choosing a peculiar equivalent deformation; in the numerical examples of Section 5, the
following equivalent deformation by Mazars [Mazars, 1984, de Borst and Gutiérrez, 1999] was
adopted:

3

k=1

where £(¥) the k-th eigenvalue of the strain tensor, and < e¥) >, = (¢*) 4 |(¥)|) /2 its positive
part.

As discussed by Gori et al. [2019b], the main issue for the application of SPIM strategies to
elastic-degradation is the transition from Eq. 40 to Eq. 44, i.e. the passage from a smoothed bilin-
ear form expressed in terms of the domain integral fD to a smoothed bilinear form expressed as a
summation over the number of smoothing domains, that relies on the assumption of a linear elastic
constitutive operator E constant within a smoothing domain. In a physically linear problem, since
the material properties are independent on the state of the body, this assumption is verified both
in case of homogeneous and heterogeneous materials; an eventual heterogeneous distribution of
the material properties indeed, could be easily considered with the attribution of different material
properties at each smoothing domain, constant over the same smoothing domain.

When dealing with elastic-degrading models, the initial elastic constitutive operator E appear-
ing in the smoothed bilinear form (Eq. 40) must be replaced with the secant operator ES, which
depends on the state of the body, and which varies during the loading process:

~

. @) = [ Ewln) : (B el@) :E@(p)) v (60)

In order to obtain an expression similar to the second one of Eq. 44, a smoothed constitutive

operator ES (pk ), constant over the smoothing domain Df , must be introduced, resulting in

(i, @) = éAk (2t : (B &(ain) ) (61)

Regarding how to obtain such smoothed constitutive operator it can be observed that the secant
operator depends on the state of the body at each point & € Df , 1.e. on the current strain tensor
e(u(&)) which depends on the displacement field. In NS-PIM and ES-PIM procedures, the dis-
placement field is calculated at the point pj, of each smoothing domain D, resulting in a smoothed
strain tensor &(u(px)) which is constant within a smoothing domain. The smoothed constitutive
operator can then be approximated with the secant operator generated using the smoothed strain
as

E5(py,) ~ B ((a(py)) (62)
resulting in
Ng
d(w, @) = Y Ar (E@(py) : (BSE(alpn) :Eapn)) ) ) (63)
k=1

In the specific case of a scalar-isotropic damage models the secant constitutive operator depends
on the scalar damage variable D which, according to Eq. 58, can be expressed as a function that
depends on the current strain state of the body through an equivalent strain measure, D = D ()
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with €.y = e¢q(e(u(p))). In this case, the smoothed constitutive operator will depend on the
smoothed damage variable D(py), depending on the smoothed equivalent strain measure ., as

lgg(l?k) = (1= D(pr)) E, D(pr) = D(Ecq);  Eeq = eq(E(u(pr)) (64)

3.4 Linearisation of the weakened-weak form

In presence of damage, the algebraic systems of Eq. 27 must be recast as the following nonlinear
system:
(K7 {X} = {R} (65)

where [K]° is the global secant stiffness matrix of the discrete model, resulting from the discreti-
sation of the smoothed bilinear form of Eq. 63. This nonlinear system can be solved with an
incremental-iterative strategy based on the Newton-Raphson method, which requires the lineari-
sation of Eq. 65, as in the standard nonlinear FEM [Wriggers, 2008].

The first step for the linearisation within the Newton-Raphson method consists in the intro-
duction of a space of admissible variations 5V (D), associated with the space of trial functions
V (D), defined as

sV(D) := {du € (G}(D))" | du = 0 at 9D} (66)

The admissible variations du allow to obtain a set of perturbed configurations V.(D), whose
elements u. = u + ¢ du satisty the kinematical boundary conditions of the problem prescribed at
0DY. The weakened-weak form of Eq. 45 can be recast as

G(w,w) = a(w,a) — f(w) =0, Ywec V(D) (67)

with the introduction of the functional G(w, ). In order to obtain a linearisation of such func-
tional, a perturbed configuration G(w,u.) near the known equilibrium configuration G(w, )
(which satisfies Eq. 67) is introduced; such perturbed configuration must satisfy the condition

G(w,u.) = a(w,u.) — f(w) =0, Yw c V(D) (68)

The vector field du which allows to reach the new equilibrium configuration can be calculated
with the linearisation G(w, u.) ~ L [G(w, u.)], resulting in

L[G(w,u.)] = G(w,a) + DG(w,w) - 6u =0, Yw € V(D) (69)

where the terms DG(w, u.) - du is the following directional (or Fréchet) derivative

DG(w,w) - 6w = 8G(g’€’ Ue) (70)
e=0
that can be shown to be expressed by
Ng
DG(w,u) - ba =Y A (E@(m) : (B Ealp)) : 2((p)) ) )

- (71)

= A (B (B Elap) : Eaim)))
k=1

where the admissible variation of the srgoothed strain tensor (0€) coincides with its rate (E), and
where the tangent constitutive operator E? is the one defined in Eq. 56 (see Gori et al. [2019b] for
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further details). The linearised weakened-weak form can then be recast into: find the increments
ou € 0V(D) such that

DG(w,a) - 6u = —G(w,n), Yw € V(D) (72)

The right hand side of Eq. 72 is known, since it depends on the displacement field w of a
known equilibrium configuration, and is expressed as

Ng
G(w,a) = a(w,u) — f(w) =Y Ay (E(w(px)) : &(a(px))) — f(w) (73)
k=1

Introducing PIM or RPIM approximation functions into Eq. 72, for both the test functions w(p)
and the increments du(p):

{wp)} =) [oi)Hd’}, {sa(p)} =) [6:(p){ods} (74)

i€Sy i€Sy

the following algebraic system can be obtained
[K'T{AX} = {N} (75)

where [K] is the global tangent stiffness matrix of the discrete model, { A X } the nodal parameters
vector collecting all the nodal parameters {dd;}, and { N} an array containing the discretisation
of the right hand side of Eq. 72. The matrix [K'] is evaluated through the contribution of each
smoothing domain

(K" (pr)]sa = Ax[B(pr)) " [B € (a(ps))][B(pr)] (76)

where as in the linear SPIM, the matrix [B(pg)] is composed by the submatrices [B;(px)] as

[B(p)] = <[§1 (pi)] - - - [Bi(pp)] - - - [EN(pk)]), where N is the number of nodes in the support
domain Sy at the point p;, and where [E!(2(@(py))] is the matricial expression of the tangent
constitutive operator of Eq. 56.

4 Regularisation strategies for damage models

As already stated in Section 1, the objective of this manuscript is to discuss the application of
SPIM strategies to the analysis of damage models, taking advantage of the regularisation effects
provided by the intrinsic nonlocal character of such formulations. Damage models and other
strain-softening models are characterised by the phenomenon of localisation, and when analised
with the standard FEM they may exhibit certain pathological behaviours such as strong mesh-
dependency, premature fracture initiation, and instantaneous perfectly-brittle fracture [de Borst
et al., 1993, Peerlings et al., 2002], as already discussed in Section 1. As pointed out in the
literature (see, e.g. the paper by Bazant [Bazant, 1991]), these pathological behaviours are due
to the local representation offered by the classic continuum theory, in contrast with the nonlocal
nature of phenomena like damage and plasticity. The main aim of the proposed solutions to this
problem, the so-called regularisation techniques, is the introduction of an internal length in the
continuum model, allowing to recover the nonlocal character of the phenomenon.

Regularisation techniques may act on two different levels: at the formulation level, i.e. directly
in the continuum description, or at the numerical level, i.e. within the discretisation method.
Among the different alternatives for regularisation at the formulation level there are: nonlocal and
gradient-enhanced models [Bazant and Lin, 1988, Pijaudier-Cabot and Bazant, 1987, de Borst
and Miihlhaus, 1992, Peerlings et al., 1996, 2001, 2002, Badnava et al., 2016], viscous models

In Jorge, Ariosto B., et al. (Eds.) Fundamental Concepts and Models for the Direct Problem, Vol. 2, UnB 983



Gori, Lapo (2022) Meshless smoothed point interpolation methods for damage modelling pp. 959-1006

[Needleman, 1988], cohesive zone models [Dugdale, 1960, Barenblatt, 1962], methods based on
the fracture energy approach [Bazant and Oh, 1983], phase-field models [Frémond and Nedjar,
1996, Miehe et al., 2010, 2016], and the micropolar theory [de Borst, 1991, de Borst and Sluys,
1991, Dietsche et al., 1993, Iordache and Willam, 1998, Xotta et al., 2016, Gori et al., 2017b,a,
Gori, 2018]. The micropolar theory has been used in combination with the SPIM approach in the
numerical simulations of Section 5.3, in order to obtain a two-levels regularisation strategy (for
more details on the application of the micropolar theory to damage models and it’s combination
with the SPIM strategy refer to the papers by Gori et al. [Gori et al., 2017a,b, 2019c]).

Regularisation techniques at the numerical level can be based on the FEM or on other dis-
cretisation methods. Among the various solutions based on the finite element method there are,
for example, the use of elements with embedded discontinuities [Ortiz et al., 1987], able to rep-
resent various kind of weak and strong discontinuities, or element with embedded localisation
zones [Pietruszczak and Mréz, 1981, Belytschko et al., 1988]. Meshless methods have also been
shown to be capable of providing certain regularisation effects. One of the first works devoted
to the investigation of the regularisation properties of meshless methods is a paper by Chen et al.
[Chen et al., 2000], where the authors, focusing on moving least square and reproducing kernel
approximations, pointed out that these methods posses an intrinsic nonlocality due to the presence
of weight functions whose support size is greater than the nodal spacing. They also emphasised
that a further regularisation effect can be introduced when an assumed strain method based on the
direct discretization of a nonlocal equivalent strain measure is adopted. Recently, in a paper by
Wang and Li [Wang and Li, 2012], also the SCNI technique [Chen et al., 2001] have been shown
to be able to provide regularisation effects in localisation problems.

SPIM strategies present some analogies with the aformentioned methods and are also capable
to provide regularisation effects, as pointed out by Gori et al. [Gori et al., 2019b]. Despite the
absence of weight functions (which are present in MLS approximations), also PIM and the RPIM
approximations embed a certain nonlocality, due to the use of support domains with a size larger
than the nodal spacing. As discussed by Chen et al. [Chen et al., 2000], the MLS approximation
functions are capable to introduce a length scale which can be considered an intrinsic length,
“since it resides in the approximation but is independent of the degree of discretization refinement”
(Chen et al. [Chen et al., 2000], p. 1320). This independence on the discretisation is due to the
use influence domains which allows to obtain support domains which size is independent on the
nodal spacing. As it will be pointed out in Section 5.2, PIM strategies based on T-schemes for the
support nodes selection can’t be rigorously considered as intrinsically nonlocal, since the size of
the support domains, though larger than the nodal spacing for certain selection schemes, depends
on the refinement of the discretisation. However, a stronger nonlocal character, like the one of
MLS shape functions, can be recovered by combining SPIM strategies with the influence domain
technique for the selection of support nodes (Section 5.2). Another analogy with the discussion of
Chen et al. [Chen et al., 2000] is the presence of the smoothing operation in SPIM strategies that,
in the NS-PIM coincides with the nodal integration scheme adopted by Chen et al. [Chen et al.,
2001] and by Wang and Li [Wang and Li, 2012].

5 Numerical results

5.1 Mesh objectivity

The purpose of this section is to illustrate the mesh objectivity properties induced by the intrinsic
nonlocality of the SPIM approach. As it will be pointed out, SPIM strategies are capable to provide
better results with respect to the standard FEM regarding mesh objectivity issues in simulations
with damage models. This quality of the SPIM strategies is illustrated through the simulation
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performed by Gori et al. [2019b] of the plain concrete L-shaped panel depicted in Figure 10,
investigated experimentally and numerically by Winkler et al. [2004]. While in each plot the
experimental results obtained by Winkler et al. [2004] have also been represented, it’s important
to emphasise that the aim of this section wasn’t to exactly reproduce the experimental results,
but to illustate the capability of the adopted strategies to reproduce the general behaviour of the
experimental test due to their regularisation properties. A more detailed comparison with the
experimental results would have required accurate calibrations of the damage laws and, possibly,
the use of damage models more complex than a simple scalar one, able to better capture the
physical behaviour of the sample.

500

250

— Experimental crack path

250

250 250

Figure 10: L-shaped panel by Winkler et al. [2004] - Geometry (measures in mm)

The concrete investigated by Winkler et al. [2004] was characterised by a Young’s modulus
E = 25850 N/mm?, a Poisson’s ratio v = 0.18, tensile and compressive uniaxial strengths f; =
2.7 N/mm? and 4.0 N/mm?, a fracture energy G. = 0.065 N/mm?, and a characteristic length of
the material h = 28 mm; in the following simulations its behaviour was reproduced adopting the
Mazars scalar damage model (Equation 59), with the following parameters for the exponential
damage law, o = 0.950, 3 = 1100 and Kg = 1.12 x10~4.

5.1.1 FEM simulations

The sample of Figure 10 was first investigated with the FEM, using four different discretisations
(Figure 11), each one composed by three-node triangular elements in a plane-stress state, with a
thickness of 100 mm. The four meshes were characterised by a different mean nodal spacing near
the concave corner, equal to 25 mm, 15 mm, 10 mm, and 5 mm, while it was equal to 50 mm
elsewhere. The analyses were performed adopting a loading process driven by the generalized
displacement control method | Yang and Shieh, 1990], assuming a reference load F = 7000 N, an
initial loading factor increment of 0.005, and a tollerance for convergence in relative displacement
of 1 x 10~%. The simulations discussed in this section were performed considering the tangent
approximation of the constitutive operator, except for some of the meshfree simulations with influ-
ence domains discussed later which, due to convergence issues, required a secant approximation.
The results of the FEM analyses are illustrated in Figure 12, where the values of the vertical
displacement at the point A of Figure 10 are plotted against the load factor, together with the
experimental results presented by Winkler et al. [2004]. As it can be observed, the results obtained
with the coarsest mesh were in good agreement with the experimental results, both in terms of peak
value of the load factor and shape of the softening branch, except for an initial stiffness higher
than the one observed in the experiment; this issue however, is common to other simulations
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Figure 11: L-shaped panel - FEM meshes
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of such a test that can be found in the literature, and it can be observed also in the simulations
performed by Winkler et al. [2004]. However, the problem appeared to be strongly dependent on
the discretisation, since the analyses performed with the other meshes showed sensibly lower peak
values of the load factor. The presence of mesh dependency is also pointed out by the contour plots
of the scalar damage variable illustrated in Figure 13. Indeed, despite their shape was compatible
with the experimental cracking path depicted in Figure 10, the most refined meshes exhibited a

narrower width.
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Figure 12: L-shaped panel - FEM - Equilibrium paths
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Figure 13: L-shaped panel - FEM - Damaged configurations

5.1.2 SPIM simulations
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Node- and edge-based discretisations were constructed according to the same procedure discussed
in Section 3.2.2, i.e. using the triangular finite elements illustrated in Figure 11 as background
cells, resulting in the meshes depicted in Figures 14 and 15, maintaining the same nodal distribu-

tions adopted in the FEM simulations.
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